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Preface

Many contest problems concern series and sequences. Each year contest problems
become more and more challenging and even an “A” math student without special
preparation for such problems could feel frustrated and lost. Based on my own
experience, the first time I had to consider a series, different from an arithmetic or
geometric progression, it was at my city math olympiad when I was in 9™ grade.
I remember that one of the problems looked like this.

1 1 1 1
Evaluate the sum 1+ﬁ+x/§+\/§+\/§+ﬂ+"'+m‘

I knew that this sum exists because they would not ask to evaluate it otherwise. I
noticed that there are 1977 terms to add, and of course it would not be math contest
if there was not some interesting approach to find this sum without putting 1977
over the common denominator. The first thing I tried worked. I multiplied the
numerator and denominator of one fraction by the quantity that differed from its
denominator by only the sign. Then I applied the formula of the difference of two
squares, which made the denominator of the fraction one.

For example, ﬂiﬁ = (\/§+\\//_2§)(\/\/§§—\/§) = (\/5\?7{\_2/5)2 — ﬂlﬁ —V3- V2.

Replacing each fraction as above by “rationalizing its denominator,” I noticed
that all radicals were canceled, except the first term and last terms, \/5 -1+ \/§
V24 VA= V34+V5 VAt .. V1978 — V1977 = /1978 — 1.

The answer was obtained!

After winning the City Olympiad, I was sent to the Regional Math Olympiad and
was again surprised that two or three problems there were on topics that were not
yet covered in our classes at school. One of the problems was on sequences, but
again, it was different from the arithmetic and geometric progressions that we
learned in algebra class. Here it is.
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viii Preface

Find the formula for the n'" term of the sequence of numbers: 1, 1, 2, 3, 5, 8,
13, 21, 34, ...

I remember that I looked at those numbers, noticed that each term starting from
the third one is the sum of the two preceding terms. That allowed me to create the
formula for the sequence: a,.» = a, + a1, a1 =a, = 1.

Knowing nothing about the Fibonacci sequence and what this sequence actually
described, I started thinking this way, “This sequence is not an arithmetic progres-
sion because the difference of any consecutive terms is not the same.” I asked
myself a question, “What if the terms of this sequence belong to a geometric
progression?” Then they must satisfy the formula above. The idea appeared to be
good and after manipulations, I found the answer. I solved this problem without any
preliminary knowledge about the Fibonacci sequence and derived “my method” of
dealing with the sequences given by recursion.

I show how I solved that problem from 10" grade in detail by demonstrating it as
Problem 24, Chapter 1 of this book. Why do I write about these two examples from
my own Olympiad experience and emphasize my lack of the knowledge about
special sequences? There are several reasons for this but the first is to understand
that nobody knows everything. We learn by organizing information and thoughts,
not by simply storing them. I do not ask you to reinvent the wheel each time.
However, I ask you to understand rather than simply memorize.

My method of teaching mathematics is constructed on four simple premises:

1. Itis my opinion that creativity can be developed by considering some interesting
approaches while also gaining routine background knowledge. For example, a
difference of squares formula that I used to solve the first problem is not boring if
considered in conjunction with an example of use such as one from my other
book Methods of Solving Nonstandard Problems for the solution of 39999 -
40001 without a calculator.

2. Math education is now mostly oriented on teaching mathematics by ‘“having
fun.” But “fun” should not be skin deep. I noticed that many math educators
show their students the amazing Fibonacci sequence, generate it, and show its
properties using videos or slides. Yes, students probably would recognize that
the sequence given at the Math Olympiad in 1978 was Fibonacci. Many would
be able to find some of its terms either by hand or by using a graphing calculator.
I am not sure that many would derive the formula for its n'™ term. A deeper
understanding of mathematical concepts can be fun, and it is far more rewarding
in the long term.

3. Concepts should not stand in isolation. For example, there is a connection
between the golden ratio and the Fibonacci sequence which generates it. The
golden ration of nature is the result of a simple recurrent relationship! Connec-
tions generate new insight and further enhance concepts.
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4. The learning of mathematics should have a human purpose. Perhaps that purpose
is merely to compete. That is good enough! Many modern contest problems have
sequences and series either directly or as a part of a problem. Hence, as an
instructor, it is a good idea to help those who want to participate in math contests
to learn more about sequences and series by exploring the topics in order that one
would create their own beautiful solutions to a problem.

If you are struggling with math, this book is for you. Most math books start from
theoretical facts and give one or two examples and then a set of problems. In this
book almost every statement is followed by problems. You are not just memorizing
a theorem—you apply the knowledge immediately. Upon seeing a similar problem
in the homework section you will be able to recognize and solve it. While each
section of the book can be studied independently, the book is constructed to
reinforce patterns developed at stages throughout the book. This helps you see
how math topics are connected.

What Is This Book About?

This book is not a textbook. It is a learning and teaching tool that helps the reader to
develop a creative learning experience. It gives many examples of series, partial, or
infinite sums of which can be evaluated using methods taught in this book. Let us
consider the problem to evaluate the series (Problem 50),

Etatat .+ oEne

I want to share my experience with my Calculus 2 class when learning series and
sequences. Although some of my students answered correctly that there are 2016
terms and recognize the formula of the n™ term as w, usually nobody in class
can find this finite sum. I tell them a story how I evaluated this sum in 9th grade by
noticing that each fraction can be written as a difference of two unit fractions

1 1 1

“aln+1) n a1

1
2-3

i

N =
Q| —

They quickly replace each term by the difference and evaluate the sum as
1- ﬁ = %. This would do nothing for most of my students and they would
not remember this “trick” as nobody remembers telephone numbers anymore unless

I asked them next class to evaluate the following infinite sum:

1+1+1+1+1+ (P.1)

2 6 12 20 30 77 '
Those who recognized that this series is an infinite form of the finite series given
before would evaluate its partial sum as S, = 1 — ﬁ and hence using the limit as

n approaches infinity would state that the series is convergent to 1.
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Further, we will discuss the so-called Leibniz harmonic triangle, related to
Pascal’s triangle, but that has only unit fractions recorded in the form of a triangle.
The sum of the series represents the sum of all elements of the second diagonal of
the infinite Leibniz triangle and my students learn that the sum is one using a
different approach (Problem 67). Next, I ask my students to modify the Leibniz
triangle so that it has only denominators of each fraction instead of fractions
themselves (Figure 2.2). Let us construct a sequence of the denominators:
2, 6, 12, 20, 30, 42, ...,n(n+ 1), .. .. Students see that the same numbers belong
to the second diagonal of the modified Leibniz triangle! I tell my students that these
numbers are special and that each of them is a double so-called triangular number,
known by the Ancient Greeks, 2000 BC.

Consider the sequence 1, 3, 6, 10, 15, 21, ... "("2“) , .... Greeks visualized
each such number placed in a triangle of side 1, 2, 3, 4, etc. The total number of the
balls that could fit a triangle of side #n would represent the '™ triangular number. We

construct by hand several triangular numbers and learn their properties (Figure P.1).

Figure P.1 Triangular

Numbers :

Many properties are formulated and solved as problems in this book. For
example,

Can you explain why the formula for the n™ triangular number is @?

This is where we recall how each was constructed and where my students see
that it is the sum of all natural numbers between 1 and n. Thus,

1=1
3=1+2
6=1+2+3

It is useful to be reminded how the famous mathematician Gauss evaluated such
a sum at the age of 10. The story is told frequently in algebra and calculus

books, but here students can actually use the idea in deriving

T,=14+2+3+...4+n= 204D For example, can we evaluate the sum of the

7
first n triangular numbers, 1 +3 +64+ 104+ 154+ ...+ @? Different methods

of finding this and other sums are taught in this book. Younger students would
probably enjoy a geometric approach, and calculus students would really benefit
from applying sigma notation and well-known summation formulas (Problem 38).


http://dx.doi.org/10.1007/978-3-319-45686-7_2
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What actually impresses all my present and former students is the connection
between the sequence of natural numbers, sequence of triangular numbers,
sequence of triangular numbers and tetrahedral numbers, etc. I demonstrate that
the n™ partial sum of triangular numbers is the corresponding tetrahedral number

n
(Problems 36 and 39). Denote a tetrahedral number by Tr(n). Then Tr(n) = Z T,

_ Xn: n(n+l) __ n n+l) (n+2)
= =

(Figure P.2). Here we can briefly discuss that although

formulas for the n™ terms of either triangular or tetrahedral numbers look like
fractions, the numbers are always integers, because the product of two consecutive
natural numbers is always a multiple of two and a product of three consecutive

Figure P.2 Tetrahedral
numbers

1 4=143 10=1+3+6

integers is always divisible by 6.
Let us return to the sum of the numbers in the second diagonal of the Leibniz-
modified triangle (Figure 2.2),

(k+1)
2464+12420+30+42+...+ n+1—22( + )

= Zk(k +1)
k=1

_n(n+1)(n+2)
I m—

We can see that with 7 increasing, this sum will increase without bound and that the
corresponding infinite sum of the reciprocals of each number (k(k—:-l)> converges to

unity. The series of Eq. P.1 is called a “telescopic series” and plays a very important
role in the convergence of infinite series. Jacob Bernoulli used a slight modification
of this series for the comparison test and found the upper boundary for the infinite
sum of the Dirichlet series, 1% + 2% + 3% + .... This problem is named Basel’s
problem and was solved by Leonhard Euler 40 years after being proposed (Chapters

2 and 3). Euler found that the series converges to ”6—2.

Finding the sum for infinite series for which it is impossible to evaluate the
partial sum is often a challenging problem. Many mathematicians of all ages at
some point of their life tried to find a number associated with certain infinite series.
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The first step is to establish whether the series is convergent or not. This is why I
describe the famous convergence theorems for numerical and functional series in
Chapter 3. Chapter 3 might not look like competition material, but it does have
many unique methods for finding partial and infinite sums. Let us consider one of
the problems from Chapter 3.

: AN iecl e 1 1o 1o 1, 1
Find the sum of an infinite series 2 1 3¢ = 747+t 200/ 900 T Tea - - -

This series can be rewritten in terms of the Dirichlet and telescopic series and
converges to %2 - 3.

I start from an exploration of the properties of well-known arithmetic and
geometric sequences that are familiar to high school students. By giving my
students many problems during the 25 years of my teaching experience, I noticed
that they are very adept in pattern recognition. They might recognize that this is a
Fibonacci sequence and determine succeeding terms by the two preceding terms.
However, as [ mentioned above, it is usually hard for them to analytically find the
formula for the ™ term or even to add the numbers: 2 + 9 + 16 + 23 + ... 4 352.

Yes, they find that the terms differ by 7 and that the first term is 2. But many
students panic because they do not know how many terms there are, in order to
apply the Gauss counting approach. This is why students need to study arithmetic
and geometric progressions. For example, the n™ term of the series, 352, can be
written as a, =24+ (n—1)-7=7Tn—5=352=n=>51. Next, we can use
Gauss’s formula and evaluate the sum as

24352
551=< ki >-51:9027.

2

Many challenging problems of arithmetic, geometric, and other sequences can be
found in the book. For example, knowledge of geometric series will allow you to
solve interesting problems such as,

Find the sum of 2016 numbers 3 + 33 4 333 4 3333 + ... 4 333...3.
2016

Other methods will be used to evaluate a sum like,
_1,2.,.3 2015
Evaluate the sum, S =zs+5+at--- T o0

An important feature of this book is that most Statements, Lemmas, and Theo-
rems have detailed proofs. I remember how one graduate student who was teaching


http://dx.doi.org/10.1007/978-3-319-45686-7_3
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geometry in a private high school rushed to report to me about finding “the formula
for a prime number.” He stated that it is2" — 1. On my question “Why?,” he replied
that2? —1 =3, 2> — 1 ="7are primes. When I asked what about 2% — 1 = 15 that
is not prime? He was confused and said “I did not go that far. . ..” This story sounds
like a joke, but it really happened and demonstrates that any statement must be
proven. His “formula” was wrong and it was proven wrong by contradiction.
Particular cases must be generalized and proven, for example, by mathematical
induction, directly, or by contradiction.

This book is a collection of simple and complex problems on series and
sequences that are selected to motivate the reader to start solving challenging
problems. For example, the following problem requires similar ideas to Problem
50 and also generalizes the method and develops proof skills.

The numbers a;, az, ..., a,, a,+1 are terms of an arithmetic sequence.
1 1 1 _ _n
Prove that aataat  Taoan = aan

After recognizing different sequences, one might like the following problem,
Find the n™ term of a sequence 3, 13, 30, 54, 85, 123,.. ..

The given sequence is not an arithmetic sequence; however, the differences of
two consecutive terms are 10, 17, 24, 31, 38, ... and are in an arithmetic progres-
sion with common difference d = 7. This means that the given sequence of numbers
3,13, 30, 54, ... is the sequence of partial sums of this arithmetic progression and
that its n'™ term can be evaluated as a, = S,(d = 7) = 2'3+<;_1)'7 n= <7"_2')'".

The techniques used in this book are basic to understanding series and
sequences. As early as 2000 BC, the Babylonians created tables of cubes and
squares of the natural numbers and proved the summation of natural numbers,
their squares, and cubes by a geometric approach. These formulas are in nearly
every textbook still today and are used in finding other sums of finite series. While
remembering these formulas by heart is a very good idea, it is better to be able to
prove each formula by at least one of the methods demonstrated in this book.
Memorization cannot replace understanding. Read the book with a pen and paper
and be ready to derive a forgotten mathematical identity if it is needed.

Versions of problems solved by the Ancient Babylonians and Greeks often
reappear in modern math contests. Their importance to modern mathematics is
fundamental and unavoidable. For example, here is one of the problems of
Chapter 1 of the book that was known to ancient mathematicians.

Prove that a cube of a natural number n can be uniquely written as a sum of
precisely n odd consecutive numbers.


http://dx.doi.org/10.1007/978-3-319-45686-7_1
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We prove this statement and find formulas for the first and last odd numbers for
any given n. For example, the cube of 7 is uniquely represented by the sum of seven
odd numbers, 7° = 43 + 45 + 47 + 49 + 51 + 53 + 55 = 343, 1000 by 10 consec-
utive odd numbers, etc. Would you like to know how? The answer is in the book.

This book is not a textbook. Some knowledge of algebra and geometry such as
what is introduced in secondary school is necessary to make full use of the material
of Chapters 1 and 2. Knowledge of calculus is needed for better understanding of
Chapter 3. However, a mastery of these subjects is not a prerequisite. You will use
your knowledge of secondary school mathematics in order to better delve into the
analysis of sequence and series and their properties as you develop problem-solving
skills and your overall mathematical abilities.

The book is divided into four chapters: Introduction to Sequences and Series,
Further Study of Sequences and Series, Series Convergence Theorems and Appli-
cations, Real-Life Applications of Arithmetic and Geometric Sequences. One hun-
dred twenty homework problems with hints and detailed solutions are given at the
end of the book. There are overlaps in knowledge and concepts between chapters.
These overlaps are unavoidable since the threads of deduction we follow from the
central ideas of the chapters are intertwined well within our scope of interest. For
example, we will on occasion use the results of a particular lemma or theorem in a
solution but wait to prove that lemma or theorem until it becomes essential to the
thread at hand. If you know that property you can follow along right away and, if not,
then you may find it in the following sections or in the suggested references.

Many figures are prepared with MAPLE, Excel, and Geometer’s Sketchpad.
Additionally, Chapters 1 and 4 have a number of screenshots produced by a popular
graphing calculator by Texas Instruments. These graphs are shown especially for
the benefit of students accustomed to using calculators in order to introduce them to
analytical methods. Sometimes by comparing solutions obtained numerically and
analytically, we can more readily see the advantages of analytical methods while
referring to the numerically calculated graphs to give us confidence in our results.
Following the new rules of the US Mathematics Olympiad, I suggest that you
prepare all sketches by hand and urge you not to rely on a calculator or computer to
solve the homework problems.

This book covers geometric, arithmetic and other sequences and their applica-
tions, sigma notation, and series. You will learn how to evaluate a limit in calculus
analytically using arithmetic and geometric sequences and how to take an integral
in just one step by recognizing a similarity with a sum like % + % + ﬁ +....

Additionally, we will teach you how to find any term of a sequence given by a
recursion formula and will introduce the so-called generating functions. You will
have fun learning about figurate numbers and their properties and the application of
mathematical induction to sequences and series. This book will also assist the
reader in how to prove lemmas and theorems using different methods. Working
on projects that Chapter 4 offers, you will see a connection of arithmetic and
geometric series and sequences with real-life problems (radioactive decay, mort-
gage, loan, debts, etc.) and the wise use of technology for mathematics. This book


http://dx.doi.org/10.1007/978-3-319-45686-7_1
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will be very useful for beginners and for those who are looking challenge them-
selves. The book can be helpful for self-education, for people who want to do well
in math classes, or for those preparing for competitions. It is also meant for math
teachers and college professors who would like to use it as an extra resource in their
classroom.

How Should This Book Be Used?

Here are my suggestions about how to use the book. Read the corresponding section
and try to solve the problem without looking at my solution. If a problem is not
easy, then sometimes it is important to find an auxiliary condition that is not a part
of the problem, but that will help you to find a solution in a couple of additional
steps. I will point out ideas we used in the auxiliary constructions so that you can
develop your own experience and hopefully become an expert soon. If you find any
question or section too difficult, skip it and go to another one. Later you may come
back and try to master it. Different people respond differently to the same question.
Return to difficult sections later and then solve all the problems. Read my solution
when you have found your own solution or when you think you are just absolutely
stuck. Think about related problems that you could solve using the same or similar
approach and compare that to corresponding problems in the Homework section.
Create your own problem and write it down along with your original solution. Now
it is your powerful method. You will use it when it is needed.

I promise that this book will make you successful in problem solving. If you do
not understand how a problem was solved or if you feel that you do not understand
my approach, please remember that there are always other ways to do the same
problem. Maybe your method is better than one proposed in this book. If a problem
requires knowledge of trigonometry or number theory or another field of mathe-
matics that you have not learned yet, then skip it and do other problems that you are
able to understand and solve. This will give you a positive record of success in
problem solving and will help you to attack the harder problem later. Do not ever
give up!

I hope that upon finishing this book you will love math and its language as
I do. Good luck and my best wishes to you!

Denton, TX, USA Ellina Grigorieva, Ph.D.
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Chapter 1
Introduction to Sequences and Series

I think everyone has met a problem like this at least once in life, “What is the next
number of 1, 4,9, 16, ...” or “Continue the sequence: 1, 1, 2,3, 5, 8, .. ..” Perhaps,
“Predict the 49™ term of the sequence, % %, % ﬁ, ....7 These three problems
have something in common. They are sequences of numbers (numerical sequences)
and can be written in the form a, a», .. .,ay. . .,a,,...., where ay, a,, and a, are the

first, second, and n™ terms of the sequence.

Definition. A finite sequence of numbers {a,} is a list for which there is a
rule that associates each natural numbern = 1, 2, 3, ... ,N (n€N) with only
one member of the list, @,. An infinite sequence associates all natural
numbers to a unique element of the list.

For example, a, = n?, a, = sin (n), a, = (—1)" - (2n + 1), etc.

In the aforementioned problems, you want to find a rule relating numbers in the
sequence—a pattern. You might notice that the first sequence is a sequence of the
squares of all natural numbers starting from 1, therefore, the next term after
16 would be 25, then 36 and so on. The second sequence is a Fibonacci sequence.
It would take a while to find the relationship between its terms, but having some
experience, you would come up with the idea,

2=1+1
3=1+4+2
5=2+43
8§=3+5.

Every succeeding term of the sequence is the sum of the two preceding terms, so we
can say that the term after 8§ will be 5+ 8 =13, then 8 + 13 =21 and so
on. This can be written in a recursive form as

© Springer International Publishing Switzerland 2016 1
E. Grigorieva, Methods of Solving Sequence and Series Problems,
DOI 10.1007/978-3-319-45686-7_1



2 1 Introduction to Sequences and Series

tAR=

L2 HARs
nsL2a

"nin T nin T nin | nin A nin
NiARI—= ==
Ak 4
LALSLSL TS
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Qpy2 = dp + ayy1, 12> 1.

So if you know the preceding terms, you can find the following term. However, this
does not give you the answer right away for the value of the 100™ or 2017"™ member
of the sequence. For many sequences given recursively, finding an explicit formula
for the n™ term can be a challenging task. You will learn some analytical methods
and get experience by reading this chapter.

In order to quickly explore the Fibonacci and other sequences, we can also use a
graphing calculator (Figures 1.1, 1.2, and 1.3). A TI 83/84 graphing calculator can
generate the Fibonacci sequence recursively on the home screen in FUNCTION
MODE.

A TI 83/84 calculator treats a sequence as a function u(n) whose domain is the
set of positive integers. The functional value u(n) represents the n'™ term, a,, of the
sequence.
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Figure 1.3 Create a table
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Returning to our original problems, the last sequence appears easier, because
each fraction has one as the numerator. Considering only the sequence of numbers
with denominators: 3, 10, 17, 24, ..., we notice that the difference between two
consecutive terms is constant and equals 7. Such a sequence is called an arithmetic
sequence with the first term 3 and common difference 7. So the numbers
3,10, 17, 24, 31, 38, 45, ... can be described by the formula u,, = 7n — 4 and the
given by a sequence of reciprocals, a, = ;- = 7.1, n€N.

At this point, we have introduced some practical sequences. You have recog-
nized a pattern and even used technology to explore the sequences. Now it is time to
look at the sequences from a different angle.

1.1 Sequences and Series

Although for all three sequences mentioned in the introduction in which any term
can be evaluated, these numerical sequences are different. Thus, while the terms of
the first and the second sequences are nondecreasing as # is increasing, the terms of
the last sequence are decreasing.

Definition. A numerical sequence {a,} is called nondecreasing
(nonincreasing) if for any natural number n€N, it is true that
ay < ayy1 (an > anyy ). The sequence, {a,} is increasing (decreasing) if
for any natural number n€N, a, < a,1 (an > any1 ).

Corollary 1.1 describes sequences with positive terms.

Corollary 1.1 Consider the ratio of two consecutive terms of the sequence.
If “ > 1 then the sequence is strictly increasing. If “£L < 1, then it is a

strictly decreasing sequence.
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Let us solve our first problem.

Problem 1 Prove that a sequence {a,}, a, = i—';, n €N is strictly increasing
starting from the second term.

n+1 | .
dny) — 2 2l — _2_and set it less than 1,

Proof. Consider the ratio o T D 2 T add

2

n+1
n+1>2

<1

n> 1.

The least natural number greater than 1 is n = 2. The proof is complete.

A series is the sum of the terms of a sequence. Finite sequences and series have
defined first and last terms, whereas infinite sequences and series continue indefi-
nitely. For example, the following series is a finite arithmetic series of 26 terms with
the first term 3 and common difference d = 8,3 + 11 + 19+ ... + 203.

In mathematics, given an infinite sequence of numbers {a,} a series is informally
the result of adding all those terms together, a; + a; + a3 + .... These can be
written more compactly using the summation symbol ), (sigma notation). Thus,

n

>~ a; means a sum of all terms, a;, from the term with number & = m to the term

k=m

with number k = n. We say that k = m is the lower index and k = n is the upper

index of summation. For example, 1 +2 + 3 4 --- + 100 is the sum of all natural
100

numbers from 1 to 100 and can be written as Y, n.
n=1

Let us consider the sum 1 +4 +9 + 16 + 25 + - - - + 10,000. Each term in this
series is a square of a natural number, a; = k%, where 1 < k < 100, so that the
100 100

i i 2 iegl L 1 1 — 1
series can be written as Z:l n-. Also, the series g + 5= + gy + ... + 7,000,000 — 2n3
n= n=

represents summation from n =2 to n=100.

The terms of the series are often produced according to a certain rule, such as by
a formula, or by an algorithm. As there are an infinite number of terms, this notion is
often called an infinite series. Unlike finite summations, infinite series need tools
from mathematical analysis to be fully understood and manipulated. In addition to
their ubiquity in mathematics, infinite series are also widely used in other quanti-
tative disciplines such as physics and computer science.



1.1 Sequences and Series

Definition. Expression a; +ay + .. +a, + ... , where {a,} = a,az, ...,
an, - ..1s a numerical sequence called a series, and a,, is the common term of
the series. A series is considered to be defined if the common term of the
series is known as a function of number n, a, = f(n).

Problem 2 Find a series using the formula for u,, for:

&) Uy = gy D)ty =325 ) wy = (1),
Solution.
a. Ifu”:n(n14r1)7thenﬁ+2fl3+ﬁ+"'+n(n+l EV!VH’l
b. If wu,=3-2""' then 3+43.-243-2243.234...4+3.2"14
o0
Z 3 . 2n—l
n=1
c. Ifu,=(—1)"then =1+ 1—-1+1+...+(=1)"+...=> (=)
n=1
Problem 3 Given the common term of the series u, = #, a) Evaluate us;

b) Find the ratio “=.,

Solution.
__5 _ 5
a. Us = 1%
2
b, Yl — (n+1)(n +l) _ 4’ +ntl
Ty ((n+l)2+l)n 34202+ 2n

Problem 4 Find the formula for the common term if the first five terms of the
series are givenby%—i—ﬁ—i—%—i—ﬁ—i—#—i—...

Solution. It follows from the type of the denominators that u, = m
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Problem 5 Find the first three terms for each series:
&9 2
n
a) 21 246-..2n
=

00
b) E co:;m
n=1

002n

C) L
n=1

Solution.
— —22_1 — ¥ _9_3

am=1/2,;m=3;=53m=55=5=1

b. u; = cclygn' — _1’ Uy = 0025,3271' — %’ Uz = C035337[ — _%
_ 2 _ _ 2 _ _22_8_4

C. M]—ﬁ—Z,MQ—T—z,Mj;——,—E—g

A partial sum S, is the sum of n terms of a sequence. Let us consider the
sequence {a;} and its partial sums,

Slzal

S =a1+a

Ss=a1+a,+ a3

S, =a1+a+az+ ...+ a,.

o0

Definition. The partial sum S, of the series u; +uy + .. +uy + ... => u,
n=1

is the sum of the first n terms of the series, ie., S,=u+

n
U+ ..+ u, = U
k=1

o0
For the series Z%, S1=u :%, S> = uy +M2:%+2L2:%, S3=u; +ur+
n=1

o0
uzs =S + 2% = %—i—é = %. Each series Z:] u, is associated with the sequence of its
n—=
partial sums {S,,}. If the limit of the partial sums (S, S5, S3, ..., Sk, . . .) converges as
n — o0, then we say the infinite series converges.

o If limS, =S, the § 1is called the sum of the infinite series
n—oo

at+a+...4+a,+...=8.
« IflimS, does not exist, then we say the infinite series diverges.

n—oo
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Although the following are both examples of infinite series, the first series are
divergent and second are convergent. The first series is an infinite arithmetic series
(a sum of all natural numbers is obviously divergent because it increases without
bound) and the second is a geometric decreasing series, which soon will be shown
to be always convergent:

14243+, :i

n=1

1
I+-+-+...+

1 o
379 3"l Z:

Problem 6 is not so straightforward because it asks to find the terms of the series
given the formula for its partial sum.

n+2
represents a sequence of its partlal sums.

Problem 6 Given a sequence { } Find a series for which this sequence

Solution. By the condition S, = ﬁ we can evaluate the first term as u; = §;
1i2 3 Land the second term as the difference between the second and first partial
sums, Uy =8 — 81 =355 +2 1i2 = % The »n™ term formula s
_ ___n n—1 __ n n—1 __ 2
Un =Sn = Sn1 =33 " TR T 2 ol = (n 1) (nt2)°
The series can be expressed as 1+ ¢+ 75+ ...+ = Z Note,
: n+2)

that this series is an infinite series of reciprocals of trlangular numbers. More
information about which you can find in this and the following chapters.

2
(n+1)(n+2)

8

1,14 1 _
Answer.§+g+m+..‘+—

n

(o)
Definition. The series > | u, is convergent if the sequence of its partial sums
n=1

{S,} is convergent, i.e., there exists the limit lim S, = S. Then we write

n—o00
o0

> uy, =S.

n=1
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o0
Definition. The series Z u, is divergent if the sequence of its partial sums
n=1
{S,} is divergent, i.e., the limit of the sequence of partial sums does not exist
or it is infinite.

In Problem 7 an infinite series is introduced using the limiting transition.

Problem 7 Investigate convergence (divergence) of the series,

mtas T +<n+1 _ZnnJrl it S, =1 -7

n+1

Solution. Because lim S, = 1, the series is convergent and Z u, = 1.

—
n—oo n=1

Remark. To find S, usually is a creativity problem. You may find it using methods
explained further in Chapter 2 of this book.

1.2 Arithmetic Progression

Definition. If a sequence of numbers is such that the difference between any
two consecutive numbers in the sequence is the same, the numbers are said to
be in an arithmetic sequence (progression).

Thus, 5, 10, 15, 20, ... forms an arithmetic progression in which any two consec-
utive numbers differ by 5. A number within an arithmetic sequence is called a term
and a difference between any two consecutive terms is called the “common
difference.” Let us show that if the first term of an arithmetic progression and the
common difference are given, the entire sequence is defined. Let a; be the first term
of an arithmetic sequence and d be its common difference. Then

a =a; +d
a3:a2+d:a1+2d
as=az+d=a, +3d
ap=ay1+d=a+ (n—1)d.

We notice that any particular term of the sequence can be found as a sum of the first,
ay, and the common difference d multiplied by the number of the term minu 1.
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(This can be easily proven by mathematical induction, please try it as a homework
exercise.) So if we wanted to find the 12" term of the previous sequence 5, 10,
15,. .., we would use the formula,

a,=a1+(n—1)d (1.1)

witha; =5,d =5, aj, =a; + 11 -d = 60.

Maybe it is not always obvious but arithmetic progression has many applications
in different branches of mathematics, for example in number theory. If a number
n is divisible by m (n is a multiple of m), then it can be written asn = m - k, where n,
k, and m are integers. If m is an arbitrary integer, the multiples of m are all numbers:
0, £m, £ 2m, +3m, +4m,...... , & km. If a natural number 7 is not divisible by a
number m we say that n divided by m gives a remainder r and can be written in the
form,n=m-k+r,where 1 <r <m-—1.

Suppose that you have 20 apricots and must divide them equally between three
children. Everyone can get 6 apricots and two apricots will stay in the basket. If
originally you had 19 apricots, then again every kid would get 6 with one remaining
in the basket. Three children with 0 remaining would equally divide 18 apricots.

If a natural number N is a multiple of 3, it can be represented in the form N = 3k,
where k=1, 2, 3,.... For example, 18 =3-6, 9=3-3, 300 =3-100 etc. All natural
numbers that are not multiples of 3 when divided by 3 give a remainder of 1 or 2. It
can be written in the form N=3k+ 1 or N=3k + 2. For example, 20 =3 -6 +2
(2 is a remainder), 301 = 3 - 100 4+ 1 (1 is a remainder), etc. Therefore, all natural
numbers and multiples of 3 can be written as

3,6,9,12,15,18, ..., 3k. (1.2)
All natural numbers divided by 3 with remainder of 1 can be listed as
1,4,7,10,13,16, ...,3k+ 1, ..., where k =0,1,2,3, ... (1.3)
Finally, all natural numbers divided by 3 with remainder of 2 can be listed as
2,5,8,11,14,17, ..., 3k+2, ..., where k =0,1,2,3, ... (1.4)

We can visualize all existing natural numbers as those that are multiples of 3 (3k),
those that divided by 3 leave a remainder of 1 (3k+ 1) and those that when divided
by 3 leave a remainder of 2 (3k+ 2). It is like dividing a “big pie” of all natural
numbers into three pieces. Moreover, the numbers that belong to one such “piece of
the pie” given by Eqs. 1.2—1.4 are corresponding terms of the arithmetic progres-
sions with the same common difference (d=3) and different first term,
by =3, by =1, by = 2, respectively.
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Problem 8 Find all numbers that are simultaneously the terms of the both
arithmetic sequences: 3, 7, 11,.. ., 407 and 2, 9, 16,.. ., 709.

Solution. The n™ term of the first sequence is

a,=3+4(n-1). (1.5)
The k™ term of the second sequence can be written as

by =2+7(k—1). (1.6)

Therefore, we have to find such numbers »n and & that a, = by, 1 <n <102, 1
< k <£102. Equating Egs. 1.5 and 1.6, we obtain 4n 4+ 4 = 7k. This equation has
integer solutions if and only if its right hand side is divisible by 4, i.e., k =4s. It is
clear that scanbe 1, 2, ..., 25 because k=1, 2,.. ., 102,

4n+1)="17-4s
n+1=7s

n="7s—1

since 1 <n <102, then 1 < s < 14. Therefore, there are exactly 14 numbers
that are terms of both arithmetic sequences. We can find all of them either
from Eq. 1.5 using the substitution n=7s—1 or from Eq. 1.6 using
k=4s,s=1,2,3,...,14.

Answer. 23, 51,79, ..., 387.

Problem 9 Prove that the numbers \/Z V3, v/3 cannot be the terms of an
arithmetic sequence.

Proof. When I give this problem to my students, they very often say that
irrational numbers v/2, v/3, v/5 cannot differ from each other by the same number.
Others take calculators and try to validate this statement by estimation:
V3 — 2~ 0.318,v/5 — v/3 =~ 0.514. However, estimation on a calculator cannot
be considered as a rigorous proof. Moreover, even if we accept the fact that the
consecutive differences are not the same, we still have to prove that the numbers
cannot be just three non-neighboring terms of the arithmetic sequence.

Let us provide a correct proof by contradiction. Assume that v/2, /3, v/5 are the
k™, the m™ and the n™ terms of the arithmetic sequence with the first term of a; and
common difference of d:
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V2=a;=a + (k—1)d
V3=an=a +(m—1)d
Vi=a,=a +(n—1)d.

Subtract the second and the first equations, and then the third and the second.

Finally, dividing the results of subtractions we obtain g%g = % The right side
of this is a rational number, because m, k, n are natural numbers. Denote this

number by 7,

ViV
-5

which can be written as r(\/g— \/§) =3 -2. Squaring both sides of the

equation above, we obtain: 72v/15 — /6 = 8"22’5. The right side of this equation is

again a rational number and we can denote it by s: 721/15 — v/6 = 5. Squaring both

A2 . . . . .
15’6’)73%. This relationship indi-

sides again, after simplification we have /10 =
cates that /10 is a rational number. However, /10 is irrational. Therefore, we

obtained the contradiction. Our original assumption was wrong and \/Z \/§ \/§
cannot be terms of the same arithmetic sequence. The proof is complete.

Suppose we want to find the sum of the first n terms of an arithmetic sequence,
called a partial sum. Denote such a sum as §,,, then

S1:a1
So=a1 +a

Sy =a;t+a + a3
Sc=a1+ax+az+....+ay

S,=a1+a+...+ar+...+a,.

How do we evaluate it? Some of you may remember the story of how 10-year-old
Carl Friedrich Gauss (German mathematician, 1777-1855) added all natural num-
bers from 1 to 100 in his math class. He wrote them in two rows,

I +2 43 +---4+98+99+ 100 (ascending order) and
100+99+98+---+3 +2 + 1 (descending order).
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He noticed that the sum in each column is 101. There are 100 columns and the sum
of in row is the same, it is the unknown. Therefore, he multiplied 101 by 100 then
divided by 2 because we need only a single sum, not a double,

100(1 + 100)
2

Sto0 = = 50101 = 5050.

Let us use the same idea to obtain S,,.

Si=ar+(@a+d)+(a+2d)+...+ (a1 +n—2)d)+ (a1 + (n— 1)d)
Sp=a,+ (ay—d)+ (a, —2d)+ ...+ (a, — (n —2)d) + (a, — (n — 1)d).

Again if we add elements by columns, in each column we will get (a; + a,). There
are n such columns, so 2S, = n(a; + a,) or dividing both sides by 2,

a a
(l+ n).n

Sp = >

(1.7)

Replacing the n™ term, a,,, in terms of a; and d we obtain another form for S,,,

2 —1)d
g - Cat(=1d) (18)
2
We leave it to the reader to obtain this form on her own. Notice that Eq. 1.8 can be
more useful, because a,, is usually unknown. Let us solve Problem 10 now.

Problem 10 Find the sum of all natural numbers between 1 and 1000 that are
not divisible by 13.

Solution. Let S be the unknown sum, then S can be written in the form:
S = S1000 — M, where S;goo is the sum of all natural numbers between 1 and
1000, and M is the sum of all multiples of 13 less than 1000. It is clear that
S1000 is the sum of the first 1000 terms of an arithmetic sequence, 1+ 2 + 3
4+ +999 + 1000 with a; =1 and ajp0 = 1000. Using Eq. 1.7 we have
S1000 = 2% - 1000 = 500,500. All multiples of 13 can be written in the
form 13k, and their sum as M =13+ 13-2+13-3 4 ... 4+ 13 -k,

13k < 1000 (1.9)

M=13-(14+243+...44k) (1.10)

M can be evaluated as soon as we know k. From Eq. 1.9 we have k < % =76.923,
then the greatest natural number k£ satisfying the inequality is 76, i.e.,
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1000 =13-76 4+ 12, k=76. Now we can derive M from Eq. 1.10.
M=13(1424+3+---4+76) and wusing Eq. 1.7 again, we get
M =13 137876 — 13.77 . 38 = 38038. Subtracting M from Sy400 We obtain
S = 500,500 — 38,038 = 462,462.

Answer. The sum is equal to 462,462,

Sometimes a problem can be solved in one or two steps even if it seems to have
too many unknowns.

Problem 11 {a,} is an arithmetic progression with a non-zero common
difference. The sum of all terms between the fourth and the fourteenth is
77. Find the number of the term of the sequence that is equal to 7.

Solution. From the premise of the problem, we can write

as+as+ag+...+ai4= 177

or

as + ays ay +3d + ay + 13d

11 =
(a1 +8d)-11 =77

11

Dividing both sides of the last equation by 11 we obtain a@; + 8d = 7. But we have
to find which term of the sequence equals 7. Because for an arithmetic sequence
ap=a;+ (n—1)d, thena; +8d = a9 =17.

Answer. The 9" term is 7.

Problem 12 Find the sum of the first 19 terms of the arithmetic sequence
{a,} such that a4 + ag + a1 + a1 = 224.

Solution. 1) Because a, = a; + (n — 1)d we can express each term of the given
equality in terms of a; and d. Thus,

a4+ag +a12+a16:a1+3d+a1+7d+a1 +11d+a1 +15d:224
4(ay +9d) =56 - 4

50 @ +9d=56. 2) Let us find Syo using Eq. 1.8 S;9 =241 99
= (a1 +9d)-19=56-19 = 1064.
Answer. The sum of the first 19 terms is 1064.

Remark. Sometimes even if you have too many unknowns you can solve a
problem. In part 1, we obtained an expression that connects the first term of the



14 1 Introduction to Sequences and Series

sequence and its common difference. In part 2 we just replaced a; + 9d by 56.
Notice that we solved this problem without knowing the values of a; and d.

Problem 13 The sum of all even 2-digit numbers was divided by one such
number, a multiple of 9. There was no remainder. The quotient differs from
the divisor by only the order of the digits. What is the divisor?

Solution. All even two-digit numbers are terms of the arithmetic sequence with
a; = 10and d = 2. The last term is known as well, that is, 98. Using the formula of
the n™ term of an arithmetic sequence we can find the number of terms in the series.

a,=a;+ (n—1)d
98 =10+ (n—1)-2
n =45.

Now let wus find the sum of 45 terms of the sequence,
Sa5 = “';”45 -45 = 102;98 -45 =54 .45 = 2430, from which we see that
2430 =54-45. 54 and 45 are multiples of 9, two-digit numbers, and also 54 is
even. Because 2430 = 54 = 45, then 54 is the divisor, a multiple of 9. Forty-five is
the quotient—a multiple of 9. Fifty-four and 45, like mirror images differ by only
the order of digits. We find that the divisor is 54.

Let us show that there is only a single solution, 54, of this problem. By the
condition of the problem, 2430 divided by some even two-digit number has no
remainder, and the quotient differs from the divisor only by the order of its digits.
Using a decimal representation of a two digit number xy, we can write it as
Xy = 10x +y, and we know x +y = 9. (Remember? If a number is divisible by
9, then the sum of its digits must be a multiple of 9. In this case the sum of the digits
must be nine only. Do you know why other multiples of 9, such as 18, 27, 36, etc.
would not work?). Now we obtain a system of two equations in two variables:

2430 = (10x + y)(10y + x) x=9—y o [r=5y=4
x+y=9 ¥ =9y +20=0 x=4,y=5

We found two numbers 54 and 45 satisfying the given system. But 54 is the only
answer because 54 is an even number.

Answer. 54.
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Problem 14 The product of the third and the sixth terms of an arithmetic
sequence is 406. The ninth term of the sequence divided by the fourth term
gives a quotient of 2 and a remainder of 6. Find the first term and the common
difference of the arithmetic sequence.

Solution. Let {a,} be an arithmetic sequence. We are going to rewrite the condi-
tion and then express each term using a; and d:

as-as =406 [ (a) +2d)(a + 5d) = 406
ag=ay-2+6 |a+8d=(a+3d)-2+6.

Remember the formula,

Dividend = Divisor - Quotient + Remainder?

Let us first simplify the second equation of the system,

a; +8d=2a; +6d+6
611:2(1—6.

Substituting a; from here into the first equation of the system above, we have

(4d — 6)(7d — 6) = 406 so 14d* — 33d — 185 = 0. This quadratic equation has

two roots, d = 33EV11449 v2él449 - 33ﬂ2c§07; sod=S5; 713‘7'

Two different values for a common difference will give us two different arith-
metic sequences:
1. {an}, a1 =4, d=15and

2. {a,}, ey =-2, d=-3

Answer. 1. {a,}, a1 =4, d=5and2 {a,}, = -5, d=-f

Problem 15 The second term of some arithmetic progression containing
only whole numbers is 2 and the sum of squares of the third and the fourth
terms is less than 4. Find the first term of the progression.
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a2:2
a32—|—a42<4

Using properties of an arithmetic progression, we can rewrite a3 and a4 in terms of
the second term, a,, and a common difference, d,

Solution.

aa=a+d=2+d
as =ay +2d =2+ 2d.

Now we can simplify the system

2+d)?+(2+2d)° <4
44+4d+d*+4+8d+4d* < 4
54 +12d+4<0

 6+136-20 —6+4

d
5 5

In order to satisfy the inequality, d must be in the range —2 < d < —0.4, but
because the arithmetic progression contains only whole numbers and the second
term equals 2, its common difference, d, can be only a whole number. From the
inequality above, we obtain d=—1. Thena; =a, —d =2 — (—1) = 3.

Answer. 3.

Problem 16 Prove that if 25, 43, and 70 are terms of infinite arithmetic
progression, then 2005 also belongs to this progression.

Proof. By the condition of the problem,

18 = (n—k)d

27 = (m— n)d =9=(m—-2n+k)d.

43 =a, +nd =

25 =ay + kd {
70 = a; + md

Because 2005 = 1935 4 70, and 1935 is a multiple of 9, we have the chain of true
relationships:

2005 =70 +9 - 215 = 2005 = a; +md + 215 - (m —2n+k) - d
= a; +d(216m — 430n + 215k) = a, +d - I.

The statement is proven.
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1.3 Geometric Progression

Definition.

A geometric progression is a sequence of numbers in which the ratio of any
two consecutive terms is the same.

Thus, 3,21, 147, 1029, 7203, . . . is a geometric progression with the first term 3 and

147
the common ratio 3 5 7. Let us denote the first term of our sequence
as b, and the common ratio as r. Then
by
b2 = bl - r
by=by-r=by-r?
T : (1.11)
b, = b - -l
by, bir, b1r2, e, b]l‘nil,

The geometric progression of Eq. 1.11 is said to be increasing or decreasing
according to whether r is greater or less than one. If » > 1, each term is greater
than the preceding term, while if 7 > 0 but is less than 1 each term is less than the
preceding term.

Let us find the sum of the first n terms of a geometric sequence,

Sy =bi+by-r+b -1+ b (1.12)
Multiplying both sides of Eq. 1.12 by r, we obtain a new equation,
reSy=by-r+b b by (1.13)
Subtracting Eq. 1.13 from Eq. 1.12,

Sn — I‘Sn = b] — b]i‘n
Su(1 = r) = by(1—rm).

Dividing both sides by (1 — r) we obtain

bi(1— )

S, =
! 1—r

(1.14)

If r > 1 then it is better to use S,, in a different form,
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by — 1)

Sy = 1.15
r—1 ( )

Let us return to a geometric series with infinitely many terms,
S=b+b -r+b -1+ b - (1.16)

If the number of terms is infinitely great (n approaches infinity), then the expression

on the right of Eq. 1.16 is called an infinite geometric series. Consider an infinite

decreasing geometric series. The partial sum is S, = % If |r| < landn — oo,t

hen " — 0 and

b
lim S, = - !

n—o0 —r

(1.17)

We notice that the sequence of partial sums has a limit.

However, if |r| > 1 by Eq. 1.15 the sequence of the partial sums will dramati-
cally increase without bound. In order to illustrate this phenomenon, let us solve
Problem 17.

Problem 17 Suppose a family has twin boys, Brian and Paul, and each is
asked to choose a gift for their birthday that will be in three weeks. Brian said
that he would like to get $10 each day for three weeks and Paul asked for
2 cents on day one, 4 cents on day two and so on, doubling the amount each
day for three weeks. Which gift would you choose?

Solution. What I usually hear right away is, “Of course 10 bucks is the better
choice! I will end up with $210!” When I say, “Let us check the second opportu-
nity,” some students think there might be a trick and ask for time to think.

Let us write down the sequence: 2,4, 8, 16,32, 64, 128,256, ...,1024,...or 2!
22, 23, 24, 25, 26 ..., 210, ... Each term is the amount of money on a particular day
n. For example, 8 cents =2> is how much the parents would give Paul on day
3, and 2" cents on day n. This sequence is an increasing geometric sequence with
the first term equal to 2 and the common ratio,» = 2 > 1 and it grows very fast. On
day 5 choosing the first gift, Brian would have $50 and Paul, choosing the second,
only 2(25 - 1) = 62cents. On day 21, however, Paul would get 2*' cents, and
adding all amounts from the preceding 20 days using the formula for a sum of the
first 21 terms of a geometric sequence, we have

2(22' = 1)

o =22 _ 2 =$41,943.02

2422423 4. 422 =
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which is much more than $210! Maybe in offering two gifts these parents had no
idea how much they could lose if they agreed with Paul’s plan. You do not want to
be that ignorant parent in the future!

Remark. On a TI 83/84 graphing calculator you can see how much money
you would get after 2 days, 3 days and so on, up to 21 days. Type CUM SUM
(Seq 2Mn +1)—2,n, 1, 21) and press [ENTER] to get {2, 6, 14, ..., 4, 194, 300 }.

Here is another simple example for you. You know that any rational number can
be represented as a fraction 2, such that the numerator n is an integer and the
denominator, m is a natural number. It is easy to see that for example 2.3 =23/10 or
5 =20/4, but when asked how to rewrite 0.313131... as a fraction, some students
have a hard time. We will teach you how to use infinite geometric series to rewrite

any repeated decimal as a fraction.

Problem 18 Rewrite these repeating decimals as fractions:
a) 0.333...b) 0.777. .. ¢) 0.454545. .. d) 1.227027027. . . .

Solution. Every repeating decimal has one or more digits after the decimal point
repeating infinitely many times and can be written as a geometric series. For

example, many of us know that 0.333... = 1/3. Let us prove this using Eq. 1.17,
3 3 3 3 3 1 1
033..3 - =—4+—F—— = =_.
10+100+1000+ +10n+ 100 1-5 3

By analogy
7 7 7 7

45 45 45 1 45 5
04545...45. . . = —+ —+ ... = — —— = — = |
100+10000+ 100 1—1/100 99 1

In the number 1.227027...27. . ., we have only 027 repeating infinitely many times.
This number can be represented as

12 27 27
6 27 1 6 3 681
’5+1000'1 T 57100 555

1000

Answers a) 1/3,b) 7/9, c¢) 5/11, d) 681/555.
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Problem 19 Let {a,} be an arithmetic sequence such that its 1%, 20‘h, and 58™
terms are consecutive terms of some geometric sequence. Find the common
ratio of the geometric sequence.

Solution. Because a4, a,, and asg are terms of some arithmetic sequence; let us
express them in terms of @; and d, where a; is the first term and d is a common
difference,

a) = ap
aro = a; + 19d
asg = ay + 57d,

but ay, ayg, and asg are simultaneously the first, second, and third terms of some
geometric sequence {b,}. Thus,

bl = da]
bz =a + 19d
by =a; +57d.

The common ratio is

7b27b37a1+19d7a1+57d

r_a_bz_ ay _a1+l9d

from which we have

(a1 +19d)* = ay(a) + 57d)
a1 + 38da, + 361d* = a% + 57da;
19a;d — 361d*> = 0.

Factoring the last equality we have 19d(a; — 19d) =0 because
ay # ay) # ass, d # 0, and a; = 19d. Replacing a; by 19d in the formula for

. s 19d+57d _ 76 _
the common ratio, we obtain r = odi1od = 38 = 2.

Answer. The common ratio is 2.

Problem 20 (ASHME) Define a sequence of real numbers a;, a,, as, ... by
a; =landa,, =99a; forall n > 1. Find a;qo.
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Solution. If ai = 99a2, then taking the cubic root of both sides we obtain
@il — /99. This expression means that the given sequence is geometric with
common ratio 7 = v/99 and the first term @; = 1. To find a0 we apply the formula

99
for the n' term, a, = a;r"' so ajgo = 1 - (3 99)" = 99%,

Answer. 99,

Problem 21 (Rivkin) The roots of the equation x> — 7x> + 14x +a = 0 are
terms of an increasing geometric progression. Solve it.

Solution. Let x;, x,, and x3 be the roots of the equation. Applying Vieta’s
Theorem for a cubic equation or factoring the given cubic equation as (x — x;)
(x — x2)(x — x3) = 0 and after equating corresponding coefficients,

X1X2X3 = —d
X1 +x+x3=7

X1x2 + x1x3 + X013 = 14.
Since the roots are consecutive terms of a geometric sequence, then we have

Xi+xir+xr2=17
r+ 32 + 338 =14

= —a.

Dividing the second equation by the first, x; = % Substituting it into the second
equation we have 2r2 — 5r + 2 = 0 which has two roots, r; = % and r, = 2. Since
the progression would be increasing only for » = 2, then x; = 1, xp, =2, x3 = 4.

Moreover, x;r° = 8 = —a, a = —8.

Answer. 1,2, 4.

Problem 22 Find the sum of 2016 numbers:

3+33+4333 433334 ---4333...3.

2016 times
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Solution. Denote this sum by S. Because

3.3=9=10-1
3.33=99=100—-1
3.333 =999 =1000—-1, ...

we can evaluate the given sum as

38 = (10 — 1) + (100 — 1) + (1000 — 1) + ... + (102" — 1)
10 - (102016_ 1)

— 201
10-1 016

= (10+10* + ... 4+ 10*'°) — 2016 =

102017 —~10
=—5 2016.

Finally, dividing by 3, we obtain S = w — % = % — 672.

10(102015—1)

) — 672

Answer. S =

Problem 23 (Kolmogorov) Is it possible that 100, 101, and 102 are the terms
(not necessarily consecutive) of a geometric progression?

Solution. Assume that it is possible and that the following is valid:
bi =100 = by -r' ', by =101 = by -7, by =102 = by - r* .

From the above, we can easily find

ot
100 ’
0,
101

If raise both sides of the first equation to the power of (k — j) and both sides of the
second equation to the power of (j — i), then the right sides of the both equations

will become identical. Thus, we have (}8—(1))k_j = pU=k=) = (}?—ﬁ)j ~'This can be
rewritten as 1015~ = 102/~" - 100*~/. This equation cannot have integer solutions

because the left side is odd and the right hand side is even.

Answer. One-hundred, 101, and 102 cannot be terms of a geometric progression.
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1.4 Finding the n'™ Term of a Sequence or Series

If we write sequence of numbers such as 1,4, 7,10, 13,...ord, L 1 L L -

or 1,4,9, 16, 25, 36, ... we may ask questions like, “What is the 25" terms of the

sequence?” or “What number of terms sums to 625 for the third sequence?”

Fortunately for us it will be easy to recognize an arithmetic progression in the

first sequence witha; = 1 and d = 3. You can also call that a sequence of all natural

numbers that divided by 3, give a remainder of 1 and write it with the formula

a,=3n+1, n=0,1,2,3, .... The second sequence is a geometric progression
1

with B :% and r = 5 or you may see that each term of this sequence is some

power of Y so that each term can be written as a, = (})", n=1,2,3.... The third
sequence is a sequence of consecutive squares with the n™
ay,=n® n=1,2,3, ...

All sequences are different. For example, the sequence 2, 3, 5, 7, 11,
13, 17, 19, 23, ... that represents a sequence of prime numbers, the formula for
a, does not exist (in any fixed length closed form). We will discuss here only such
sequences that have a fixed length formula for the n™ term, even though finding this
formula can sometimes be a challenging task.

term of

1.4.1 Finding the 0" Term of a Fibonacci Type Sequence

Let us look at the problem that was offered at the Volgograd District Math
Olympiad in 1977.

Problem 24 Find the n™ term of a sequence 1, 1, 2, 3,5, 8, 13, 21, 34, ...

Solution. Iremember that I looked at the numbers and noticed that each of them is
a sum of the two preceding numbers. Then I reformulated the problem as

A certain sequence a,a,. . .,d, satisfies the conditions
ay=a, =1, a,.» = ayy + a,. Find a,,.

When I had this problem in 1977, I was in the 9™ grade and did not know
anything about the Fibonacci sequence or about methods of solving recurrent
sequences. However, I knew geometric progression and I started thinking: “Is
there any geometric progression, the terms of which would satisfy the condition
of the problem?” So 1 started. Assume that it does exist, then
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1 41

a, = air", ay+1 = air’, apyo = apr"". Substituting this into the recursion for-
mula a,» = a,+1 + a,, 1 obtained the equation, ayr™ = ayr + ayr L. After
canceling common terms, I ended up solving a quadratic equation,

r2 — r — 1 = 0, with two irrational roots: r; = %ﬁ, ry = #

Because the answer did not depend on the value of the first term, I knew that to
the given recursion would satisfy infinitely many geometric progressions with
common ratios above, as well as their linear combinations. In fact, if {a,}{b,}

are geometric progressions with common ratios ry, r, respectively, then

n+1 1

ar"™ =ar" +ayr"

b11‘2n+1 =bir" + b1}’2"71

and a sequence {c,} such that ¢, =A-a,+ B-b, will also satisfy the given
recursion because

Cntyl1 = A- any1 + B - bn+1
Chi2 =A-ap2+B by
Let us show that ¢,.» = ¢, + ¢cpu1:
Cnt2 = Cn + Cpyi
= (A ~a, +B bn) + (A “Apy1 +B- bn+1)
= A<an + anJrl) + B(bn + bn+1)

=A-ay2+B b2
= Cpt2

Next, we can try to get the general formula for the '™ term as a combination of the

roots,
n—1 n—1
1- 1
ay = (Tﬁ> +B<%E> . (1.18)

We can use the values for the first and second terms to create a system and solve for
A and B,

A+B=1, (1-+5), 1++5
{—A\/§+B\/§:1 @{A:_WB_W'

Substituting the values for A and B into Eq. 1.18 and simplifying, I obtained the
formula for the n™ term of the Fibonacci sequence
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n+1 n+1
an ::(%§ (l_iélf§> _ (1 ‘é‘/§> . (1.19)

You can verify this formula for the n™ term, by checking some of the terms listed
above

1 1+v5\" (1-v5\ .
RV W U B

1 145\ [(1-v5)"
“B= 2 T2

L (1+v5\" [1-v5) 14v5) (1-v5) ;
NV 2 2 2 R T
Fibonacci’s sequence was discovered by Leonardo Pisano (born in Italy, circa
1170) and shows up in a lot of real-life occurrences such as the growth of flowers,
plants, and pine cones. The series starts with zero and one and then the next number
is the former number and its former number added together. The sequence is 0, 1,
1,2,3,5,8,13,21,34 ... where a; = 1,a, = 1, and a,.2 = a, + ays1.-

Pisano came up with this sequence when he was asked a problem about the
breeding of rabbits and how many would be around if you started with a pair of
rabbits and each pair had one female and one male baby rabbit and then the
breeding continued with the new pair of rabbits. See Appendix 1 for a MAPLE
program written for Fibonacci’s rabbit reproduction. This problem, however, was
unrealistic because it assumed that each pair of rabbits had one female and one male
rabbit as well as siblings breeding together to produce the next offspring. The
problem also assumed that the birth would happen every month and no rabbit would
die. Although Fibonacci’s sequence was not realistic with the mating of rabbits, the
sequence can be seen in other parts of nature.

Fibonacci found an interesting comparison between a term and its neighbor in
the sequence. He took the ratios of a term and its following neighbor and produced a
sequence that converged to numbers called Phi. Using the formula from above to
determine the ratios of the R, term, the ratio is ”;—“ Looking at the formula from

n

above as well, dividing both sides by a,,,, it becomes Z—j = u’% + % Substituting

R, in, the new formulais R, | = Rl + 1. Now letting n approach infinity, it reaches
some limit, L, allowing for the following equation L = % + 1. Multiplying every-
thing by L,

L*=1+L
[’-L—-1=0.


http://dx.doi.org/10.1007/978-3-319-45686-7_BM1
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Using the quadratic equation, the two roots are @ = # and ¢ = %g Taking the
first 11 terms we have 1,2 3 3 8 13 21 3455 89 144 ° = . 1 2 1.5 1.6667,
1.6, 1.625,1.6153, 1.619, 1.6176, 1.618, 1.618, . . .. These ratios end up converging
to a number known as Phi, which is equal to @ This number is known as the
“golden ratio.”

To get phi, the same process is done, but going backwards with the sequence.
Earlier, the numbers were added together to get the next term, here they are
subtracted to get the next term going backwards. So the terms are
1, —1,2, —3,5, —8, 13, —21, 34, —55, ... As ratios they are
Loz 38 -8 B A 3 or —1, — 0.5, —0.6667, — 0.6,
—0.625, — 0.6154, — 0.619, — 0.6176, — 0.6182, .. .. The ratios end up converg-

ing to a number known as phi, which is equal to %5 Going back to the quadratic

equations roots, the numbers known as Phi and phi can be produced either by ratios
or by the quadratic equation that we obtained above.

Binet was a French mathematician who is credited with finding the n™ term of
the Fibonacci sequence in 1843,

F(n) =

V5

where Phi and phi come from the golden ratio explained in the above paragraph.
Binet’s formula is the only working formula other than Fibonacci and Lucas’ that
can represent the sequence correctly. A proof for Binet’s formula is as follows:

L*=L+1
L=L-IP=LL+1)=L*+L=(L+1)+L=2L+1
L*=L-I*=L2L+1)=2"+L=2(L+1)+L=3L+2
L=L*+1>=5L+3

L" :F('n)L—i—F(n— 1).

Leto =05, (025 ey

q0)1 :F(f’l)§0+F(}’l— 1) = " _(pn :F(n)(¢_¢)

P — (pn P — (pn
D—9 5

However, the result was known to Daniel Bernoulli, Leonard Euler, and Abraham

de Moivre more than a century before Binet.

{ @" =F(n)®+F(n—1)

F(n) =
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A French mathematician, Lucas, spent some of his time studying the Fibonacci
sequence and related his sequence of numbers to Fibonacci’s sequence. The
Fibonacci sequence in the following formula defines the Lucas sequence,
L,=F, 1 +F,. . The first few Lucas numbers are 1, 3, 4, 7, 11, 18, 29, 47,
76, etc. Lucas numbers also have that property for n >2, L, =L, +L,_.
Something to notice, a Lucas number is always greater than its corresponding
Fibonacci numbers except for L. The Lucas numbers also converge to the golden
ratio. In the Homework you are asked to find the formula for the n™ Lucas number,
L= (455) + (%)

Many new Fibonacci type sequences can be created and continue to fascinate
mathematicians. The following problem appeared in “Quant” magazine that
published many challenging problems. Russian teachers recommended their high
school students to try solving the problems. The magazine would come out monthly
but solutions to selected problems would be given only in the following issue.

Problem 25 Consider the sequence, the terms of which are given by the
following recursive formula u, = 7u,_; — 6u,_», u; =1, up = 2. Find the
formula for the n™ term of the sequence.

Solution. First we should evaluate several terms of the sequence
Uy = Tup_1 — 6p_n, up =1, up =2 (1.20)

as 1,2, 8,44, 260, .. .. A pattern cannot be seen right away. It would be nice if the
formula for the n™ term looked like an exponential function with some base, similar
to a geometric progression, so let us try u, = r",u,_; = "', u, o = "2 and
then substitute it into Eq. 1.20 to produce " = 7r"~' — 6r"~2. Dividing both
sides by "2, we obtain the following quadratic equation and its zeros,

PP —Tr+6=0
ry = 1, 1‘2:6.

Next, let us try a linear combination of both r values for the n' term,
u, = Ar{ + Brj. (1.21)

Substituting this into Eq. 1.20 we obtain Arf + Bry =7(Ari=' +Brj~!)
—6(Ar}™2 + Bry*) which could be written as A(ry" —7r;""' +6r" %) =
—B(ry" — Ty~ + 61'2"‘2). Since the expression inside each parentheses is zero
then Eq. 1.21 is a true representation for the n'™ term of the recursive sequence of
Eq. 1.20. We have only to find coefficients A and B by using the values for the first
and second terms,
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u, =A-1"+B-6"=A+B-6"
u =2, A+36B =2.
Solving the system we obtain that A =24/30 =4/5 and B = 1/30. Therefore,

4 1 44+6"!
Iy =T 1.22
h=35%30 5 (1.22)

Trying several values for n in Eq. 1.22, any member of the sequence can be
obtained:

446t a1

up 3 3 1
74+62’174+672
LTS T s T
4+61 4436 40
Uz = 5 = 5 :?:8, etc.

n—1
Answer. u, =*%—n=23,4. .

A second order recursion depends on the roots of a quadratic
(characteristic) equation. What if the equation has two equal roots, like
P2 —4r4+4=(r—2*=0,r,=2? This would represent a recursion as
the one of Problem 26.

Problem 26 Find several terms of the sequence and the formula for its n'™
term. Given x,+; = 4x, —4x,_1, x0 = 1, x; = 6.

Solution. We can see that x, =2" alone would not work. You might try
several other things and then come wup with the idea that
Xy =2"(A+nB) =A-2"+nB -2". Substituting the values for the first two terms
of the sequence into this formula, we can evaluate A and B,

A=1
2A+2B=6,B=2

sox, =2"2n+1), n=0, 1, 2, 3, .... Using this, we can find any term of the
sequence.
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Answer. 1, 6, 20, 56, 144, 832, ...

Remark. How do we know that the answer is correct? From the condition of the
problem, all terms, starting from the third must be divisible by 4. It works (20, 56,
144, 832, ...). Moreover, each term, starting from the third is the difference
between two preceding terms times 4. It also works because 20 =4 - (6 — 1),
56 =4-(20 —6), 144 =4 - (56 — 30), etc.

1.4.2 Finding Recurrent Formula for a Known Sequence

If a sequence is given and its ™ term is known, we can attempt to describe such a
sequence by recursion, i.e., to describe the n™ term of the sequence as a function of
the previous terms, for example as a, = a,-1 + a,—». Thus, Fibonacci type
sequence is given if we know its first and second term, etc.

Definition. In general, a recursion is a relationship @, = F(n,a,_1,a,_1,
.., ay—x) that allows evaluating all terms of a sequence by knowing its
first k£ terms.

Often the n™ term of a recurrent sequence is given by
an = l//(anflsanfl’ ey anfk) +f(l’l), n Z k. (123)

This is called a recursion of the ™ order. If f (n) = 0, then such a recursion is called
homogeneous of the k™ order. Any sequence {y,} that makes Eq. 1.23 true is called
a solution of a recurrent relationship.

The first k terms of a recurrent sequence can be arbitrary. Assume that we have
initial conditions:

ap = Qp, d1 = A1, ... ,Ap—1 = O}—1 (124)

Next, we can solve Eq. 1.23 subject to initial conditions of Eq. 1.24. This problem
is similar to solving a Cauchy initial value problem for a differential equation of
the k™ order. If a function y is linear then Eq. 1.23 can be rewritten as a
linear recursion, @, + py(n)a,—1 + p,(n)a,_» + ...+ py(n)a,—x =f(n), where
pi(n)i= 1,2,3,..., k are the coefficients. Here we discuss linear homogeneous
recursions with constant coefficients.

Definition. A recursion, a, + p;(n)a,—1 + py(n)ay— + ...+ pp(n)a,—x =0
is linear and homogeneous and the corresponding sequence ao, @, s, as, . . .
is a recurrent sequence of the k™ order.
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If the coefficients p;(n) = p; are constants, then
ay +piap_1 +prapo+ ... +prap_ =0 (125)

is a linear homogeneous recursion with constant coefficients.

Lemma 1.1 Let y|,y; be solutions of recursion Eq. 1.25, then any of their
linear combinations is also a solution of Eq. 1.25.

Proof. Denote z, = ¢, y,l, + czyﬁ and substitute it into Eq. 1.25,

Cl)’,lz + C2Y§ + D (61)’,1171 + 62)’371) +o D (Clylllfk + C2Y%—k)
=c1 (yi P11 F Pt ‘*‘PkYi,fk)

+eor (Vi + Py Pt DY)

=0.

The statement is proven.

As we do in the previous section, we can look for a solution of Eq. 1.25 in the
formy, = r".

Definition. A polynomial equation,
K p e p 4 r =0 (1.26)

is a characteristic equation for a recurrent sequence of order & of the type of
Eq. 1.25. A sequence 7™ is called its solution.

For example, the Fibonacci sequence, 1, 1, 2, 3, 5, 8, 13, 21, ... given by the
second order recursion as a,.» = 1 - a,+1 + 1 - a, is a linear recurrent sequence of
the second order. We can rewrite it as @, — an+1 — a, = 0. The characteristic
equation for a Fibonacci sequence is 7> — 7 — 1 = 0 and it is a quadratic. As you
remember, we found a formula for its n'™ term in the previous section.

Theorem 1.1 If ry,7,,.. .1, are the roots of characteristic equation Eq. 1.26
of multiplicities sy, s, . . ., S,,;, respectively, such that s; +s, + ...+ s, =k,
then the solutions i, nrl', ...,n" "'l L ronrl, .. 0! are funda-
mental solutions of the recursion of Eq. 1.25.
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Many of the sequences explored above are recurrent type sequences of a
different order. It may surprise you that well-known arithmetic and geometric
sequences are also examples of recurrent sequences!

Let us show that a geometric progression is a linear recurrent sequence of the
first order and that an arithmetic sequence is a linear recurrent sequence of the
second order. For a geometric progression each its terms is a product of the previous
term and its common ratio, r, so that a,; = r - a,. The characteristic equation is
linear; therefore, a geometric progression that is a recurrent sequence of the first
order.

For an arithmetic progression we know that each term, starting from the second
is an arithmetic mean of its neighbors, so a, 1 = “”Jrz“””, that can be solved for a, 1,
as dapyr = 2dau41 —a,. Now we know that any arithmetic progression is a
recurrent sequence of second order with characteristic equation 7> — 2r 4+ 1 =0,
which means that the fundamental solutions to the recursion are
yvw=lLy=n=a,=c-14+c-n

Let us demonstrate that this indeed describes the arithmetic sequence, for
example, for numbers 2, 5, 8, 11, ... that divided by 3 give a remainder of
2. Substituting n =1, a; =2, andn =2, a, =5 into the formula for the nh
term above, we have a system,

{c1+cz2 =>ca=—-1,0=3=a,=3n—-1.

c1+2c,=5

On the other hand, we can obtain the same expression by using the formula for the n™
term of an arithmetic sequence, ay =2, d=3=a,=2+(n—1)-3=3n—1.
Next, let us consider a sequence of the squares of natural numbers. For this sequence
we know that a; = 1, ay =22 =4, a3 =3%>=9, ... a, = n. We will evaluate
three consecutive squares, next to n” term,

anﬂ:(n+1)2:n2—|—2n+1:an—|—2n—|—1 = a,1+1—a,,:2n+1‘
nyn =427 =2 +4n+4=n+17>+21+3 = an+2—an+1:2n—|—3‘
Az =ap1 +2n+1)+2=2a,41 —a,+2 = ’an+272an+1+an:2‘

dnys = (n+3)7 = +2)>+2n+5
=dyp+(2n+3)+2
= dp+2 + (an+2 - an+1) + (an+2 —2a,41 + an)
‘an+3 = 3ap12 — 3au41 +ay |

We extracted the difference between two consecutive terms of the sequence and
substituted it into the next step. We did it until the difference between two
consecutive terms did not contain anything besides a liner combination of the
previous terms. Indeed, a sequence of squares of natural numbers is a recurrent
sequence of the third order with a characteristic equation: 7> — 372 4+ 3r — 1 = 0.
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Let us solve Problem 27.

Problem 27 Describe a sequence of consecutive cubes by a recurrent
formula.

Solution. Using the technique described and the formula for the n™ term of the
sequence, let us write down several terms starting from #:
a, =n

oy =+ 17 = +302 +3n+1=a, +3n +3n+1

‘an+1—an:3n2+3n+l‘

apy2 = (I’l—|—2)3 = dp+1 +3(n+ 1)2 +3(n+ 1) +1
=dap+@Bn*+3n+1)+6n+6
=2a,1 —a,+6(n+1) =

‘anﬂ —2ay41+a,=6(n+1) ‘

api3 = 2an+2 —dyy1 + 6(” + 2)
= Za,H_z — dp+1 + 6(}’1 + 1) +6

Any3 = 2042 — Apg1 + Apyr — 20541 +a, +6 =

Apy3 — 3apyo + 3041 —a, =6

Because six is just a number, we know that finding the next term will be sufficient to
find a recursion,

s = 3043 — 3pg2 + Apy1 +6
= 3auy3 — 3ani2 + Any1 + any3s — 3a442 + 30041 — ay
pys = 4ay43 — 6a,2 +4a,1 — ay ‘

Therefore, a sequence of natural cubes is a recurrent sequence of the 4™ order with
characteristic equation, M4+ 6rr—4r+1=0.

Answer. a,.4 = 4a,3 — 6a,.2 +4a,.1 — a,.

Remark. Recurrent formulas are very useful in computer programming. In order
to evaluate some quantity given by a recursion, we can evaluate its value on the
(n + 1) iteration by knowing the value of a quantity on the n™ and (n — 1) step.

When solving problems on evaluating finite or infinite sums of series, or if we
are trying to evaluate a limit of a sequence of partial sums, it is important to have a
recurrent formula of the n'™ term of a series. Often it is not easy to establish a
relationship between consecutive terms of a sequence or series. For example,
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. 2 3 u . . n
consider 13—0, %, %, R 13%, .... Obviously, the n'" term is a, = (7) and two
10

consecutive terms are connected by the formula, a,,1 = 5 - a,. It is a geometric

10

progression and linear recursion of the first order.

2 3 4

o . X X X
Problem 28 Find a recursion for the sequence {55, 557, 3435, - - -

h

Solution. Let us find the formula for the n" and (n+1) terms of
2 y3

U = GGy > it = A ) Next, we will find the ratio of two terms,

e _ x(n-1) a(n=1)
an n+2 =

Anl = Gn =5

If you remember at the beginning of the book, we introduced several sequences

on a calculator. The Fibonacci sequence was introduced by a recursion. You can try

to find the terms of this sequence by using the same ideas and by first setting x = 1

2
and then for example x = 2.

Problem 29 (Moscow Math Olympiad 1993) Evaluate the 100™ term of a
sequence with x; =4, x, = 6 such that x, is a minimal natural composite
number greater than 2x,_; — x,_», Vn > 3. Derive the formula for the n'®
term of the sequence.

Solution. Consider some of the terms of the sequence,

2% —x1=8=x3=9>8
203 —xp =12 = x4 = 14 > 12.

The 4™ term cannot be 13 because 13 is prime. Let us continue by analogy

24 —x3=28—-9=19 = x5 =20> 19
2xs —x4 =40 — 14 =26 = x¢ =27 > 26
2x6 — x5 =54 — 20 =34 = x; =35 > 34.

Notice there is some pattern in

x3=9

x4g=14=x3+5
x5 =20=x4+6
xXe =27 =x5+7
x7 =35 =x¢+ 8.
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It looks like we can predict the formula x, =x,_; +n+ 1, n > 3. Using this
formula for different n starting from n = 3, we obtain

Xs=X4+6=x34+5+6

Xe =X5+T=x3+5+6+7
X7=Xx+8=x3+54+6+7+38

X3 =x7+9=x3+54+6+74+8+9

Xp=Xp1+n+1=x3+54+6+74+8+9+...4+n+n+1).

The sum inside parentheses is easy to recognize if we replace the third term (9) by
2+3+4=09, then the n'™ term can be calculated as

(n+1)(n+2)

X, =24+34+4+5+...+n+n+1= ) —1
_ n(n+3)
==
Since x, = "2 = x50 = 100103 — 5150,
Now, by mathematical induction let us prove that x, = ”(";r 3 n > 4 satisfies

the problem.

1. Assume that the formula is correct. The statement is true for n = 4 because
4 _ 47
X4 = 14 = K

k(k+3)
5

3. Let us show that it is true for n = k + 1, i.e., x4 = (kA1) (k44)

2
we obtain 2x; —x_1 =2 - k(k;3> — <k_l)2(k+2) = <k+l)2(k+4) — 1. By the condition

of the problem x;;; must be the first composite number greater than
(k+1)(k+4) k+1) (k+4)
2 2

2. Assume that the formula is true for n = k, i.e., x; =

. Using recursion,

— 1. Clearly, the first part of this number ( is a composite

number itself and it is precisely one more than w - 1.

Case 1. If k is odd number, then (k-+1) is an even number and so

Xpr1 = (HTI) (k+4).
| (k+4)

Case 2. If k is an even (k 4 4) is also even number and x;41 = (k + 1) - 5=
The proof is complete.

Answer. 5150.

1.4.3 Other Sequences

If a sequence or series are neither arithmetic nor geometric, then finding its 2™ term

can be a challenging task. For example, let us consider the following five terms of a

sequence: 4, — %, %, % s % , .. .. Because most of the terms are fractions, it helps to
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find the formula separately for the numerator and for the denominator, so u, = Z—
In this particular case, we see that the numerators form an arithmetic progression
with common difference of 3, first term 4, and the denominator numbers form
arithmetic progression with a common difference of 5 and first term 1. So it can be

written as u, = =L,

Problem 30 Find the formula the »n™ term of the series,

3
+ 64 + 24 + 309 4096

Solution. At first, it looks like the numerators are formed by powers of three and
that the denominator by the powers of two but the third term (1/24) seems to be not
following this rule ” Our first idea, 3 2,1, however, might help us in finding correct
formula for the n'™ term of the series. Can we assume that this first guessed formula
may be multiplied by an unknown factor, such as u, = i 7? Just write down

several known terms,

n=1 ulzgzv—ll%:\q:l:l“
n=2 u2:62=V—2~§:>vz:16_24
n=3 m:%:%.% =v;=81=3"
n=4 M:% %%:>V4_256:44

Based on the four terms, we can see that the assumption was correct and that v,

=n*sou, =L (3"

Answer.

Problem 31 Given an infinite series,§ +2-+3 -4 +4 - +5-5+...+,
find its 7™ term and the sum of its first 7 terms.

Solution. The »™ term s Uy =n-3 and the 2™ sum s

Sp=1-3+2-34+3-44+4-&+5-354...+n- 4 Since all terms are positive,
we will benefit from regrouping terms of this sum,
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Now the partial sum can be found as the sum of n geometric series with common
difference of Y2 and the first term of Y, Y, etc. The first sum is

s ()6

The second sum is

1+1+1+ 11
4 8 16 20 2

The third sum is

1,1 1 1(1.,1,1 1) 1.1 (1=
§+E+---+7—z(z+z+§+~-2ﬂ—2)—Z'§<—

Adding terms inside all parentheses, we obtain
Sp= 1 : ”+1 1 0" +] 1 n"
" 2 2 2 4 2
+1 1 0" + -t ! 1 !
8 2 21 2)

The expression on the right can be rewritten as

1_~_1+1+1_~_ +l 1+1 1+1 1+ +1 1
2 4 8 2n71 on 2 anl 4 2;172 2;171 2 :

. - . 1
Notice that each term inside parentheses is the same, —

2"
1—4% 1 1
Finally, we get S, =1 (fﬁ — n? =2- T % The limit of the

(S]]}

partial sums obviously converges to S, = 2.
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Answer. u, =4, S, :2—2},1 — 2, Seo =2.

What if each term of a sequence is a partial sum of an arithmetic progression?
Then

ar =381, S1=b;

a, =382, S =by+by, bp=b+1-d

a3 =383, S3=by+by+b3, b3=b;+2-d

Gy =S, Sy =b1+br+bs+...dby by=bi+(n—1)-d.

Let us examine this by solving Problem 32.

Problem 32 Find the ™ term of a sequence 3, 13, 30, 54, 85, 123, ... .
Evaluate its 57" term.

Solution. Clearly this is neither a geometric nor an arithmetic sequence. However,
if we subtract pairs of consecutive terms, we obtain,

13-3=10
30-13 =17
54-30=24
85 — 54 =31
123 — 85 = 38.

The given sequence is not an arithmetic sequence, however, the differences of two
consecutive terms, 10, 17, 24, 31, 38, .... are in an arithmetic progression with
common difference d = 7. This means that the given sequence of numbers 3, 13,
30, 54, ... is the sequence of partial sums of this arithmetic progression and that its
n" term can be evaluated as

234 (n—1)-7

n — Sn :
a 5 n
_(In—1)-n
- 5 )
In order to find the 57™ term, we will substitute n=>57,

as; =0T 19957 =200 - 57 — 57 = 11,343.

Answer. a, = (7”51)", as7 = 11,343.
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Triangular Number

2

Figure 1.4 Triangular numbers

Problem 33 Find the formula for '™ term of a sequence 1, 3, 6, 10, 15, 21,
28, 36,45, ....

Solution. Notice that 1 =1, 3=1+2, 6=1+2+3, 10=1+2+3+4,
15=1424344+45, etc. By induction, the n™ term is a sum of the first
n natural numbers. Therefore, its formula can be found as

a, =S, =14+2+3+...+n= 2Al+mz(n_l) n= "(”ZH). It is easy to check that
a=8=14+2+...+7= % = 28. We can evaluate the series using the for-
mula for the sum of the arithmetic progression, emphasizing the value of the

common difference.

Answer. a, = ”(”; 1

I need to mention that the numbers 1, 3, 6, 10, 15, 21, 25, ... have a special
name—they are triangular numbers. Ancient Greeks knew about these numbers and
even gave them this name. Greeks tried to solve problems geometrically. Imagine a
triangle where each side is formed by n dots or » billiard balls. If we arrange four
such triangular numbers as in Figure 1.4, we can see how the number of the “balls”
in each case denoted by T(n) can be calculated. For example, we can add the balls
by the rows.

Lemma 1.2 A triangular number can be evaluated as

T(n) ==—5— (1.27)

Proof. T(n):]+2+3_|_.”_~_n:n(n2+l)'

What was unusual about the sequence of triangular numbers is that each term is
the partial sum of an arithmetic progression with first term one and common
difference one. Are there other sequences like this? Yes, there are infinitely many
sequences with similar properties.




1.4 Finding the n™ Term of a Sequence or Series 39

Lemma 1.3 Given a sequence {a;} of natural numbers and consider another
sequence {b;}, such that

b1:a1
by =a; —a;
by =a3 —a

by = ay —ap

If {b;} is an arithmetic sequence with common difference, d, i.e.,
d=b;i—bi_1, bij=by+(n—1)-d,i>1, ieN then {q;} is the sequence
of partial sums for this arithmetic progression. Its n'™ term can be calculated

2a1+(n—1)d
asanZSnZ—alﬂzn My

Let us start from some arithmetic sequences with the same first term 1 and
common difference d = 1, d = 2, d = 3, and d = 4, respectively and put next to
them the corresponding sequence of its partial sums:

1,2,3,4,5,..., bh=1d=1= §$=15=3,5=65=10,8=15,...
1,3,5,7,9, ..., bi=1,d=2= 8§ =1,85=45=9,8:=16,55=25,...
1,4,7,10,13,16, ..., by=1,d=3= S =1,85=5,8=12,8,=22,55=35, ...
1,5,9,13,17,21,..., bi=1,d=4 = §,=1,5=6,5=15,8,=28,55=45, ...

Since we have already worked with the first sequence, consider the second
sequence: 1,4, 9, 16, 25,. . .. If we did not have a discussion above, we could easily
predict any term of this sequence, because obsiously each term is a perfect square of
a number of the term #, i.e., a, = n*. On the other hand, a sequence of the squares is
a sequence of partial sums for the arithmetic sequence: 1, 3, 5, 7, 9, ... and the
following is true:

a=1=1
a=2>=1+3

a3 =3*=1+3+5
ar=4=1+4+3+5+7
as=5"=14+3+5+7+9

ap=n*=1+4+3+5+...+02n—1)

Hence, additionally, we can state Lemma 1.4.
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Figure 1.5 A sequence of square numbers

Lemma 1.4 Each square can be represented as a sum of n consecutive odd
numbers, starting from 1.

Ancient Greeks called this a sequence of square numbers and tried to prove
everything geometrically. For example, they knew that if one takes one stone and
three stones, then one can make a square with side two. If one takes additionally five
stones and places them around the square of side two, then one will make a square
of side three, etc. (Figure 1.5). Read more about these numbers in Section 1.5.

Problem 34 Given a sequence 1, 5, 12, 22, 35, 51, 70, 92, 117, . ... What is
the 50" term of the sequence and find the formula for the n'™ term.

Solution. We can see that each term can be described by a, = nB3n=1) , n€N. So

2
= w = 3725. Did you recognize this sequence as a sequence of partial
sums of an arithmetic progression with one as the first term and common difference

of 3?7 Thus, the following is true:

LIIZSL: 611:1

aso

02:S2:b1+b2:5$ b2:4,d:h27bl:471:3, 02:1+4
a3:S3:b1+b2+b3:12:> b3:7,d:b3*b2:7*4:3, 03:1+4+7
as=S84=S3+by=22= by =10, d =3], a3=1+4+7+10

2-14(n—1)-[3] (3n—1)n
day :Sn:f _T

Answer. The 50" term is 3725.



1.4 Finding the n™ Term of a Sequence or Series 41

RN s

Figure 1.6 Pentagonal numbers

Remark. These numbers also have a geometric interpretation and are called
pentagonal numbers. The n™ number represents the number of balls that can fit a
side of a regular pentagon with side n (Figure 1.6).

Ancient Greeks constructed pentagonal numbers using stones, which in this
book we call “balls.” First, we have one ball. Next, we put two balls on each side
of a second pentagon for a total of five. Then we put three balls on each side on the
third pentagon for a total of 12, etc. It is interesting that each pentagon can be
developed from triangular numbers. For example, for the third one, we can put four
balls on the bottom and then add to it three triangular numbers, each containing
three balls, and so on. This allows us to derive the formula for the n™ pentagonal
number as P(n) =n+3-T(n—1).

The formula for the pentagonal numbers can also be derived algebraically. By
evaluating the n'™ term as the n'™ partial sum of the arithmetic progression with the
first term 1 and common difference of 3, we obtained a formula that can be

n=n+3- ("_2]>" , where the expression inside the

) 243(n—1
rewritten as a, = %

box is the formula for the (n — 1) term of the sequence of triangular numbers. In
general, any k' figurate number can be constructed out of triangular numbers by
n+ (k—2)-T(n—1). The n™ term of a k-angular number (or k" figurate number)
is the partial sum of an arithmetic progression with the first term of 1 and the
common difference of d =k — 2. You could see that for a triangular number
d =1 =3 — 2, for a pentagonal numberd = 3 = 5 — 2, and hence an n"hexagonal
number would correspond to the partial sum of an arithmetic progression with first
term 1 and the common difference of d=6 — 2 =4, etc.
We can create a general formula for the n'™ term of a k-angular number,

:2~1+(n—1)(k72)'n
" 2
(n—1n (1.28)
2
=n+(k-=2)-T(n-1).

=n+(k-2)-
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Remark. K-polygonal numbers (or k-angular) are nonnegative integers
constructed geometrically from the regular polygons. The k™ polygonal number
can be calculated by

Py = 4201
_(k=2)n(n—1) +2n
= 3 .

Thus, the n™ terms for first 8 polygonal numbers can be evaluated by

Ps(n) = T(n) :w, Pa(n) = n2, Ps(n) = @
Po(n) = n(2n — 1), Py(n) = @ Py(n) = n(3n—2).

Generalized octagonal numbers can be found from Pg(x) =x(3x—2), x€Z.
While regular octagonal numbers 1, 8, 21, 40, 65,... are obtained for natural
x, the sequence of the generalized octagonal numbers includes additional
numbers obtained for a negative value of x in such a way that each octagonal

number is surrounded by generalized numbers: 0, , 5, , 16, , 33,

[40], 56, [65], 85, ...

Problem 35 Find the 25" term and a formula for the '™ term for the
sequence, 1, 7, 19, 37, 61, 91, .. ..

Solution. Inspecting each term, we notice that each one is the difference of two
consecutive cubes. Thus, 7=8 — 1, 19 =27 — 8, 37 = 64 — 27, etc. Therefore,
ay=n>—(n—1)> =302 —3n+ 1. The 25™ term is 1801.

These numbers also have a geometric interpretation and are called centered
hexagonal numbers. Imagine a hexagonal shape and let us fit it by balls without
empty spaces including the center. Then the total number of balls that fit a hexagon
of side n will be given by a, = 3n*> — 3n + 1 and for example in a hexagon with side
2 we can place 7 balls, with side 3 there are 19 balls, and with side 4 there are
37 balls, etc. (Figure 1.7). From this figure, you can see that the 5™ centered
hexagonal number (61) is one more than six times the 4thtriangula.r number (10).
Hence, the n™ centered hexagonal number is precisely one more than six times the
(n — 1) triangular number.

We can prove this statement algebraically, if we rewrite the formula for the n'

termasa,1:3n(n—l)+1:6'@+1.

h

Answer. a, =3n* —3n+ 1, axs = 1801.
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T
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Figure 1.8 Hexagonal numbers

Problem 36 Find the n™ term of the sequence 1, 6, 15, 28, 45, 66, 91, .. ..

Solution. By manipulating the numbers, we notice that each is a product of n and
corresponding odd number (2n — 1),

ag=1=1-1
ap=6=2-3
a3=15=3"-5
(14:28:4'7
a, =n(2n—1)

Hence, any term of the given sequence can be written as a, = 2n> — n.

This sequence also has a geometric interpretation and is called the sequence of
hexagonal numbers. The n™ term of the sequence represents the number of balls
that can fit a hexagon of side n. Four hexagonal numbers: 1, 6, 15 and 28 are shown
in Figure 1.8. Moreover, these numbers are represented by the partial sums of an
arithmetic sequence with the first term 1 and the common difference of
4. Therefore each term of this sequence can be calculuated using Eq. 1.28 by the
substitution of k = 6.
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Problem 37 Find the formula for a general term of the sequence 1, 4, 10, 20,
35, 56, 84, 120,. . .and find its 20™ term.

Solution. Some numbers in the sequence are odd and some are even. Let us
multiply each number by 6, so we will obtain another sequence of the numbers
that is related to the given one: 6, 24, 60, 120, 210, 336, 504,. . .. Notice that each
term of this sequence is the product of three consecutive integers,

6=1-2-3
24=2.3.4
60=3-4-5
120=4-5-6
by=nn+1)(n+2), an:%.

Finally, a general formula and its 20" term of the given sequence are

_ n(n+1())(n+2) . an = 1540.
The sequence of numbers of Problem 37 also have a geometric interpretation and
are called tetrahedral numbers. Each number equals the total number of balls that
can fit a tetrahedron of side #. In Figure 1.9, three consecutive tetrahedral numbers
are constructed. If n = 4, we can put one additional ball inside the triangle of the
base. Denote an n™ tetrahedral number by Tr(n). Using Figure 1.9 we can find a

geometric way to calculate Tr(n),

an

® L
1 4=1+3 10=1+3+6

Figure 1.9 Tetrahedral numbers
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Tr(l) =1
Tr2) =143 =4
Tr(3) = 143 +6=10

Tr(n)=T(1)+T2)+...+T(n),

where T(n) is the corresponding triangular number. Substituting Eq. 1.27 for a

n
triangular number in the formula above, we obtain Tr(n)= > T(n)=
n=1

> "("; D= "("Hé("H). We will learn how to evaluate the sum of the box by
n=1

solving Problem 40.

Pythagoras (Greek mathematician, 570—490 BC) created the so-called triangular
pyramidal numbers that differ from the tetrahedral numbers starting from the 4™
term. Imagine the 4™ tetrahedral term constructed without a ball inside the base
triangle. This would generate a sequence of pyramidal numbers: 1, 4, 10, 19,
31, 46, 64, ... (Figure 1.10). The n™ number is the sum of balls that can fit
triangles with sides of 1, 2, 3,4, 5, ..., n balls. Thus, the base triangle will contain
3. (n—1) balls. To get the n"pyramidal number, we need to add the balls in all
n triangles,

Figure 1.10 The 4™
pyramidal number

19=1+3+6+9
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pn)=1+3+6+9+12+15+...+3(n—1)

143 (14243 +445+...+(n—1))
3(n—1)n

=1
+ 2

1.5 Summation Formulas Known to Ancient
Babylonians and Greeks

Remember that when we deal with sequences, we often have to find a formula for
the n™ term of a sequence. It was quite easy for geometric and arithmetic sequences.
Any geometric sequence {u,} can be written asu,; = r - u,, n€N, where r is the
common ratio. For example if u; = 1, r = 2, then any term of the sequence will be
some power of 2, e.g., uy = 2!, If you determine an explicit formula for the n™
term of a sequence, then each series can be written in a compact form using sigma
n
notation, Y (summation) a; + a2 + a3 + ...+ a, = Y, a;. Summation means that
k=1
for the sequence, the k™ term described by a,, we add all terms between k = 1 and
k = n.

Sigma notation benefits us a great deal. For example, when we want to find the
sum of all numbers between 8 and 503 that divided by 5 leave a remainder of 3, then
the n™ term of the series is a, = 5n + 3. Substituting the values of the last term,
503, and the first term, 8, we will evaluate the number of the upper and lower index

100
of summation as 100 and 1, respectively, and write the series as Y (5n+3) =
n=1
84+ 13 + 18 + 23 + ... 4+ 503. Moreover, using properties of summation and some
known summation formulas, we can evaluate many previously unknown sums
easily.

The Basic Properties of Sigma Notation

M=
M=

1. a-bp=a- by (a constant can be put before the summation)

~
I

k
ar £y b= (ar £ by)

1

Q
(bk + m) =Y by = n - m (because the number m appears n times)
1

e =M= 2

n+1 n+m
4. Y a=>ak 1= >, Un
=1 =2 k=m+1

The last property shifts the summation index and is often helpful in finding sums
using other known sums that can be extracted and for simplification of terms. In the

following example, a; = 1.
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100 98
Example. Evaluate > 1— % L
n=1 n=2

97
The second sum can be rewritten as » %, and then using the second and fourth
n=1

properties of summation, we can simplify the given expression as follows:

100 1 98 1

971 1
T _+98+99+W_Z_

1 1 1

08 790 " 100

Note that property 4 can be very useful in finding infinite sums as well. However,
we do not have to worry about upper index of the summation; it will remain as co.

8]
Example. Z(f—m) Z +1+2 Z%:%
n=3

Here are some useful summatlon formulas:

ik:@ (1.29)
=T
S 1)6(2n+1) 130

2
Zk3:<2k> :M (1.31)
k= k=1

The sum of all numbers between 8 and 503 that gives remainder 3 when divided by
100 100
; _ _ 5100101 _
5 is evaluated as ) (5Sn+3) =5 n+3-100 =5 57 + 300 = 25,550.

n=1 n=1
Alternatively, the same sum can be obtained using the formula for the sum of the
first 100 terms of an arithmetic progression with the first term 8 and common

difference d = 5, S0 8+503) - 100 = 25, 550.
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100 100 100

Example. > (2 +5) =3 72 +100-5 =500+ Y n? = 500 4 10102100+
1 1 1

— 338, 850.

n

Problem 38 Evaluate the sum, > (4> — 6k + 3).

Solution. Applying the properties of the summation and Eqgs. 1.29-1.31, we have

n

> (4K — 6k +3) = 4ik3 - 6ik2 +3n

k=1 k=1 k=1
=n*(n+1)*—n(n+1)2n+1)+3n
=n*—2n% +2n.
Moreover, for a sequence like 2, 9, 28, 65, 126, ... we can recognize the pattern

and find the formula for the n™ term as (1n* + 1), then use sigma notation and the
well-known summation formulas to evaluate the exact partial sum of the first

k 2 (134212
kten'ns’Sk:Z(n3+1) = (M) +k:k(k+2]jf+k+4)
1

Let us see how knowledge of sigma notation and the formulas can help us with

the Problem 39.

Problem 39 Evaluate the sum, S=2+6+12+20+30+42+ ...+ 2550.

Solution. First, we have a finite sum. Notice that each term is a product of
consecutive natural numbers such as n(n + 1). For example, 2 =1-(1+4+1), 6 =

50
2.(2+1),12=3-3+1),30=5-(54+1),...,2550 =50- (50+1). S=3_

n=1
50
nn+1)=3 (1 +n) = Zn—i—Zn 051@30+D) | 5051 — 44,200.  You

n=1
could also recognize in th1s sum a double sum of triangular numbers: 1, 3, 6, 10,
15, 21, 28, etc.

Answer. S =44,200.

Remark. We could evaluate the sum of the first n terms of the series above as
follows:
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Sn = i(/& + k)
k=1
= zn:kz + i:k
k=1 k=1

n~(n+1)-(2n+l)+n~(n+1)
2

_n(n+1)
—T(2n+1+3)

nn+1)(n+2)
3

We can see that this partial sum can be found exactly for any n. For n = 50, we
could verify our answer above, S = 44,200. However, this series is divergent and
the sum will increase without bound as n increases. It is unlikely that you would
ever see any contest problem like Problem 38 because its solution is straightfor-
ward. Usually you will need at least to recognize a pattern in series such as the one
in Problem 39 and then decide what approach to use and how to evaluate the sum.
Sigma notation can help when you are faced with similar problems.

A standard method of proving Eqgs. 1.29-1.31 is by mathematical induction. It is
important to mention that ancient Babylonians (2000 BC) and ancient Greeks (1000
BC) knew these formulas but derived them from a geometric point of view.
Equation 1.29 is the sum of the first n natural numbers and can be reformulated
as in Lemma 1.5.

Lemma 1.5 The sum of all natural numbers from 1 to N equals

14+24+3+4+4+5+6+...+N =200

This statement can be proven using Gauss’s approach, using the formula for
the sum of the n™ term of an arithmetic progression, or geometrically as it was
done by ancient Greeks. Let us briefly describe all four proofs.

Proof 1. (Carl Friedrich Gauss’s approach—see also Section 1.2)

142 +...+(N—1)+N=S
+
N+WN-1)+ ...+ 2 +1=S§

(N+1)-N=2§
N(N +1)

S=1+2+...+N= 2
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Proof 2. Consider the left side of the formula again. 1 +2+ 3+ ...+ N is the
sum of the first N terms of an arithmetic progression where both the first term and

the common difference equals 1. Using Eq. 1.8 for the sum of an arithmetic series,

we obtain Sy = 2‘1+(2N*1) N = (N+21)N.

Proof 3. (Using mathematical induction) The statement is obviously true for
N = 1. Assume that it is true for N =k, i.e., 1+2+3+...+k:@. Let us
demonstrate that this statement is also true for N =k+1 and that

k+2)(k+1)
2

1424+3+...+k+k+1= { . Consider the left side of the formula.

Extracting the sum of the first k£ terms and working only with the left side,

k+ 1)k
Ljél+k+1

(k+ Dk+2(k+1)  (k+1)(k+2)

2 2

(14+2434... k) +k+1=

The proof is complete.

Proof 4. (Approach known to ancient Greeks) Consider Figure 1.11. Such a
construction can be reproduced using billiard balls. Imagine a right triangle with
the legs of length 6 made by the white balls. Make a similar right triangle out of red
balls and assuming that such a creation keeps its shape, we can stick two triangles
together as shown in Figure 1.15. It is clear that two triangles together forms a
rectangle with one (vertical) side of 6 and the other (horizontal) side of 7. The entire
rectangle of the billiard balls now has 6-7=4 2 balls. If we look closely at this
construction, we can see that starting from the very left corner (1 white ball) and by

Sum of Integers
from1toN
is N (N+1)/2

N = 6 case shown

Figure 1.11 The sum of N integers [15]
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moving up to 2 balls, 3 balls,..., 6 balls, we can this way add all the balls
1+2+3+4+ 5+ 6 inside the white triangle. On the other hand, the same answer
can be obtained by dividing 42 by 2.

If instead of 6 we have N rows, then the answer for the sum of all natural
numbers between 1 and N is M Additionally, it is known that ancient Greeks
also geometrically proved a modification of Eq. 1.29 as stated in Lemma 1.6.

Lemma 1.6 The sum of odd consecutive numbers from 1 to (2N — 1)isN - N.

Using sigma notation this statement can be written as

N
1434547+, +2N—1=) (2n—1) =N (1.32)

n=1

Using Figure 1.12, you may quickly see a geometric proof of Lemma 1.8, but first
consider an auxiliary statement in Lemma 1.7. This result was known to
Pythagoras.

Lemma 1.7 A square, n” and the corresponding odd number (27 + 1) make
the next higher square, (n+1)% ie., N>+ (2N+1)=N*+2N+1=
(N +1)%

Definition. A square number is a perfect square or a product of two the
same natural numbers.

Figure 1.12 Square
numbers [15]

Square Number
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Lemma 1.8 Each square number can be written as a sum of two consecutive
triangular numbers.

For example,4 =143,9 =3+ 6,16 = 6 + 10, etc.. It is easy to see that, if we
have a number of balls filling up a square (say 16 balls, as in the Figure 1.12), the
next higher square, the square of 5 balls, can be formed by adding rows of balls
around two sides of the original square as shown. Starting from the very left corner
and by going up, this process of forming successive squares can lead us to the
following correct statements:

P+(I4+1+)=1242-14+1=(1+1)1>=4=2
242424 1)=2242-241=02+1)>=9=3
P 4(B34+34+1)=342-34+1=03+1)=16=4
4 (4444+1)=442-44+1=(44+1)*=25=5

In general, each row can be written as N>+ N+N+1=N>+
(2N 4+ 1) =N? 42N + 1 = (N + 1) However, if we add the very left and very
right sides of the equations, we get 1 +3+54+7+...+2N—-1+4+2N+1=
(N + 1)2. The successive numbers added to 1 are 3, 5, 7, ...., (Figure 1.13) that is
to say, the successive odd numbers. The method of construction shows that the
sum of any number of consecutive terms of the series of the odd numbers 1, 3,

7 ...(starting from 1) is a square, and in fact 1 +3 +5+...+ (2n — 1) = n?
while the addition of the next odd number (2n + 1) makes the next higher square,
(n+1)% e.g.

Sum of Odd integers
from 1 to (2N-1) M:.

isNxN

Figure 1.13 Sum of odd numbers [15]
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1+3=4=2°

1+3+5=9=37
14+3+5+7=16=47
14+3+5+7+9=25=75"

1+345+749+...+2n—1)=n%

An algebraic proof of this formula can be obtained in several ways, similar to the
proofs of Eq. 1.29. For example, using sigma notation,

n
1
1+3+5+...+2nf1:2(2/(*1):2.@*;1:#.

k=1

Let us solve Problem 40.

Problem 40 Evaluate the sum 1 +3 +6 + 10+ 15 + ... + 5050.

Solution. It would be great to find the formula for the ™ term of the series. If you

did every exercise in this book, then you might notice that each term of this series is

precisely "2 times the corresponding term of the series solved in Problem
n(n+1)

39 2+6+12+20+430+...). Hence, you can assume that a, = - and

then apply the summation formulas. However, we can solve this problem indepen-
dently from the known solution of Problem 39. Let me ask you the following
questions: “Did you notice that the sum of any two consecutive terms is a perfect
square?” Thus

a=1=1?
alta=1+3=4=22
a+a3=3+6=9=3
as +ag=6+10=16 =4
as+as=10+15=25=75

We can state the following hypotheses:

1. The sum of two consecutive terms of the given series is a perfect square and
an—1 +a, = n?.

2. Each term with index n can be composed of the sum of the first natural numbers

from 1ton,ie,a,=1+2+3+...+nie.
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a =1

a=3=142=a;+2
a3=6=1424+3=a,+3
ay=10=14+2+3+4=a3;+4
as=15=14+24+3+4+5=a4+5.

It is time to state another hypothesis:

. The n™ term can be written as the sum of previous term and index n,

a, = an,—1 + n. We can check if both our hypotheses are correct by solving the
system,

:>2an=n2—|—n =la, =

a,_ —i—an:n2 1
! n(n+1) (1.33)
a, =ay—1+n 2

It is easy to check that Eq. 1.33 is indeed the formula for the n™ term of the given
series. (Please check it yourself). We can also find how many terms there are by
using the last term of the series.

I do not know if you noticed that 5050 is the number obtained by young Gauss
when he added 100 natural numbers. This observation (5050=100-101/2)

1
could help us to find the formula for the n'™ term as well, a, = M

100 101

2
using the formulas of summation:

1+3+6+10+...+@ 21 il 1(21 +Zz>:

B 1(n(n+ D@+1) , nln+ 1))1_ _n(n; 1) <2n+ 1 +3>

2 6 2 3

= 5050

= n = 100. The sum of n terms given by Eq. 1.33 can be found

1
2

n(n+1) n(n+1)(n+2)

14+34+6+10+... -
+346+10+. . +—— <

(1.34)

Obviously, a sum of natural numbers is a natural number. Although Eq 1.34
looks like a fraction, it is an integer, because the product of three natural
numbers within the numerator is always divisible by 6. Moreover, Eq. 1.33 is
the formula for the n™triangular number and as we mentioned in the previous
section, the sum of n consecutive triangular numbers is the n'" tetrahedral
number given by Eq. 1.34. Finally, substituting 100 for n, we can find the sum
of 100 such numbers, 1 +3 +6+ 10+ ...+ 5050 = w = 171,700.
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Figure 1.14 Sum of two
consecutive triangular
numbers [15]
Sum of two successive
Triangular numbers is
a square number (N x N)

T(n-1) + T(n) =N xN

Answer. 171,700.

Ancient Greeks also geometrically proved Lemma 1.9 by forming a square
number out of two consecutive triangular numbers (Figure 1.14).

Lemma 1.9 The sum of two consecutive triangular numbers is a square
number, i.e., T(n — 1) + T(n) = n°.

The ancient Greeks proved everything visually, but this formula can be easily
derived analytically as well. By adding numbers in each triangle by the rows, it is
obvious that T(1)=1, T(2Q)=142=3, T3)=1+2+3=6, T4) =
14+2+4+3+4+4=10,.... Since each sum can be evaluated analytically, we have
Tn)=1+243+...4 (- +n="and T(n— 1) =1 +2+3+...+

(n—1)= w Therefore, T(n — 1) + T(n) = (”;l)" + "("2“) = <"+1+2"71>” = n2.

Lemma 1.10 An infinite series of the numbers that are reciprocals of trian-
gular numbers is convergent and its sum is 2.

Proof. Consider S, :}4—%—1—%—1—1—10—}—%—&—...—%%—&—... and rewrite it using

sigma notation substituting formula for T(n) i.e.,
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n+1
Seo = lim S, = 2.
n—oo

Remark. Other properties of reciprocals of the triangular or tetrahedral numbers
will be exposed later in the second chapter.

Problem 41 Evaluate the sum of the four consecutive triangular numbers,
starting from the n'™ term.

Solution.

T, + Tn+1 + Tn+2 + Tn+3 = (Tn + Tn+l) + (Tn+2 + Tn+3)
= (n+1)+ (n+3)° =21 + 81+ 10.

Answer. T, +T,.1 + T+ T3 = 2n* + 8n + 10.

Using the previous results, obtained in Problem 40 for the sum of triangular
numbers, we can prove Eq. 1.30 here restated as Lemma 1.11.

Lemma 1.11 12 +2% 432 4+ 42 . 4 p? = ot

Proof. It is known that this formula was derived by Archimedes (287-212 BC)
while he tried to solve some geometric and mechanic problems. Each square
number is a sum of two consecutive triangular numbers e.g.,

1°=1
22=1+3
3*=3+6
42=6+10
52=10+15
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Adding the left and right sides, we will obtain the sum of first n squares on the left
and double the sum of the first (n — 1) triangular numbers plus the n™triangular

n n—1

number that is not paired with any other number, > k> =2- 3 T(k) + T(n).
k=1 k=1

Replacing the sum of (n — 1) triangular numbers by Eq. 1.34 derived in Problem

40, we finally obtain the required sum,

6 +2_ 6

_n(n+1)2n+1)
=—

z":kzz 2-(n=Dnn+1) nn+1) nn+1)2(n—1)+3)
=1

The proof is complete.

Let us now prove that the sum of the first n cubes of naturals numbers can be
evaluated as 1> +2°+3% 4+ ...+ 1> = (1+2+3+... +n). Hopefully, you
recognized in it the third summation, Eq. 1.31, which was known to the ancient
Babylonians.

Consider, 36 cubes of side 1 and arrange them in six layers as shown in
Figure 1.15. In order to see the idea clearly, we will draw cubes in different
colors: 27 pink cubes (33=27),8 yellows cubes (23 = 8), and one blue cube (top).

Let us prove the sum

1P 4+23 43 = (1+2+43)* =36. (1.35)

First, rearrange our construction so that all cubes are in one layer with a square top.
Assume that Figure 1.16 represents the top of the box and that we, starting from the

Figure 1.15 The sum
of cubes

//

gl
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Figure 1.16 Top of the box R s

Figure 1.17 The 4™ layer
of “pink” cubes

1+3+5=9

right lower corner, first, place the blue cube, then as Babylonians did, we will
attach to it a corner piece, made out of three yellow cubes to form a square of side
2 and then attach to it another corner piece of five yellow cubes, finishing a square
of side three. Next we will start using pink cubes, putting in corners of 7, 9 and
11 cubes.

On the other hand, if we take Figure 1.15 apart layer by a layer, starting from the
top, we can count all the cubes. First, we remove the top blue cube. Next, remove
the second layer (4 cubes =1+ 3), then the third layer which will also have four
cubes, totaling 8 cubes, 2° =8 =2- (14 3) =3+ 5. Finally, we remove the
fourth layer of nine unit cubes. There are three layers of 9 cubes each so that the
sum can be seen as 143+ 5+ 3 unit cubes where 3° =27 =3(14+3+5) =7
+9 + 11. For example, the fourth layer of pink cubes will look like Figure 1.17.
(We changed the color of the cubes in order to better see the pattern 1 +3+5=9).

Finally, we removed all unit cubes and rearranged them into a rectangular
box with a square top (Figure 1.16) with area (1 + 2 + 3)(1 + 2 + 3) = 36. Indeed,
the volumes in Figures 1.15 and 1.16 are the same so the geometric proof of the
Eq. 1.35 is complete.
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We can also prove Eq. 1.35 algebraically,

P=1
=201 +14+2)=2-1+2(1+2)
3P =31+1+2+2+3)=3-1+3(1+2)+32+3)

P+22+3=1-1+2+3)+2-(14+2+3)+3-(1+2+3)
= (142+43)-(14+2+3)=(1+2+3)%
If we expand our idea for the sum of n cubes, we obtain

1=13

2(1+3)=2
3(1+3+5)=3
41+3+45+7)=4°
51434+5+7+9)=5

n(1+3+5+... +2n—1)=

Therefore, the sum of all n cubes can be written as

n
Zi3=13—|—23—|—33+...—|—n3

i=1
:ii+2.ii+3-zﬂ:i+.‘.+n~zﬂ:i (1.36)
i=1 i=1 i=1 =1

(%)

Remember, that while doing the geometric proof we noticed an interesting pattern,

=1
22 =8=3+5
3 =27=74+9+11 (1.37)

4 =64=13+15+17+19
53 =125 =21+23+25+27+29.

This observation is written as Lemma 1.12.
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Lemma 1.12 A cube of n can be written as the sum of precisely
n consecutive odd numbers.

Let us prove it by solving the following problem.

Problem 42 Prove that a cube of a natural number # can be written as a sum
of precisely n odd consecutive numbers.

Proof.

1.

Consider our finding given by Eq. 1.37 above. If a cube of any natural number
k is represented by a group of k consecutive odd numbers, then it is one number
in the first group, two odd numbers in the second group, three odd numbers in the
3" group, etc. How many odd numbers are before the k™ group? 1 +2 + 3+
4+. +k 1 J“‘;”
we obtain X1 + k= , which represents the total number of the consec-
utive odd numbers before and including group k.

odd numbers. If we add the ™ consecutive odd number,
k(k+1)
2

. In order to evaluate the sum of the k consecutive odd numbers in group k say

(k+l

S(k), we can subtract the sum of k odd numbers and the sum of “¢-1) odd

numbers:

((k+ 12— (k— 1)2) — i3

Obviously, an n™ odd number can be written as a, = 2n — 1. Therefore, a

cube of a natural number k can be written as the sum of £ odd consecutive numbers.
The proof is complete.

Moreover, by adding all consecutive cubes from 1 to n, we can state

Lemma 1.13.

(

n(n+l)) 2 _ n?(n+1)?

Lemma 1.13 A sum of all consecutive cubes between 1 and n equals the sum

of all consecutive odd numbers between 1 and "(”“)

n(n+1)

n 2
This allows us to prove Eq. 1.31 again, Y. &= (2k—1)=
= =1

2 4



1.5 Summation Formulas Known to Ancient Babylonians and Greeks 61

Problem 43 Find the formula for the first and last odd number in the x™
group of consecutive odd numbers representing k°. Give an example for
representation of 7> as a sum of seven consecutive odd numbers.

( ) consecutive odd numbers before the first number

in the k™ group. Then the first odd number in the k™ group is2n — 1, n = (k+l) +1

and a; (k) = 2- ("<k;‘>+1) 1=k(k—1)+ 1=k —k+ 1| The last, k‘h, odd

k(k+1)

Solution. There are precisely

number in the k™ group corresponds to the index n = and it can be evaluated as

aw(k) =2- (“*1))*1::.

The number 7° =343 can be written by a sum of seven odd consecutive
numbers, starting with a;(7) =7 - (7— 1)+ 1 =43 and ending in a;(7)=7-6
+2-7 —1=>55.Indeed, 7° = 43 +45 + 47 + 49 + 51 + 53 + 55 = 343.

Answer. K=k —k—1+...+k +k—1; 7° =343 =43+ 45+ 47 4 49+
51 4 53 + 55.

Problem 44 Evaluate S = 12 +32 452 ... + (2n — 1)°.

Solution. This sum can be seen as the difference of the sum of the squares of
all natural numbers between 1 and (2n) and the sum of the squares of all even
numbers from 1 to (2n). Then use the fact that a square of any even number is
divisible by 4,

S={124+22 432442 4. 4 (20} - {22+ 42+ 6+ 8 + +(2n)2}
= (12422432442 4. 4 (2n)7) -4 (12+22+32+42 -+ n?)

Each sum now can be evaluated using the same Eq. 1.30 for the sum of first natural
squares with a different upper summation index. Finally, we have

2n . 2n(2n 4n 4-n(n 2n
S:;(kz)iét';(kz): ( +16)( +1) 4-n( +é)( +1)
n(2n—1)(2n+1) 4n* —n

N 3

2n—1)(2 1 43 —
Answer. S:n(n 3)(n+ ): n3 n.
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Remark. While an infinite series of the squares of natural numbers is divergent,
the series consisting of reciprocals of the squares is convergent. The proof of this
fact, called the Basel Problem, was first given by Euler in 1735 and it is not trivial.

o0
We will discuss it later, in Chapter 3. The solution is b=+
n=1

Lil4 4L+ =2

Problem 45 Prove that the sum of the first  triangular numbers is the n'™
tetrahedral number.

Proof. Consider the sum of the first triangular numbers,

T(1)+T(2)+...+T(n):in(%+l):%. (i”2+i”>
1 1

1

(n+1 gzn+1>+n<n:1>:n<n+1>.(2n+1+3>

n )

1 12
nn+1)(n+2)
T-T}(n).

Problem 46 Evaluate the »"™ partial sum for the series,

34+13+30+54+85+123+....

Solution. I hope you recognized these numbers, they are the partial sums of an
arithmetic progression with common difference d = 7. Then each term of the given

. . Tn—1)-
series can be written as a,, = % Hence, the requested sum can be evaluated as

" (Tk—1Dk 1 1 L
5= S Tk=Dk_ 1 <7Zkzzk>
2 2 k=1 k=1

k=1
1 (7T-n(n+1)2n+1) nn+1)
2'( 6 2 >
n(n+1)(7Tn +2)

6
We can check this formula by adding the first four terms of the series,

Sy =3+ 13430+ 54 = 100
4.5(7-4+2)
6

Sy = = 100.
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Answer. S, = n(n+l{‘(7n+2) )

Although the ancient Greeks and Babylonians knew how to add integers and
proved their formulas using geometry, there were limitations to their techniques.
For example, they did not know how to represent the fourth power of a number
because we all live in a three dimensional space. Additionally, there are infinitely
many examples of sequences and series that involve fractional expressions or
combination of exponential and trigonometric functions that of course was
unknown in ancient times. In Chapter 2 you will learn different methods of finding
exact sums and will prove many formulas using other creative ideas.


http://dx.doi.org/10.1007/978-3-319-45686-7_2

Chapter 2
Further Study of Sequences and Series

As you would see earlier in Chapter 1, some problems would ask you to add the first
ten terms or even evaluate the sum of the first k terms of a sequence or maybe
investigate whether the limit of such sum exists. Expressions such as

14+4+4+7+10+13+... (2.1)

b+ + s+ e+ h+... (2.2)
1+4+9+16+254+36+...

are called series and in all three cases can be evaluated exactly for the sum of any
finite number of terms. Since Eq. 2.1 represents an arithmetic series with first term
1 and common difference 3, we can use the formula for the sum of the first n terms
that is derived in the earlier section. We can write the sum as

2 ~1)d 214+ (n—1)3
_2at(n-1d 2-1+@m-1)3

2 2 (2.4)

Spy=14+4+7+10+...
(Bn—1)n
s

Since Eq. 2.2 represents a geometric series with the first term 1/2 and common ratio
1/2, then the formula for the sum of the first n terms is known. We have

R %(1(%)"):1_<1)n_ (2.5)

The sum of the last series of Eq. 2.3 can be evaluated exactly as well. We prove this
formula in Chapter 1 and prove it in a different way in the following subsection,

© Springer International Publishing Switzerland 2016 65
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D2n+1
S,1=12+22+32+...+n2:w. (2.6)

What do these series of Eqgs. 2.1-2.3 have in common? Their partial sums can be
evaluated exactly for any number of terms n. So we could add the first 25, the
first 100 or even the first 2011 terms and get an exact answer for the sum using
Egs. 2.1-2.3 by replacing n by 25, 100, or 2011, respectively. However, if the
number of terms, n, were to become infinitely large, then we would see some
differences. For example, if we increase n then the partial sums of Egs. 2.4 and 2.6
would increase without limit. The result is different for the sum of Eq. 2.5; it will
approach its limit of one since the second term will approach zero. This behavior is
typical for any infinite geometric series with common ratio less than one as we
established earlier.

We say that the series of Egs. 2.1 and 2.3 diverge and the series of Eq. 2.2
converges. Serious study of convergence and divergence is a subject of mathemat-
ical analysis. For now we simply determine whether or not the series are divergent
or convergent and why. Many challenging math contest problems are dedicated to
finding an exact sum of the first n terms of a series. The determination of the partial
and infinite sums is the topic of the first section of this chapter.

2.1 Methods of Finding Partial and Infinite Sums

Let us derive again Eq. 2.6 for the sum of squares of the first » natural numbers and
Eq. 1.31 for the sum of the cubes of n natural numbers.

! 1)(2n+1
Problem 47 Prove that ) k> = “#t02ntl)
k=1

Proof. We need to prove that the following relationship is true:

n(n+1)2n + 1).

N=12422 43244+ . .+ (=2 +m—-1)Y+n= .

Arranging sums in ascending and descending order does not help. We need to find a
different approach. If you have read Chapter 1 of the book then you probably have
an idea of how to start. Let us consider the difference of two consecutive cubes,

= (n—1)7 =32 -3n+1|.
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P-0=3-1?-3-14+41=1
2 _13=3.22-3.2+1
33-23=3.32-3.34+1

3-(n—2"=3-(n—2)+1
(n—1)3—(n 2) =3.(n—1)=3n—-1)+1
3n* —3n+1

Adding the left and the right sides, we obtain
n=317+2"+3+...+n%) =3(1+2+3+...+n)+1-n This can be
written using sigma notation as 7> =3 3" k* — 3 Y k + n. Solving this for ) k*

k=1 k=1 k=1
and assuming that we know the formula for the sum of the first n» natural numbers we
obtain

z”:kz _2n3 —2n+43n(n+1) n(2n*+3n+1)
6 B 6
Zkz n(2n + )( + 1)

The statement is proven.

n 2
Problem 48 Prove that B = ("(";' 1))
k=1

Solution. Try to use a similar approach so consider the difference of the fourth

powers of two consecutive integers n* — (n — 1)4 = 4n® — 6n° + 4n — 1. Write this
out for the first few terms and then for the values as we reach n,

—0*=4-1°-6-12+4-1-1
24f1 =4.22-6-224+4.2—-1
3 -24=4.3_-6-3244.3-1

(n-2)*~(n-3)=4(n-2>-6(n-27+4-(n-2) -1
m=1D*—(m=2 =4(n—-1°-6n—-172+4-(n—1)—1
nt—(n—1"=4n® —6n +4-n—1.
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Next, we add the left and the right sides together as we did in the previous problem
using sigma notation and solve the equation for the unknown sum,

n4:4zn:k3 —6Xn:k2+4‘ik—n
= = k=1

Zkg n*+nn+1)2n+1)+n—2n(n+1)
4

n +1 +1)2n—1 n+1)(n"—n+14+2n-1
st ) + (4 )( ) _n(n+ 1) " )

Zk* (n* +n) _ (n(n;rl)>2 _ (;:k)z.

This is a very interesting relationship because we established again that the sum of
the first n cubes equals the square of the sum of the first #n natural numbers. For

example, 13 423+ 3%+ 4% = (1 + 243 +4)* = 100.

Remark. Earlier we proved the same formula using the geometric approaches of

ancient Babylonians and Greeks to demonstrate that the sum of the first n cubes

n(n+1)
2

equals the sum of the first m = odd consecutive numbers.

Problem 49 Find the sum, 1 + 11 + 111+ 11114+ ...+ 11....111, where
the last number consists of n repetitions of the digit 1. Evaluate the sum for
n=09.

Solution. We solve this problem in three different ways so you can compare the
different methods.

Method 1. At first glance, we notice that 1, 11, 111, 1111,.... is neither an
arithmetic nor a geometric sequence. Hence, we have to rewrite the sum in another
form. For example,

1=1
11=1+10
111=1+10+ 100
1111 = 1 4+ 10 + 100 4 1000
L. 11=1+10+ 10> +10° + 10* + ... + 10" 2 4 10""!
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Each number on the left containing digit 1 repeated n times can be written as a sum
of the first n terms of a geometric sequence with the first term equals 1 and a
common ratio 10. Thus,

I1=85=1

=S =1+10
11=8;=1+10+100

1-(10"—1) 10" —1

HLAL=S8, = o =—

Adding over the left and right sides, 1 + 11+ 111 +...+111...11 =8+ 5,
+ ...+ S, and using the formula for the sum of n terms of a geometric sequence
and properties of ) - notation we have

n

10k —1 0 & 10F 1 1 [
S=> =Y = 1==(>"10 -n (2.7)
k=1 ? 9 9= I\i=

k=1

n
Let us consider the first term of difference of Eq. 2.7, > 10F =
k=1

10+ 10> + 10 + ... + 10". The expression on the right is again a geometric
sequence with by = 10 and r = 10 and

L 10-(10"=1) 10"™'—=10
> 10k = ( ) _ (2.8)
o 9 9

Substituting Eq. 2.8 into Eq. 2.7 we obtain a formula for S, § = WHQ#.

This formula can be wused in order to find a sum like
1+ 114 111+4...4+111....11 for any specific number n. Thus, when n =29,

S=1+11+111+...+ 111111111 = 10=10=99 — 123 456,789

Method 2. Denote the total sum by § as S=1+11+1114+1111+
11111+ ...+ 11...1. Multiplying S by 10, we obtain 10S =10+ 110+
1110+ 11110 + 111110 + . ... If we subtract the first sum from the second, we
obtain (It may help to rewrite Sas S=14(104+ 1)+ 1104+ 1)+ (A110+ 1) +...).

n times
——
111..10—n -1

9 .
Method 3. We can notice that 9 = 10 — 1, 99 = 100 — 1, 999 = 1000 — 1, etc.

If we multiply and divide the given sum by 9 we can easily evaluate it using a
formula for geometric series.

n times

,—M .
Then 9§ = 111...1 0 — n - 1 which leads us to the answer, S =
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1
S:§(1071+10071+100071+1000071+...+100...071)

(104+10° + ...+ 10" — n)
9

1[10(10" — 1

{ ( )_n]

9 9

Our series is divergent because S increases without bound as 7 increases.

As we mentioned above, evaluating an exact sum for a finite series or a partial
sum for an infinite series can be a challenging task, and this is why many such
problems appear in different contests. Each problem is unique but we are going to
share with you some ideas of finding such sums; you may find them helpful and
applicable to other or similar problems.

: . 1 1 1 1
Problem 50 Find the sum: 5 +55+ 357+ - + 1995.1999 T 1999.2000

Solution. Sometimes it is a good idea to rewrite a sum in a different but equivalent
form by noticing something that the terms have in common, some pattern. One
thing you might notice is that the denominator of each fraction is a product of two
consecutive natural numbers. How can we obtain a product of two such numbers
within a denominator? What operation can give us a product? Answer: When we
put together (add or subtract) two fractions with different denominators, that have
no common factors, the least common denominator is going to be a product of these
numbers. In general,

1 1_d+c
cTaT o
1 1 d-c
c d cd

Looking at the second formula above, we can find the way of solving the problem.
If ¢ and d differ by 1, i.e.,d — ¢ = 1, then
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111
¢ d cd
111
12 1-2
S U
23 23
111
3 4 3.4

1 1 1

1999 ~ 2000 1999 - 2000

Using these, we replace each fraction on the right by the difference on the left
obtaining

1 1 1 1

‘ .

1-2+2 3+3 4+”'+1998-1999+1999~2000:
1 1+1 1+1 1+ +1 1+1 1
22 3 3 4 7771998 1999 1999 2000

In this sum all middle terms cancel each other except the first term, 1, and the last
2000 This gives us Sjgo9 = 1 — 20100 iggg Evaluating this sum when
n=1999 (a big number), we see that Sjg99 = 2300 is almost 1. On the other hand,
Ss =15+55+35+75 =1 —%=12=0.8 Fourisnota “big” number, hence 0.8 is
not as close to 1. Using the same technique, we can find the sum to infinity of the
series:

term,

S=f+5+. .+m+... 50 S, =1—-;=- and also have that
I}eroloS _hmm—l

Remark. In order to be considered for possible convergence, the series must first
pass the necessary condition for the limit of its nh term, that is, does lim u, = 0. If

Il*’OO
we try to look at the n'™ term of this sum we can see that hm =0. We

1

> n(nt1)° n(n+1)

also find that the limit of the partial sums exists, lim S, =S where S is a finite
n—oo

number 1. However, in general, satisfying the necessary condition is not sufficient.

Convergence or divergence of series is established with the use of sufficient
convergence theorems. We list some of these rules in Chapter 3.

Why didn’t we use a calculator approach? A calculator can be used to find a sum
like 5+55 445, ie., sum(seq(1/(x(x+1)),x,1,3) =0.75 This is an exact
answer. A calculator can evaluate this as {5 + 55 + ... + 107 = 0-990094, ie.,
sum(seq(1/x/(x+1), x, 1, 100) = 0.990094. Even this: 75+ ..... + 55550571 =
0.99800. But if we have more than 100 terms in summation, for example,
x = 1999, such as our original problem, TI83/84 graphing calculators cannot be
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used. We might have some idea that this number gets closer and closer to 1. But
how close? What if we need to find the exact answer or figure out the value of S,
the sum of the first #n terms for any n? Remember that since S, = 1 — nlﬁ = ﬁ, we
evaluated its limit analytically as nlingc Sp=1.

In the preceding problem numbers within each denominator differed by 1. But
the idea of replacing each fraction by a difference is so elegant, we wonder, “What

happens if two numbers in each fraction differ by the same number but not by 1?
Can we use the same technique here?”

Problem 51 Evaluate 'z + 25+ 555 + - - - + 5751

Solution. Look at the sequence of the first numbers of each denominator:
1,5,9,..., 197. They are terms of an arithmetic sequence with ¢; = 1 and d = 4.
Let us find the number of the term that is 197.

ap=a;+ (n—1)d
197=14(n—1)4
n=350

This means that we have to add 50 fractions together. Look at the differences:

1_lzgzi:4.i

5 1.5 1-5 -5
1 1 9-5 4 1
__——__—:4 —_—
59

5.9 5.9 5.9
4

1 1
197 201 197-201 _ * 197201

Now the given sum can be written in the form:

PSR VAR S SO U U B . 1
0Ty 55 99 137" "193 197 "197 201

1 1 50
Ss0 4( 201) 201

Notice that the n™ term of the series can be written as m. We can evaluate

the partial sum (the sum of the first n terms) as S, = (1 1 ) =g If

n— oo, S, — ﬁ. Therefore, the series is convergent.

S0
Answer. 301
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Now we can make a trivial but very useful conclusion. For any real ¢ and d such
that ¢ # d

1 1 1 1 (2.9)
c-d d—c |c d '
Problem 52 Numbers a;, a, ..., a,, a,.; are terms of an arithmetic
1 1 1 _ _n
sequence. Prove that i 4F v A oo T aas = aan
Proof. ay, a», ..., a,, a,r; are terms of an arithmetic sequence, then
a—ay=daz—day; =...=dayy —a, = d, where d is a common difference of the

sequence. Using (Eq. 2.9) we can state the following:

S
3|~
Il
(\
M|’_‘
|
50—
SN—
QU= =

1 (1 1 1
Andn+1 B an Api1 d

Replacing each term on the left of the given expression by formulas above and
factoring out !/, we obtain

1(1 1 1 1 1 1
S ia @ m a T a
1 2 2 3 n n+1 2.10
:l_(anJrl _al) ( )
d ay-ap

But a,.1 = a; + nd, then
ape1 —ay = nd (2.11)

Replacing Eq. 2.11 into Eq. 2.10 we have the required expression for S,
— nd _ _n
§= d(ai-apt1) — arap”

The proof is complete.

Problem 53 Prove that ;5 + 3+ 55 + ... + 5 < 2.
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Proof. Denote the given sum by S = % + 2i + % + ...+ L. In addition, consider
another series, made of one that we have already seen and evaluated:

1 1 1 1
2=1 —t—t—F .. —
+(1-2+2-3+3-4Jr +(n—l)n)

Each term of this auxiliary series, starting from the second term, is greater than
the corresponding term of the given series, such that

I T

< = ——, n>2, neN
n” (n—1)n n—1 n et

Hence, the sum of all terms of the given series is less than the sum of the
auxiliary series:

1 1
S<2=1+1--=2—-—-, nelN.
n n

Therefore, we can state that S < 2 — }1 < 2, neN. The statement is proven.

An interesting approach of rewriting a fraction as a difference of two other
fractions can be applied to many other math problems. For example, we can use this

approach in calculus when evaluating integrals like this: J

the form: J

u .
5 or any integral of
u —1

———, Where m is any integer. Let us do the following problem.
ur—m

Problem 54 Evaluate the integral, J T
2 —

Solution. Consider the rational expression under a symbol of an integral. Because
the quantities, (# — 1) and (u+ 1) differ by 2, we can use the same technique
(Eq. 2.9) of rewriting this as a difference of two fractions multiplied by (1/2):

1 1 (1 1 1
w—1 u—Dw+1) \u—-1 ut+1) 2

and

J du 1 Jdu _J du
w—-1 u—1 u+1

u—1
u-+1

N = N

1
(In|u — 1| — Inju + 1\)+C:51n

e
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Answer. 2ln’z+H +C.

Problem 55 Prove that {5+ & + ... + iz = smry

Proof. Would it be nice to have the sum of the first n squares or the sum of
n fractions with those denominators but unit in each numerator? Yes. We would

evaluate such sums without any troubles. These little observations can help us to
prove the statement. Denote the unknown sum by S = % + % 4+ + m

and then rewrite it using sigma notation and by applying the difference of squares

n
formula to the n™ term, Z] % = S. Let us multiply both sides by 4 and put
n—=

4 inside the summation:

n nz
P it

"L 4p?

2
i 4n’ — 1

— 48

Would it be nice to add just » units instead? We do not have it but the following
operation will make it possible

n

Z4n2—1 Z4n2—1_4s Z4n2—1

an* — 1 1
—45-S5 - -
24112—1 S Z 2n—1)2n+1)

"
n=45-y — —
; 2n—1)(2n+1)

The sum on the right hand side looks familiar to you because denominator of each
term consists of a product of two consecutive odd numbers that differ by 2.

L 1 1 1 1
;(2,1_1)(2n+1)_ﬁ+ﬁ+‘“+(2n_ D2n+ 1)

IRVAUN U S C2n4+1-1
2\l 33 7 2n41) 2(2n+1)
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Finally, we haven = 4§ — z;'ﬁ Solving this equation for S, we obtain the requested

quantity:

4S =n+

n
2n+1
_2n*42n n(n+1)

42n+1) 2(2n+1)

The proof is complete.
Problem 56 demonstrates another approach for finding sums.

Problem 56 Find the sum S = 4=+ 3+ 545+ .. ..

h

Solution. Notice that the n" term of the series can be represented as

Uy = i
n (2n—1)(2n+1)(2n+3)"
Let us rewrite it as follows:

A B C 1

= = 2.12
M1 1 243 -2+ 1)@n+3) (2.12)

Up

where A, B, and C are some constants to be determined.
If we put expressions on the left side of Eq. 2.12 over the common denominator,
and equate both sides, we can find these constants:

A(4n® +8n+3) +B(4n* +4n—3) +C(4n* — 1) =1
4n*(A+B+C)+4n(2A+B)+ (3A—-3B—-C) =1
Since n # 0 we have to solve the system:

A+B+C=0
1

24+B =0 SA=C=1/8 B=— (2.13)

34—-3B-C=1

Using Eq. 2.13 the given sum can be written as
1 1
§(1+1/3+1/5+ 1/7+..) —1(1/3+ 1/5+1/7+1/9+...)

s ryre19400)
8 (2.14)

[un—y
—
[y

:é(1+1/3>— ————— (1/5+1/7+...)+i(1/5+1/7+...)

N
3%}
~
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Answer. 1/12.

Remark. The required sum can be evaluated using properties of sigma notation as

1
85 = Z:2—1 ZZn—i—l Z2n+3

> x > 1 1 2
:<Zzn1_2zzn1+22n1>+1+§_2'§:§

n=3 n=3 n=3

I
S=—

_
N.

Additionally, notice that 1/12 in Eq. 2.14 is the sum of the infinite series.
If the number of terms, k, is some counting number we can evaluate the sum exactly

— 1 1) _ 1
as Sc=t3stasrtsms T mEnmenEey =B T8 (T—H_T-H) =nT
m_) é as k — oo. We say that the series is convergent to 1/12.
111315 (k = 6 and we

have to add only six terms), we should use the exact formula for the partial sum

above, that yields é + 2'1; = 223% ~ + 0.002564 ~ .0859

k — oo. However, for small k£ and sums up to, for example

Problem 57 Find the sum S, = 135+ 237+ + sormerar

Solution. Let us rewrite the k™ term as

1 111 111 1
k(k+D)(k+2)  k+1 k k+2 k+1 2\k k+2

R 1 }
_E[k(kﬂ) (k+ 1)(k +2)

Therefore, the partial sum is

¢ 11 1+1 1+1 1++1_ 1
"T201-2 2:37°2:3 3.4 34 4.5 77 nan+1) (n+1)(n+2)

4
11 1 n(n+3)
5{5_(114-1)(114-2)]

Notice that lim S, = i. The series is convergent.

— n(n+3)
T 4(n+1)(n+2)

Here is another example of how these ideas can be applied in Calculus when
taking integrals:

Answer. S,
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dx

———— for all positive x.
X+ D)(x+2) e

Problem 58 Evaluate J

Solution. Noticing that W % % + iz we can evaluate the integral as
dx

Jx—(x+ 677 {ln[ (x+2)] —In(x+1 } >2+C

Answer. In Y2 +C

x+1

Problem 59 Evaluate 1 + + S+ L+ 2L

Solution. Denote S, =3+ 55 + 35+ . +2”2;1. Multiplying this by two and

2” L Within this sum, we

regrouping terms, we obtain 2 - S, = 1 + + +...+
recognize a geometric series and the orlglnal sum minus the last term, The first term
is 1 and the common ratio is %5.

2 2 22 22 23 23 e 2/!71 21171
1

~on—l 2n—1
74-5"—7

Solving this for S,, S, =3 — 2”;3. This series is convergent because if n increases
the second term will approach zero and the limit of partial sums will approach

3,ie., lim §, = 3.

Answer. S, =3 — 28,

1
Problem 60 Evaluate the sum: S = o \/- \/.+ f = \/.-1- gy
oo \/2016-&-\/2017'

Solution. This problem was given at the Volgograd District Math Olympiad, with

the only difference being that the last term ended in —————= er N because the current

year was 1978. Despite the different last term, the method of solving this problem is
the same: we rationalize the denominator of each fraction:
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1 B vVn—1—+/n B S
\/n—l—i—\/ﬁ_(\/n—1+\/ﬁ)~(\/n—1—\/ﬁ)_f !

S can be written as

S=v2-14vV3—-V2+V4—/3+...+/2017 — /2016 =/2017 — 1. Next,

we can easily add the first n terms of the series and find S,

1 1 1 1

Sn= + + o —————=Vnt+1-1
1+V2 V24+V3 V344 Vi Vn+1

This partial sum can be evaluated precisely for any natural n. The series is divergent
because this sum will increase without bound.

Answer. /2017 — 1.

Next, using similar idea, let us solve the following problem.

Problem 61 Positive numbers a, s, . . ., a, form an arithmetic progression.

R | 1 1 _ _n-1
Provethefollowmg.S,,—ﬁ+m+ﬁ+ﬁ+...+m+m—ﬁ+ﬁ.

Proof. Since this looks similar to the sum we just evaluated in the previous
problem, let us try the same idea: we rationalize each denominator,

o VBNA G a L a A

a —da, as —ax anp — dp—1

For any arithmetic progression the differences in these denominators are the
differences between consecutive terms of the arithmetic sequence and must be
the same. We denote it by d. Next, after substitution and eliminating opposite terms,
this expression will be written as

@@ | Ja - @ V= AT Jan— Jar
S, = 4 + P +...+ P = P

Since the original problem does not have any information about common difference
of the progression, then we can find d from the formula that connects the first and
the n™ term of any arithmetic progression:

ay,=a;+(n—1)d
a, — a

n—1
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Therefore, S, = W_”;\/a_' _ (=0 (va-var) n—1

ay—a Van+/ay

The proof is complete.

Problem 62 Find the sum S, =1-1!4+2-21+3-3!+ ...+ n-n!

Solution. The following is true for the nth term of the series
n-nl=m+)—nl=n(n+1)—nl=nhn
The given sum can be written as

Sp=20—-1 431 =21 4+4 =314 . +nl—(n—-1)+(n+1)—n!
=m+1)-1.

The series is divergent since the limit of the partial sums does not exist.

Answer. (n+1)! —1.

Problem 63 Evaluate the sum: 1 +2-2+3-224+4.2 +...4+100-2%.
Find a general formula for the sum of the first N terms of series
Sy=1+2-2+3-444-845-164+...+N -2V,

Solution. Method 1.
Denote  the required sum as § and multiply it by 2,
2§ =2+42-2243-2244.2*4+...499.2% 4+ 100-2'9 Next, we subtract
S from 2,
§=100-2"% — (1+24+2>+2°+...+2%)
=100-2'% — (2% — 1)
=99.2'% 41

Clearly, a general formula is Sy = (N — 1) -2V + 1.

Method 2.
We can rewrite this series as follows:
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1422432+, +N- 2V = (142422 +... +2V7)

+ 2422+ 2V )+ (2242 + 42V
+ (220 2V 2

=@V —1) 422" —1)+22(2" 2 - 1)
+222"F -1+ 422 -1

=N-2V— (142422 +... 42V

=N-2V - (2V 1)

S=(N-1)2Y+1.

Therefore, we obtain ZN V=14 2Y(N —1).

Method 3. (Using a derlvatlve)

Consider a polynomial P(x) =x+x*>+x>+...+x" and its first derivative
P'(x) =1 +2x+3x>+ ...+ N-x""1. We can evaluate the sum of all terms of
the polynomial as the sum of the N terms of geometric series,

P(x) = @ = ‘N l" . The derivative of this sum will be

P (=) (—(1>_—l)<xN -1

N (N DY+
R (x—1)?

If we replace x = 2, we obtain that the given sum is

P(x=2)=N-2Y"' —(N4+1)2Y +1
S=1+2Y-(N-1).

Answer. Sy =1+2V(N —1).

Problem 64 Evaluate S =122 +2-32+3-4 4+ ... +n(n+1)°.

Solution. Notice that
2.32432=3,3.424482 =4 an+1)*+(n+1>=>n+1)>. Hence,
=(n+ 1)’ — (n+1)>. We can evaluate the series as follows:
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1:2242.3% 43424+ +nn+1)>°
Jr

2+ 3P4+ A4+ (n+1)
=243 48 4.+ n+1)

The sum above can be rewritten as
n+1 n+1

S+ an = Zn3
n=2 n=2

(n+1)(n +2)(2( 1)+ 1) (n+1>(n+2>°

4

—1=

S+

S =

(n+1 n+2 (2n+3 n+1)2(n+2)>

n(n+ )n+2(3n+5)

For example, we can check this formula as Sy=1-2242-3+

3-42 4452 =170 = 30U3B) _ 470,
S — n(n+1)(n42)(3n+5) )

Answer. 0

Problem 65 Evaluate the sum: S =%+ %+ 3+ ... + 200,

Solution. Let us find the formula for the nth term. We can see that a, = @ jr’l)!.

; —_ntl 1 1 L ; —n=1
Notice that (n+1)' + (n+1) = (n+1)! = -5 Hence a, + D = A Since a, | =%,
then a,_; + 1 = n,l + =4and a, |+ i =G 11),, which can be continued until

we have the last term 4 1 + 2, 2, =1. Therefore if we add 557 201 30761 tO the given sum and
start adding the terms by pairing them from right to left, we obtain

1 p—
2016!

L
2016!

S+

S =

In general, we can evaluate the partial sum for any number of terms n,
Sp=1- (n+l)
Itis clear that the series is convergent because the limit of the partial sum equals 1.

Answer. S=1— 2016,
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Problem 66 Prove that
§=1-2-342-3-443.4-5+...+n(n+ 1)(n+2) = Hetlet2i3)

Proof.
Method 1. Consider the »™ term of the series and rewrite it as
a, =n(n+1)(n+2) = n® + 3n> + 2n. Hence using sigma notation

we can rewrite this sum as

n n n n
San+1)(n+2)=>n+3-3 n*+2-3 n If we substitute
n=1 n=1 n=1 n=1

Egs. 1.29-1.31, the right hand side is rewritten as

S =

(n+1°n 3n(n+1)Q2n+1) 2n(n+1)  n(n+1)(n* + 51+ 6)
4 + 6 T - 4
~n(n+ D) (n+2)(n+3)

- i .

Method 2. On the other hand, the n™™ term and the corresponding partial sum can be
evaluated as

an=(n+D[(n+2)n] = (n+1) - (0> +2n) = (n+1)((n+1)2— 1)

=(n+17°—(n+1).

o (<n+1><n+z> 2 _(a+)(n+2) (a+1)(n+ 2)((!’;+ Dn+2)-2)

o+ 1)(n+2)(n+3)
- 4

Which allows us to evaluate the requested sum as a difference between
the sum of cubes and the sum of all natural numbers from 1 to (n + 1).
The proof is complete.

Problem 67 Prove that for any natural n > 2, n€N, the sum n—il 4k ﬁ 4

5+ ...+, is greater than %2 but less than 1.


http://dx.doi.org/10.1007/978-3-319-45686-7_1
http://dx.doi.org/10.1007/978-3-319-45686-7_1
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Proof. Consider the chain of true inequalities,

1 1 1
pT R
1 1 1
n n—+2 n
1 1 1
W nt3 n
r.1t.1

2n " 2n n

Adding all these inequalities, we obtain 5. = é <-L4+-L4 4+ ﬁ <f=1.
The proof is complete.

Problem 68 Prove the following statements:
a)
b)

)

LTI S L I
276 1220 30

1

1

11 1 1 1 1

273 2 30 0 15 T
1 1 1 1 1 1

34720760 140 280 T

Proof.
a) The partial and infinite sums for the first infinite series can be rewritten and
evaluated as:
1

1 1 1 1 1

it —m—=1—-—
3+3-4+4-5 5-6+ +n(n—|—1) n+1

2 +
o0
1
=N _lim§, =1
S§L<+Un$§

b) Consider the second sum:  + 5445+ &5 + 705 + - - -

Method 1. Would it be nice to recognize a similar pattern here? Can we rewrite
each term as a difference of two other terms? Let us rewrite this sum by factoring
out two from each fraction:
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NEIN N S N
6 24 60 120 210

1 1 1 1 1
2. ..
Q~13+23~4+&46+4~56+56~f+ +)

- 1
2;n(n +1)(n+2)

This formula must look familiar to you (Prob. 57). The sum above can be found as

vy 1
Sy = -
g;(Mk+l) m+4xk+29

_ 1+ 1 L 1 1+ 1
S 1-2 2:3 2:3 3:4 3.4 4.5 77 (n+1)(n+2)

1
2 (n+D)(n+2)

Therefore, the sum of infinite series is %.

Method 2. One could also notice the following:

111
372 6
111
126 12
111
30 12 20
111
60 20 30
111

105 30 42

It looks like if we add the left and right sides of the relationships, we can evaluate
the corresponding sums of the first two, first three, first four and first five terms of
the series as follows:
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11 11 1
2E3tRTr T2 34
S_l+i+i:l_i:l_L
73712730 2 20 2 4.5
Sil_i_i_l_iﬁ_i:l_i:l L
73712730760 2 30 2 5.6
S—l+1+i+i+l l_i—l_L
73 30 60 105 2 42 2 6-7

By induction, the formula for the sum of the first n term is

1 1
Su=7z—

2 ) (nr2) (2.15)

Using Eq. 2.15 and subtracting the sum of the first #» terms and the sum of the first
(n — 1) terms we obtain the formula for the n™ term:

1 1 1 2
n =381 —Sp-1 = - = 2.16
“ ! n—l—l(n n+2> nn+1)(n+2) (2.16)

By replacing n by 1, 2, 3, 4, and 5, we obtain correct values of the terms. For
example,

L2 1
37T 3.4.5 30
__ 2 _ 1
S =5%6.7 105

Now we can predict any term of the series, ag = lé—g, a; = 252,
Therefore, Eq. 2.15 is correct and then the infinite series sum is %.

The proof is complete.

The second method of proof can help us to introduce the so-called Leibniz
triangle.

The Leibniz harmonic triangle is a triangular arrangement of fractions in which
each row starts with the reciprocal of the row number and every entry of the triangle
is equal to the sum of the two fractions below it. For example, -\ n= 6 + 1}? or
i = § + E’ etc.. In order to see a connection between Leibniz and Pascal’s triangles,
we place them together as in Figure 2.2. Instead of showing the fractions as in
Figure 2.1, we record only the denominators of the fractions in the Leibniz triangle.
Note that the first row for both triangles corresponds to i = 0.

Whereas each entry in Pascal’s triangle is the sum of the two entries in the above
row, each entry in the Leibniz triangle is the sum of the two entries in the row below
it. Denote by P(i,j), L(i,j), z(i,j) the entries of Pascal, Leibniz, and modified
Leibniz triangles, respectively. For example, in the 5™ row of Pascal triangle, the

ag = 360""'
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1
1 1
2 2
1 1 1
6
1 1 1 1
4 12 12
1 1 1 ot
5 20 30 20 5
1 1_ 1_ 1 1 1
6 30 60 60 30 6
[T 1 1 1 1%
7 42 105 140 105 42 7
1 1 1 1 1 1 1Ty
8 56 168 280 280 168 56 8

Figure 2.1 Leibniz triangle

entry P(5,2) = 10 s the sum of 4 and 6 in the 4™ row. On the other hand, in the 5™
row of the Leibniz triangle the corresponding entry L(5,2) = 1/60 is the sum of
1/105 and 1/140 in the 6™ row. Just as Pascal’s triangle can be computed by using
binomial coefficients, so can Leibniz’s triangle. The connection between the entries

of three triangles is summarized by Eq. 2.17.

1
z(1,
. ( ]1) L)
z(i,j) = (z(i+1,j) +m) (2.17)
P(i.)) =Pli=1j—1)+P(i— 1)) |
P(ij)=Cl ="

=)
2(ij)=(+1)-Pij) i=0,1,2, ...

Because any Leibniz triangle entry L(n — 1,k — 1) is the sum of two entires,
L(n,k — 1) and L(n, k), the following is true:
o 1 . 1
n-Ckl o (n+ 1)t (n+1)Ck (2.18)
L(n—1,k—1)=L(n,k— 1)+ L(n,k)

Please prove it yourself by using Eq. 2.17 for binomial coefficients and by adding

fractions.
Consider ~ P(6,2) =15 in Pascal’s triangle,  P(6,2) = 5%z = 15.

Corresponding to it Leibniz number is L(6,2) = m = ﬁ = % (Please use
Figure 2.2 to see that z(6,2) = 105).
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/&%\ 21 [2 SIE \}3/
3 6] |3 T 2] 1 .
4 2] [12[ |4 T3] [3] [1
5] [20] [30] |20] [5 T (4] |6] [4] |7
6| [30] |60] [e0] [30] |6 1[5 [0 [10] [5] [1
71 |42 fiod [ad fos 42| |7 T 16 5] [20] 15[ [6] [
[8] [56] [6d psq psq fi6g |56 |8 (71 2 s B8] 21 |7

Figure 2.2 Modified Liebnitz (left) and Pascal (right) triangles

Moreover, each diagonal of Leibniz triangle does not only relate to the
corresponding Pascal’s triangle diagonals but also relates to a certain modification
of the figurate numbers. Consider a sequence of the numbers in the second diagonal,
just z numbers presented by the left diagram in Figure 2.2: 2, 6, 12, 20, 42, 56, ...
Each term of this sequence is 2 times the corresponding triangular number 1, 3,

6,10, 15,21,28, ... and can be written asb, = 2T, = 2 - @ Hence, an nh entry

of the second Leibniz diagonal is its reciprocal, a, = bl = n<n1+1).

Consider a sequence of the numbers in the third diagonal, just z numbers
presented by the left diagram in Figure 2.2. Each term of this sequence, 3, 12,
30, 60, 105, 168, .. ., is 3 times the corresponding tethrahedron numbers and can be
written as b, = 3TH, = 3 - "("Hg("“) "("Hg("”). Hence, the corresponding n™
term of the third diagonal of Leibniz triangle (Figure 2.1) is its reciprocal
(Eq. 2.16), a, = ﬁ = m Therefore, we can also state that the infinite series

of the reciprocals of tetrahedral numbers is convergent and its sum is 3/2,

Z m =3 The proof is complete.

Further, the first Leibniz diagonal consists of reciprocals of natural numbers,
z=1,2,3,4,5,6,... The second diagonal consists of 1/(2x triangular numbers),
z=2-1,2-3,2-6,2-10, 2-15, 2-21,... (Here 1,3,6,10,15,21, ... are
triangular numbers). The third diagonal consists of 1/(3x tetrahedral numbers)
and so on.

n=1

Method 3. Consider again the sum % + 1—12 + % + % + ﬁ +...

We can see that this infinite series represent the sum of all fractions in the third
diagonal of Leibniz triangle. Hence, each fraction can be replaced by the difference
of two others using Eq. 2.18,

L(nk—1) =L(n— 1,k — 1) — L(n, k) (2.19)

For example, z(3,1) = 12, P(3,1) =3, L(3,1) =5 = m =4
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For some terms of the series b) we obtain the following:

ay=L(2,0) = L(1,0) — L(2, 1)
1

ar=L(3,1) = L(2,1) — L(3,2)
111 (2.20)

a3 =L(4,2) = L(3,2) — L(4,3)
1

60 20 30
as=L(5,3) = L(4,3) — L(5,4)

Additionally, for this chain of equations, by induction, we can find the formula of
a,=Ln+1,n—1)=L(n,n—1)—L(n+ 1,n) ‘ We
can see that if we add the left and right sides of Eq. 2.20, then on the left we have the

given series and on the right, all the terms except the first one and the last one are
cancelled and that the partial sum is

the n'™ term of this series,

1 1 1
Sp=-—Ln+1ln)=c——
2 ( ) 2 (n+2)C,

1 1
2 (n+2)(n+1y

This matches with our other formula found earlier and proves the statement.
c) Let us now prove that%:%—i—flo—&—é—i—%—&—ﬁ—&—....

Method 1. Denote the sum by S = i + 2—10 + % + ﬁ + ..., and multiply and divide
the right side by 6,

$=6 —1—+1 +1 + l+
o 4.6 20-6 60-6 140-6

S=6 S S S
“\1234"23.45"3.4.56
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Hence the given sum is six times the sum inside the parentheses. We have seen
such a series earlier in this chapter. It can be evaluated as

e 1
S=6- ;n(n TP T 3). In order to evaluate an infinite sum of this

series, we rewrite the n™ term in a different form and firstly, we multiply two

inner and two outer factors of the denominator, 6 - (WM)

We obtained a familiar structure: two quantities in the denominator differ by
two, and we can rewrite the fraction again and again decompose it into two new
fractions as follows:

a":g' <n<n1+3)_(n+1)1(n+2)) :%' (%_ni3> _3(ﬁ‘niz>

1 1 3 3

n n+3_n+l+n+2

This n™ term can be rewritten in a little different form so we can calculate the partial
sum of the series easily:

(1 1 4 1 1 ) 1 1
n = n n+1 n+2 n+3 n+1 n+2

o0 o) 1 1 1 1 1 1
n: _—— —_ _2. —_——
nz:;a Z((n n+1>+<n+2 n—|—3) <n+1 n+2>)

n=1

Now, the sum of each quantity can be evaluated separately and the final answer will
be the sum of these three answers:

n n+1) n+1

n=1

1 1 1 n 2
"3 n+1 n+3 n+2

Obviously, as n goes to infinity, the partial sum will go to 1/3. Therefore,
_1_ 1,141 1 1
So=3=3tntatmtmt -
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Method 2. Please notice that the series is the sum of all fractions in the fourth
diagonal of Leibniz triangle. Looking at that diagonal of the Leibniz triangle in
Figure 2.2, and using Eq. 2.19 we have the following chain of the true relationships:

1 1 1
=13 1o =L =L(2,0) —L(3.1
“N=31T37 12 < a (3,0) (2,0) (3,1)
e =L(4,1)=L(3,1) - L(4,2)
2720 12 30 2 =L 1) = L0, ,
11 1
_— = — =L(5.2)=L(4.2) — L
=53¢0 & B=L6:2)=L(42)-L(53)
111
@ =560 105 & @ =L(6,3)=L(53) - L(6.:4)
1 11
a5 = 505 =105 " 1eg & % = L(7:4) =L(6,4) - L(7,5)

From these relationships, by induction, we can recognize the formula for n™ term of
the series and evaluate its n'™ partial sum,

ap=Ln+2,n—1)=L(n+1,n—1)—L(n+2,n)
1 (2.21)

S, = Zai :§—L(n+2,n)
=1

It follows from Eq. 2.21 that the n'™ partial sum of the series is 1/3 minus the Leibniz
entry L(n + 2, n). Additionally, we can evaluate the n'™ term of the series by using
Eq. 2.17 for L(i, ),

Linttn—1)=— !
PR T et (n+1)!
(2 =
-z
(n+ 21)(11 + )n 1 (2.22)
L(n+2,n) = =
n+3)C, ., (n+2)!
e (43 G2
2

(n+3)(n+2)(n+1)

Subtracting the left and right sides, we obtain
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2 2
a, = -

(n+2)(n+n (n+3)(n+2)(n+1)
1 1

2'<<n+2><n+1>n <n+3><n+2><n+1>)""

2 1 1
T2+ 1) (Z_n+3>
B 6

M+ D(n+ 2)(n +3)

Making substitutions of the Leibniz entry L(n + 2,n) from Eq. 2.22 into Eq. 2.21,
we have

1 2
ST A+ D) (223)

If n increases without bound, then the partial sum above will get closer and closer to
1/3. Therefore, the sum in part (c) is 1/3. The statement is proven.

Consider again Figure 2.2. Start counting the rows from the top i = 1. Take the
numbers of the n™ row and add them. For example, for the 4th row, we have
5420430420+ 5 =280 =5-2% The following statement is true.

Lemma 2.1 The sum of the numbers in the 7™ row of a triangle made of the
denominators of Leibniz triangle equals 7 - 2" !

Proof. The sum of all numbers in the n™ row is the sum of the z-numbers and

hence, it can be written using a definition of a =z number as
n—1 n—1

E n-CiI :nE C,f,l =n-2""1
k=0 k=0

2.2 Trigonometric Series

The following problems are very different from anything above. They are trigono-
metric series. In order to evaluate trigonometric series we need to know trigono-
metric identities and de Moivre’s Formula. Some formulas are given by,
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1
sinxcosy = 5( sin (x 4+ y) + sin (x — y))

1
sinxsiny =2 - (cos (x —y) — cos (x +)) (2.24)

y—x
2

sin

COSX — COSYy = ZSinx—;y

de Moivre’s Formula (Abraham de Moivre, French mathematician, 1667-
1754)

cos nx + isinnx = (cosx + isinx)". (2.25)

We do not give a proof for the first three formulas because students study them in
high school. de Moivre’s Formula is not in the regular high school curriculum so we
need to discuss it a little more. Let us see how easily it can be derived under
assumption that the Euler’s relationship below is true.

Euler’s Formula

e™ = cosx +isinx (2.26)

Let us raise the left and the right side of Eq. 2.26 to the second power, then the
third, fourth, and so on and apply Eq. 2.25 again each time. We obtain the following
chain of the correct equations:

(e‘A")2 = (cosx +isinx)’
e = cos2x + isin2x

3
(e

e = cos3x + isin3x

= (cosx +isinx)’

(e)* = (cosx + isinx)*
™ = cosdx + isindx

inx

"™ = cosnx + isinnx

Problem 69 Evaluate S, = cosZ + cos 27” + cos 37” + ...+ cos @
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Solution. Let us multiply the given sum by sing-. Using the first formula of
trigonometric identities of Eq. 2.24 and the fact that sine is an odd function
(sin (—y) = —sin (y)), we obtain,

2 -2

28, sini = 25in£cos£+ ZSiIllCOS —ﬂ+ Lt 25in£cos (n )”+

2n 2n n 2n n 2n
5 sin ~ (n—Oz . 3¢ T, 5 . 377,'+
sin — cos = sin — — sin— + sin — — sin —
2n 2n 2n 2n 2n
4 sin (2n—3)x _ sin (2n—5)x + sin (2n—1)x ~ sin (2n — 3)77.
2n 2n 2n 2n

After  simplification and canceling opposite terms we  obtain
25, sin7- = —sin- + sin W = —sinj- + sin (n — ﬁ) = 0. Considering the

expression above we notice that the second factor on the left hand side is never
zero for any natural n, therefore the given sum must be zero.

Answer. S, =0.

Problem 70 Prove that
sin —<"J;l)x

nx.,

S )

S, = sinx + sin2x + sin3x + ...+ sinnx = =
sinZ.
2

Proof. This proof will involve only knowledge at a high school curriculum level,
and trigonometric identities. Multiplying the sum by 2 sin(x/2) we obtain:

ZSin)—zc(sinx+ sin2x + sin3x + ... + sinnax)
:2sin§sinx—|— 2sin§sin2x+251n§sin3x+...+251n)—csinnx
(5-%) — o5 (3+) + cos (3-20) = eos (5 +24)
=cos{=—x)— cos|= cos (= — — cos (=
2" 2 2~ 2T
+c0s (5= 31) = cos (54 35) .+ cos (=) — cos (3 -+ m)
cos 5 X cos 3 X ...+ cos 5 nx cos 5 nx

Since cosine is an even function, then cos(—y) = cos(y) and all terms in the

middle of the last formula will be eliminated as
cos (3) — cos () + cos (&) — cos (%) + cos (¥) +... — cos (@) Now
we obtain that S, - 2sing = cosj — cos (2"241” Apply the difference of cosines

formula (3™ formula of Eq. 2.24):
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1 2n+1 _1+2n+1
S 2sin{—25in2—2x sin 2—2x
4 2 2 2
1
= 25in@- sin%

Dividing the last row by 2sin(x/2) we prove the formula:

S, = sinx + sin2x + sin3x + ...+ sinnx

in nx in (n+ 1)x
1 —_— —_—
_ 7 2
X
sin=
2

You will have a chance to prove this formula a second way in a homework problem
using de Moivre’s Formula. You can use the next problem as an example.

2 n
COSZ cos 7 CcoS —
Problem 71 Evaluate A = — 4 2 + ...+ ok
Solution. Denote
sinZ sin 2% sin 2
B=—4% =SET 4 2.27
2 + 22 + 2" (2:27)

Assuming that B is imaginary part of a complex number A +iB, we multiply
Eq. 2.27 by i and add the corresponding A:

A+iB 1( 7r+,,7r)+1 27r+,,27r n +1< rcn+_,7rn)
=—\| COS— Sin— — | COS — Sin — e — | COS — Sin —
B\ ey Ty Ty 4 Ty 2 4 Ty

Applying de Moivre’s Formula (Eq. 2.25) to the previous expression, we have

A+ iB l( ﬂ+,,ﬂ:>+1( ﬂ'+,_ﬂ')2+ +1( ﬂJr,,ﬂ)"
iB=—(cos—+isin— —( cos—+isin— ...+ —( cos=+isin—
2\ %y 4) TR\ Cy Ty 277\ %% 4

(2.28)

We can notice that Eq. 2.28 is a geometric series with both, first term and the ratio
equal to - (cosZ+isinZ).

Therefore, using the sum of geometric series, Eq. 2.28 can be rewritten in a
compact form as follows:
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" (1 — &(cos + isin%)") (2.29)

B— L (cos® 4+ isin®
A—|—zB—2<cos4+zsm4 (1—%(cos§+isin§))

Applying de Moivre’s Formula (Eq. 2.25) to Eq. 2.29 again and using the fact that
cosf = sinZ = \% we have,

1 (eoe T i)
A"‘IB:L(I_i_l)(l 2"<COS4+ZSIH4))

o (2.30)

(1-52-25)

Rationalizing the denominator and extracting the real part of A +iB in Eq. 2.30, we
obtain

(\/57 1) (2" — Ccos ’2—”) + v/2sin b
2"(5 —2v72) '

A=

(V2 —=1)(2" — cos Z) + /2 sin 2
2"(5 - 2v2)

Answer. A =

2.3 Using Mathematical Induction for Sequences
and Series

The principle of mathematical induction is very helpful in proving many statements
about positive integers. According to this principle, a mathematical statement
involving the variable n can be shown to be true for any positive integer n by
proving the following two statements:

» The statement is true for n = 1
« If the statement is true for any positive integer k, then it is also true forn = k + 1.

Let us show how mathematical induction can help us to prove and solve some
problems involving sequences and series.

Problem 72 Use mathematical induction to prove that 1 +3 +5+4 ...+
(2n — 1) = n? is true for any positive number 7.
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Proof. Step 1. Replacing n by 1 in the above equality gives 2 - (1) — 1 = 1 which
is true, so n =1 satisfies the equation.

Step 2. Assume that the equality is true at n = k. And let us show that it will be
trueatn =k+ 1.If 1 +3+54 ...+ (2k — 1) = k? is true, then let us show that

for n = k + 1 the left side of the equality equals (k + 1)*.
1+34+5++(2k—1)+ (2(k+1)— 1).

Start with the left hand side, and notice that (because of our assumption) it is equal
to K2 , plus an additional term.

14345+ +2k—1)+Q2*k+1)—1) = +2k+1=(k+1)°,

The final equality proves that the equation is true for n = k + 1, given that it is
true for n = k. By the principle of mathematical induction, we have proven the
statement.

n n 2
Problem 73 Prove that: B = (Z k) .
k=1 k=1

Proof. Step 1. Replacing n by 1 in the above equality gives

1° = 12 which is true, so n =1 satisfies the equation.

Step 2. Assume that the equality is true at n = k and let us show that it will be true
atn=k +1:

FP4+2+3 4+ 4+ =(1+2+43+...+k)’ :Mistme,thenletus
show that for n=k-+1 the left side of the given equality equals
(142434 4k+1)> = G 0"

We can state that 1> +2° + 33 + .. 4+ 3+ (k+1)° =(14+2+3+... + k)’

+(k+ 1)3. Replacing the right hand side, putting fractions over the common
denominator and factoring, we obtain the required formula:

K (k+ 1) 5 Kk+1)7 +4k+1)°
7_'_ =
4
(k+ 1)* (K + 4k +4)
4
(k+1)%(k+2)*
4

(k+1)

The final equality proves that the equation is true for n = k + 1, assuming that it is
true for n = k. Using the principle of mathematical induction, we have completed
our proof.
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In Prob. 74, we use mathematical induction for recurrent sequences.

Problem 74 Given a sequence {x,} such that
Xo =2, X| =3, Xy41 =3X —1ix,1. a) Find the exact formula for x,.

o0
b) Evaluate lim x,, if the limit exists. c) Is series S, = Zxk convergent
n—oQ
k=0

or divergent?

Solution.
a) Using the given recursive formula we can calculate a few terms of the sequence:

x=2=1+2°
Xl_%—l—F%:l—i—Z’l
NI BRI
N B

Notice that every n'™ term of the sequence is obtained as a sum of 1 and 2 raised
to a negative power that is equal to the number of the term. We can assume that

Xp=1+27" (2.31)

Using mathematical induction let us prove that Eq. 2.31 is the exact formula for
the n'™ term of the sequence. Denote by A(m) our statement for n = m.

Step 1. A(1) is true because x| = % =14271

Step 2. Assume that A(k) and A(k — 1) are true (i.e., Eq. 2.31 holds for n = kand
forn=k—1),ie,x=1+2%andx_; =1+

2T
Step 3. Let us prove that A(k + 1) is also true. That is, we need to show that
Xepp = 1+ -k — 1 4 2_"_1.Indeed,xk+1 = %xk — %xk,l by the condition of

the problem, then
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1 1 1
Xk+1 = 1+? _E' 1+F

(3-2"43-2¢-2)
21(
(2:2°+1)
2k

43

1

:1+F

=14+ 2—(k+1)

3
2
1
2
1
2
1
2

We proved that Eq. 2.31 is the exact formula for the n'™ term of the sequence.
The proof is complete.

b) Now, knowing the n™ term of the sequence explicitly, x, = 1 + 27", let us find
the limit of {x,}, lim x, = lim (1+2) = 1.

n—oo n—oo

c) The series is divergent because, as we established above, the limit of the nth term
as n goes to infinity is not zero. Therefore, the series does not pass the Necessary
Condition (See Chapter 3 for clarification). We can also evaluate the partial sum
for the series exactly as S, =2+ 1 —|—2L1—|— 1 +2l2—|— 1 —0—2i3—|—...—|— 1+ 5. You

can see that this is the sum of (2 4 n - 1) and the first n terms of geometric series
1

l 7_// n
with by =1, r=1 Thus, §,=2+n+ Do, i1-0) s
2

n

Sy=3+n-(%)"
We can see that this partial sum depends on n and increases without bound as
n increases.

Answer. a) X,=1+2"1b)S,=3+n— (})". ) The series is divergent.
In the homework chapter, you will be asked to find the formula for the n™ term
using the knowledge of recursion.

Problem 75 Given a sequence {a,}, a, =n(3n+ 1), n€N. Prove that its
n'™ partial sum can be evaluated by formula S, = n(n + 1)2.

Proof. We prove this by induction. It is easy to see that the formula is true for
n=1.Indeed, S; =1-(1+ 1)2 = a; = 4. If we evaluate the sums of two, three,
four of even five terms of the sequence, we see that the formula works. However, it
does not prove the statement. Assume that this formula is correct for n = &, i.e., the
sum of the first k terms of the given sequence equals S, =k - (k + 1)2. Let us
demonstrate that it will be also true for n = k + 1, i.e., Sps = (k+1) - (k+2)%.


http://dx.doi.org/10.1007/978-3-319-45686-7_3
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We know that the sum of (k + 1) terms of the sequence equals the sum of its first
k terms plus the (k4 1)* term, Sy = Sk + ay1. Substituting here the k™ sum and
the value of the (k + 1)* term of the sequence we obtain

Sert = k(k+ 12 + (k+ 13- (k+1) + 1)

—k(k+1) 4+ (k+1)(3k+4)
=(k+1)(k(k+1)+3k+4)
= (k+ 1)(k+2)%

—~

Therefore, the formula is correct for n = k + 1, hence it is true any natural n. The
statement is proven.

Problem 76 Prove that any term of the sequence a, =4 - 6" + 5n — 4 is
divisible by 25.

Proof. We can substitute n = 1 and obtain that a; = 25. Yes, it is divisible by 25.

Assume that the statement is true for n = k and that a; =4 -6 +5k — 4 is
divisible by 25, then it can be written as 4.6F45k—4=
25m =46 =25m+4 — 5k. Let us prove that the next term, k + 1, a; =4
61 1 5(k + 1) — 4 is also is also divisible by 25. Next, because the k™ term is
divisible by 25, we extract the kth term of the sequence in the expression of the
(k+ 1) term,

ary1 =646 +5k+1=6-(4-6"+ 5k —4) — 25k + 25.

Each term of the sum is a multiple of 25, then the total sum or (k + 1)* term is
divisible by 25. You could do this proof a little bit differently by replacing the k™
term by 25 - m:

A1 =6-4-6"4+5k—4+5
= 6(25m +4 — 5k) + 5k + 1
= 150m — 25k + 25
=25 (6m—k+1)

It is clear that it is divisible by 25. The statement is proven.
Problem 77 Given a Fibonacci sequence {a,} : aj =a, =1, a, = a,-1 +

a,—», n> 2. Prove that the terms of the sequence satisfy the equation:
@i, —ay-an2 = (—1)", VneN.
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Proof. We prove this by induction.

1. Notice that the equality is true for n=1 because
d—a-az=1-1-2=(-1)".

2. Assume that the statement is true for n = k, a,% =Gk G2 = (—l)k. From this
it follows that a%H = (—l)k +ag - agio

3. Let us demonstrate that it is also true for n=k+1, ie.,
k+1

ARy — st - pez = (—1)
Let us substitute the expression for the (k + 3)™ term of Fibonacci sequence,

2 _ 2 2 . . . .
iy — Qg1 - (Qryr + Gry2) = @i, — ary1- a2 —| @, | Substituting in  this

formula the value of the term in the box, we obtain

@, — gt Apas = A2y — Aist - Ggn — (=) —ag - a
k42 k+1 k+3 — Uy k+1 k+2 k k+2

=a},, — qra(a + ag) + (-1

2 k+1
=iy — W2 A H(=1)7
— ———

0

The proof is complete.

2.4 Problems on the Properties of Arithmetic
and Geometric Sequences

If three numbers form an arithmetic sequence, the middle term is called the
arithmetic mean of the other two. Thus,

a3 —dz =d; — a

2a, = a; + as

u a) + a3

2:—
2

By analogy the arithmetic mean of two numbers is half of their sum. Therefore,

(a_;b) is the arithmetic mean of numbers a and b, or the average of two numbers.

Similarly the average or mean value of three numbers a, b, and c is % In
ajtax+...+a,

n b
that is the average of the sum. Besides the arithmetic mean defined above there is
another form of mean value that is defined by the formula: b = \/ac. Value b is
called a geometric mean of numbers a and c. Recalling a geometric progression

with positive terms by, by, ...... »bu_1, by, byyq.... and common ratio r such that

general, the mean value of n positive numbers, a|, a3, as,.....a, is
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bh", = b;’j' , by =+by_1b,.1 or b2 = b, -by+1. Every term of a geometric
progression is a geometric mean of the preceding and consequent terms.

Now consider the following problems.

Problem 78 Peter lives near a bus stop A. The bus stops A, B, C, and D are
on the same street. Peter walks for exercise every weekend. He starts at A
with a speed of 5 km per hour and goes to D. Reaching D he turns back and
goes to B. Walking this rout (A-D-B) requires 5 h. At B Peter takes a bus and
goes home. It is known that he can cover the distance between A and C in 3 h.
The distances between A and B, B and C, C and D form a geometric sequence
in the given order. Find the distance between B and C.

Solution. Usually it is a good idea to draw a picture of the problem. A, B, C, and D
are on the same street (Figure 2.3). It means that we can draw them as points on the
same line, A and D will be the end points of the segment and B and C between them
in the order A-B-C-D.

Because our unknown is the distance between B and C it seems obvious to
introduce 3 variables x, y, and z as distances between A and B, B and C, and C and D
respectively. Using the condition of the problem and distance = speed - time we
write, x+y+z+z+y=5-5=25andx+y=3-5=15.

Now we are going to write the last equation of the system. Because x, y, and z are
consecutive terms of a geometric sequence, then y? = xz, and we can complete a
system:

X+2y+4+2z=25

x+y=15

y? =xz
y+2z=10
x=15—y
V= xz

A B C D

Figure 2.3 Problem 78
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Subtracting the second equation from the first of the first system, we can eliminate
variable x in the second system. Then we express z and x in terms of y and put them
into the third equation of the last system. Let us solve the last equation for y.
Multiplying both sides by 2, we have

2y? = 150 — 25y + )2
Y 425y —150=0
=5 y;=-30

Because y is a distance, it has to be a positive, so we choose y = 5.

Answer. The distance between B and C is 5 km.

Problem 79 The four numbers a, b, ¢, and z are given. It is known that the
first three numbers form an arithmetic sequence, and the last three numbers
form a geometric sequence. A sum of the outer terms is 4 and the sum of the
inner terms is 2. Find the numbers.

Solution. Let us write the numbers in arow: a b ¢ z. If variables a, b and ¢ are terms
of an arithmetic sequence, then

_a+c

b 2.32
; (232)
On the other hand,
n a+z=4
b+c=2 (2.33)
a+b+c+z=6
Replacing (a + ¢) by 2b from Eq. 2.32 into Eq. 2.33, we have
3b+z=6 (2.34)

Our purpose now is to eliminate some variables. It would be nice to obtain a
system of two equations in just two variables. (for example, z and b). Let us use the
second part of the condition. If b, ¢, and z form a geometric sequence, then c is a
geometric mean of b and z or

t=b-z (2.35)
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Expressing ¢ as (2 — b) from system (Eq. 2.33) and substituting into (Eq. 2.35)
we derive

2-b)?=b-z (2.36)
Let us combine Eqgs. 2.34 and 2.36 as

(2 — b)* = b(6 — 3b)

4 —4b +b* = 6b — 3b*

20 —5h+2=0

5+V5 -4.2.2 5+3
- 2-2 T4
by =2 by =0.5

bi,2

Two different values of b will give us two sets of a, b, ¢, and z.
1. b=2

z=6—-3b=0
a=3b—-2=4
c=2—-b=0
2. b=0.5
z=4.5
a=-—0.5
c=15

Answer. (a,b,c,z) ={(4,2,0,0), (=0.5, 0.5, 1.5,4.5)}

Problem 80 The sequence ay,a,,as, . . . satisfies a; = 19, ag = 99, and for
any n > 3, a, is the arithmetic mean of the first (n — 1) terms. Find a,.

Solution. Let us write down the formula for the n™ and (n — 1)" terms of the
sequence:

_ata+...t+ap2+ap-

N n—1

ay+ay+...+a,»
n—2

(2.37)

n

(2.38)

ap—1 =

Using Eq. 2.38 we can find that

atar+...+ap2=(n—-2)a,1 (2.39)
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Plugging Eq. 2.39 into Eq. 2.37 we obtain a,-(n—1)=a,_;-(n—2)
+da,—1 = ay—1 - (n — 1). Therefore,

a, = a,_ foranyn >3 (2.40)
1. Since a9 = 99 we can rewrite Eq. 2.40 as a3 = a4 = =a9 =99
2. Now we can evaluate a, a3 = “3% = 99 = 1@ & g, =2.99 — 19 = 179.

Answer. 179

Problem 81 (MGU Entrance exam 2008). Integers x, y, z are members of a
geometric progression but numbers 7x — 3, y?, 5z — 6 are members of an
arithmetic progression. Find x, y and z.

Solution. From the condition of the problem and with the use of geometric and
arithmetic means, we have the following two equations,

y?
2 7x—3+52—6
y e Bt B
2
from which
Tx+5z—-9
xX=—
2

2zx =Tx+5z—-9

x(2z—=7)=5z-9
5z—9
227

Multiplying both sides of the last equation by 2 we obtain 2x = 72 2 Extracting
the largest integer from the numerator of the last fraction we obtain
2x = w =5+55 17 . Since 17 is prime, then in order for 2x to be an integer,
(2z — 7) can take only the following values: +1; £17.

Consider the following cases:
a) If2z—7=1,thenz=4,x=11,y = /xz = /44, not a solution
b) If 2z—7=—1, then z=3, x=—6, xz <0, not a solution
¢) 2z—7=17,thenz =12, x=3,y=60ory=—6
d) 2z—T7=—-17,z=-5,x=2, zx <0, not a solution

25z
2z
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Answer. (x,y,2) =1{(3,6,12),(3,—6,12)}.

Problem 82 (Lidsky). Prove that there exists an infinite convergent geo-
metric series 1, r, 72, ....7"%, ... each member of which divided by the sum of
all terms following it, equals given number k. For what value of £ does the

problem have a solution?

Solution. By the condition of the problem || <1 and we have
= k(" 4+ 2 4 ) = k"t - - From this expression 1 — r = kr or solving
for r,r = 1/(k + 1). Since |r| < 1, then

k+1
k>0 ork< -2

1
’—‘ <
Answer. ke (—oo0, —2)U (0,00).

Problem 83 (AIME 2000). A sequence of numbers X1, X,,...., X1go has the
property that, for every integer k between 1 and 100, inclusive, the number x
is k less than the sum of the other 99 numbers. Given that xso = 7', where

m and n are relatively prime positive integers, find (m + n).

Solution. Because by the condition of the problem, x; +k = x; +x, + ... + x5
+Xgr1 + ... + X100, then

xi+1=x2+x+...+ X100
Xp+2=x1+x34+...+ X100

Xs0 +50=x1 +x+ ...+ x49 +X51 + ...+ X100 (241)
Xs1+51=x1+x2+ ...+ x50 +X50 + ...+ X100 .
Xg9 +99 = x1 +x3 + ...+ Xog + X100

X100 + 100 = x1 +x + ... + Xog9

Let us add x; to both sides of each equation, where k is the number of the
equation:

100
2o +k=Y x k=1,2,...,100. (2.42)

i=1
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100
Now the right side of each equation will be the same, Z x;. For example, for the
i=1
50" equation we have

100
2050 +50 = x; (2.43)
i=1

1

Method 1. (Using properties of sigma notation)

Adding the left and right sides of Eq. 2.42 for £ = 1,2, .., 100 and after
100 100 100

simplification, we obtain that Zin + Zi = 1002)(,-, which can be simplified
i=1 i1 i1
100

as follows: w = 982)@-
i=1

On the other hand, replacing the sum here by the left side of Eq. 2.43 for the
50™ equation, we obtain 98(2xsp + 50) = 12%10L After simplification and replace-
ment the 50™ term by the formula given in the condition of the problem yields

50-101298(2-%—#50)

Solving for m/n we obtain that

275
n 98

Therefore, m +n =75 +98 = 173.

Method 2. (Using properties of an arithmetic sequence)

Subtracting the left and the right sides of two consecutive equations of Eq. 2.41 and
then dividing both sides by 2 we obtain that x; —x;_; = —0.5, where k=2,
3, ....100. This means that the sequence {x;} is an arithmetic progression with the
common difference d = —0.5. Now the 50 term of the sequence can be written as

Xso =x1+49-d

(2.44)
X50 = X1 — 0.5-49

Using Eq. 1.8 for the sum of an arithmetic sequence, we rewrite Eq. 2.42 for
k =1 as follows:

2)(1 + 99d

20+ 1= 100;

2x1 + 1 = (2x; +99 - (—0.5))50;
1238

X1 =

49 -


http://dx.doi.org/10.1007/978-3-319-45686-7_1

108 2 Further Study of Sequences and Series

Substituting the value into Eq. 2.44 we obtain x5 = % =% or
m+n="175+98 = 173.

Answer. m/n=75/98 and m+n=173.

Let us compare geometric and arithmetic means of two positive numbers a and

b. What is greater # or v/ab? Because both, @ and b are positive, we can raise

2
both sides to the second power: @ A ab. The symbol A will mean “compare”

2
for us. If an arithmetic mean is greater than a geometric mean, then @ —ab >0,

Thus, (a+b)> —4ab = a* + 2ab + b* — 4ab = a* — 2ab + b* = (a — b)* AO.
Because (a — h)2 > 0, then we conclude that the arithmetic mean of two positive
numbers is always greater their geometric mean, and is equal to their geometric
mean if and only if a = b,

b
“; > Vab
a+b>2v/ab.

Let us solve the following problem:

Problem 84 For how many ordered pairs (x, y) of integers is it true that the
arithmetic mean of x and y is exactly 2 more that the geometric mean of
x and y?

Solution. X4
5= 24V

Xy =442
(x+y—4)° = 4xy

x4+ y2 +2xy — 8(x +y) + 16 = 4dxy
¥ —2y+y* =8(x+y—2)

(x =) =8(x+y—2)

(=) =y)=2-2-2-(x+y-2)

Because x and y are integers from last equation above, we can write only three
possible systems:

1 x—y=2_8 x=9
Tlx—y=x+y-2 y=1

Clx-y=G+y-2)-2 |y=0
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3'{x—y=2 x:§:2.25
4 x—y=1
T lx—y=8(x+y-—2)
Systems (3) & (4) do not give us integers. So we have two possible ordered pairs:

Answer. (9, 1) and (4, 0).

2.5 Miscellaneous Problems on Sequences and Series

Problem 85 (Kaganov) Prove that (a; +a; + ... + am)2 < m(a% +...+
a,,*) for any real numbers a;

Solution. Let us prove it by mathematical induction.
1. m = 1. The statement is true for m = 1.

2. Assume this statement is true for (aj+ax+...+ am,l)2 <(m-1)
(a% + ...+ am_lz). Denote the left side by a and the right side by g, a < f.
3. Consider that

(ay —|—a2+...+am)2 =a+a,’>+2a, (a+a+...+a,);
m(a> +...+ap 1> +an?)=m—1)(a> +...+an_1°)
+a’ + ...+ ap_i> + may’®

Since (a; +ar + ...+ am_1)2 < (m-— 1)((1% +...+ a,,,_lz) is true, then

(a1—|—a2—|—...—|—am,1+am)2

=a+an’ +2ap(ay+ ...+ an1) Z —l—am + an%;

From which it follows that

a< (alz - 2al 2 +amz) + (022 - 2a2 “dm +amz) +...+ (Clm,12 - 2amfl “dm +am2)
+ﬂ;a §ﬂ+ (al *am)z + (02 *am)z +...+ (amfl *am)z-

The proof is complete.
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The following problem will demonstrate how the knowledge of sequences helps
us to do calculus problems.

=
n__

Problem 86 Evaluate lim .
=1 X 1

Solution. This limit cannot be found directly, because when x = 1 the denominator
becomes 0. Using formulas for geometric series and applying them for the numer-
ator and denominator:

xn+l_1
l+x+2 4. " ="—r
il

IT4+x+x324. = —
x—1

We remove discontinuity and evaluate the limit.

1 LI Rt 1)-1 1
lim txre T T :(n—i— ) :n—i— ,VneNn.
=l l4+x4+x24 ...+t n-1 n

X1 ntl
x"—1 n

Answer. lirr%
X—

Problem 87 (Rivkin) Given
l+a+a®+...+d"=(1+a)(1+a*)(1+a*) - (1 +a2k).

Find relationship between n and k.

Solution. The left side of the formula can be rewritten as “Z:I. Multiplying the
both sides by (¢ — 1) # 0 and because a # 1, the given relation can be rewritten as
al'—1=(a—1)(1+a)(1+d*)...(1+a*). Next, using a difference of
squares formula applied several (k) times, the right side can be simplified as
(@—-1)(1+a*) - (1 —&—azk) =(a*—-1)... (l +a2k) =a"' —1. Therefore,

a"!' = a*"". Because by the condition of the problem a # 0, + 1, then the neces-
sary relationship between n and k is n + 1 = 21

Answer. n =21 1.
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Problem 88 Given a function g(n) = 5— GRS (’(()“?H.“Jrf(n)), where

f(x) = £. Evaluate A(m) = gg'(H)I) and B(m) = g(m + 1) — g(m).

Solution. Let us evaluate several values of function,

fx) = f(0) =0.4(1) =

1
Fln) =2 fln+ 1) :2i

g(n) = (2.45)
2- (h+3+3+5+  +5+E)

Next, we simplify the sum inside parentheses, by denoting it
S, = 21 + + + 2,, — + 2,, Multlplymg both sides of the equality by

2 we get 2 S = 1 + + + +...+2 = =l 2,1 . Subtracting the left and
the right sides of two equatlons and cancehng the same terms, we have

n 1 (1 - (%)Wl)

Sp=1l—-—dz 2
72 1
=3 (2.46)
n 1
T

Substituting Eq. 2.46 into Eq. 2.45, we have

n+1
g(l’l)z W :(n+1)'/2){
2_(2_£_L> 2-2(n+2)
on 21171
_n+1
C2n+4
Finally,
gm+1) _ (m+2)
glm) — (m+1)(m+3)
m—+2 m+1 _ 1

slm+ 1) = 8lm) = 5 3 " am+2)  2mt2)(m+3)
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Answer. A(m) = "2 . B(m)

— 1
(m+1)(m+3) * T 2(m+2)(m+3)"

Problem 89 Find all value of r such that all partial sums of the series
% +rcosx + r? cos 2x + 13 cos4x + r* cos 8x 4 ... are nonnegative for all
real x.

Solution. Consider the second partial sum, S, = 2+ICOSX>0 = | < %

Denote

‘y/(y) =rcosy + r?cos2y ‘ =

w(2y) = rcos2y + r? cosdy =

‘ w(4y) = rcos4y + r* cos 8y ‘

w(8y) = rcos 8y + r* cos 16y

‘ w(16y) = rcos 16y + 1 cos 32y ‘

We can see that the given series can be rewritten as

% + (rcosx + % cos 2x) + r*(r cos 4x + 1 cos 8x)

+r4(r cos 16x + 1% cos 32x) + . ... (2.47)

1
=5+ w(x) + rPy(4x) + ity (8x) +

Let us investigate the behavior of y(y). Taking the first derivative of it, we obtain
that

v _ —rsiny —4r*sinycosy
dy

= —rsiny(l +4rcosy) =0

d 1
dl;/ 0O y=an or cosy——E

Case l.y=1an = w(y) =w(zn) =rcosan+r2an= (—1)"r+r> > —
Case 2.y(y) = -+ (g=—1) >
Hence we can state that w(y) > —

follows:

-J>\>—‘

% VyGR Series (Eq. 2.47) are bounded as
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1
Sait =5+ w(x) + Py (40) 4ty (8) + 20y (47 )
1 3
>__Z(14 2(1171))
=5 8( .+r
>1 3 1+ + + + ln_l
-2 8 4
103 —(}Q"1 R
_E_g ) 1 _2'4n_22n+1
4

Let us find the next partial sum, Sp,i2 = Saup1 + 721+ cos (22x) > Syuii

—27—1“ > 0. Finally, we can conclude that if || <3, then all partial sums of the

series of Eq. 2.47 are nonnegative.

Problem 90 Given a sequence S; = V2, Sy11 =2+ S,, prove that this
sequence has a limit. Evaluate it.

Proof. Assume that the sequence has a limit S, then S =+/S+2 = $2=8+2
=S8S=—-lorS=2

Answer. 2.

The following problems will make connection between sequences, number theory
and geometry.

Problem 91 A side of a square is a. The midpoints of its sides are joined to
form an inscribed square. This process is continued as shown in the diagram.
Find the sum of the perimeters of the squares if the process is continued
without end.

Solution. From the diagram (Figure 2.4), we can see that the sides of the black
squares form a geometric progression with the first term of ¢ and common ratio '%:

a,%,%,%, . z" 2. All red squares, in turn, form a geometric progression with the

same common ratio but the first term % (half of the diagonal of the original

square): “ﬁ s "f s %ﬁ , .. .. Because the perimeter of a square with side b is 4b, we

obtain the following expression for the sum of the perimeters of black and red
squares:



114 2 Further Study of Sequences and Series

Figure 2.4 Sketch for

Prob. 91
3 3 3 3
Poaas®2 a2 a2 s ‘fl+a‘—£+...
2 4 8 on on
V2
—da(l+1/241/4+ ) +4a- 2 (14124 1/4+ )
1
=4a(2+\/§)<1—y>:4a(2+\/§)

Answer. P = 4a (2 + \/§)

Problem 92 Given a sequence ap = 2, a; =5, a, = 5a,—; — 4a,—, for n
> 2. Show that a,, - a,42 — aﬁ 41 1s a perfect square for every n > 0.

Proof. The characteristic polynomial for this recurrent sequence is 1> — 5r + 4
= (r — 1)(r — 4), then the general term of the sequence is @, =A-4"+B-1".
Using the values of the first two terms, the nth term can be written as @, = 4" + 1.
Evaluate

n - iz = @By = (@4 1) (@72 41) — (41 1 1)’
=4".9=(3.2") =%

The proof is complete.

Problem 93 Prove that there is no infinite arithmetic progression of only
prime numbers.
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Proof. Consider an arithmetic progression with the first term a # 1 and common
difference d. Then the nth term of this progression can be written as a, = a +
(n—1)d. Clearly, if n=a+1 = a,=a-+a-d=a(d+1). Thus, the first and
(a+ 1) stterm , a,41, of such arithmetic progression are not relatively primes, and
this fact does not depend on the value of the common difference. Moreover, in such
infinite progression all terms sitting in the positions of n = a + 1, 2a + 1, 3a + 1,
4a + 1, ... will be multiples of the first term, a.

For example, in the progression 3, 7, 11, 15, 19, 23, 27, 31, 35, 39, ... there are
infinitely many members divisible by 3, we underlined some of them . All of them
are in the positions 4, 7, 10, ... (3k + 1), .... Because our proof was based on an
assumption that the first term of a progression is not unit, a reasonable question is
what if the first term of an infinite progression equals 1? Can such progression
consist of only primes?

The answer is also “no” and the proof of this fact is very similar to the proof
above. We just for any given progression start our arguments from the second term.
Thus, infinite arithmetic progression {a,} : 1, 1 +d, 1 +2d, 1+ 3d, ... contains
progression {b,}:1+d, 1 +2d, 14 3d, ... the first term of which equals the
second term of the first progression, and then again prove that there are infinitely
many terms divisible by (1 + d).

Remark. Any infinite arithmetic progression with natural members will have
infinitely many multiples of the first, second, third, or any other term and the
location of such multiples will depend only on the value of the selected term of a
progression. Suppose a number b € N is a term of an infinite arithmetic progression,
then there are infinitely numbers of terms divisible by b in the relative location
n=b+1,2b+1,3b+1, ... Thus if b is the k" term of the given progression,
then all terms divisible by it will have positions of k, k + b, k+2b, k +3b, ....

For example, since 11 is the third term of the given infinite progression,
3,7, 11, 15, 19, 23, 27, 31, 35, 39, 43, 47, 51, 55, 59, 63, ..., the terms divisible
by 11 will appear at the positions3, 3+ 11 =14, 34+2-11=25,3+3-11 =36
s ooy 34+ (m—1)-11, ..., where m represent the m™ consecutive multiple of 11.
You can see it yourself, 11 is the first multiple of 11, the second is 55, which is 14"
term of the given progression, then the third consecutive multiple of 11 in the
progression will correspond to the index n =25 and will be evaluated as
34+(25—-1)-4=099, etc.

We just proved that there is no infinite arithmetic progression that consists of
only primes. Is this statement also true for a finite arithmetic progression? The
shortest sequence of primes must contain three terms. We can see that the first three
terms of the infinite progression discussed above, {3, 7, and 11} are in arithmetic
progression given by formulaa, =4n—1, n=1,2,3.

Are there arithmetic progressions with precisely 5, 10 or N prime numbers? The
answer is yes, such progressions exist but it is hard to find them.

The previous problem probably gives you some ideas of how to look for such
progressions. First, we must select only even numbers as common difference, d.
Otherwise, even and odd terms would alternate, which would never be a finite
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arithmetic progression with only prime terms. Obviously, the first term must be an
odd prime. The following theorem formulated and proven by Cantor will help to get
us started.

Cantor’s Theorem. If N terms of an arithmetic progression are odd primes,
then the difference of the progression is divisible by every prime less than N.

The rigorous proof of the existence of an arithmetic sequence with exactly
N prime terms was given in 2004 by B. Green and T. Tao. However, their proof
does not propose any algorithm of finding such progressions or makes the job of
finding it any easy. It is worth to mention that the last longest arithmetic progression
of 26 prime numbers was discovered only in 2010.

Here we try to find an arithmetic progression of ten prime terms by solving the
following problem.

Problem 94 Propose a finite arithmetic progression formed by ten prime
numbers.

Solution. Regarding Cantor’s Theorem, the common difference of such progres-
sion must be divisible by 2, 3, 5, and 7 (all prime numbers less than n = 10). The
minimal common difference satisfying this conditions is d =2-3-5-7 = 210.
Next, we need to find the starting prime, the first term of the progression. It cannot
be 11, because 11 4+ 210 =221 = 13 - 17 is not prime.

Can it be 13? The answer is no because 210 divided by 11 leaves a remainder of
1, 210 =11-19 4 1. Then the remainder of a term when divided by 11 will
increase by one each time as n increases. For example, if the starting prime is
13 which give a remainder of 2 divided by 11, then the n™ term has the following
form,

ay=13+210-(n—1) =11 +24+11-19-(n— 1) +n—1
=1lk+n+1=11m

We can see that if n = 10, then the tenth term will be 1903 that divisible by 11 and
not prime.

If a starting prime divided by 11 will leave a different remainder, for example,
3,4,5, etc. then a multiple of 11 will be obtained faster each time. Try yourself to
select the first term as next prime, 17. Because 17 = 11 + 6, then the 5" term of the
proposed progression will be a multiple of 11. ..
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ay=17+210-(n—1)=114+11-19- (n— 1)+ (6 + n— 1), as = 858
=11-78.

Therefore, the first term must be odd and leave a remainder of one when divided by
11. Let us try a; = 22m + 1. Consecutive candidates are 23, 67, 89, 199, ... If we
try with the first term 23, 67 and 89, we obtain that such progression would have a
composite number for the sixth, fourth and second term , respectively. If we set the
first term equals 199, then we obtain an arithmetic progression of ten prime
numbers, 199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879, and 2089.

Answer. a, =199+ (n —1)210 =210n — 11, 1 < n < 10.

Let us find out other properties of finite arithmetic progressions in integers by
solving the following problems.

Problem 95 Is there any arithmetic progression of 50 terms such that any
two selected terms are relatively primes? If such progression exists, find it.

Solution. Let us consider an arithmetic progression with the first term of a; = 1
+49! and common difference d =49! Its nth term can be written as
a, =144+ (n— 149 =1+n-49], 1 <n <50.

We can see that any term of the progression is not divisible by any natural
number from 1 to 50 because when divided by any such number it gives a remainder
of 1. Next, the difference between its kth and mth terms will be
ax — ay = (k — m) - 49!, which means that the difference of any two terms is not
divisible by any prime greater than 49. For example, a7 —as =3-491=3-1-2
-3-4-...-49.This proves that any two selected terms of the arithmetic progression
are relatively prime, because the only common factor they have is one.

Problem 96 Is there an arithmetic progression formed of positive integers
such that no term of the progression can be represented as a sum or difference
of two primes? If such progression exists, then give an example.

Solution. Consider several arithmetic progressions with the corresponding n'™

terms (n€N):

a. 6, 10, 14, 18, ..., 4n+2, ...

b. 11, 19, 27, 35, ..., 8n + 3, ...
c. 47, 89, 131, 173, ..., 42n+5, ...
d. 37, 67, 97, 127, ..., 30n+ 7, ...

non

The proression of "a" is represented by only even numbers, and clearly many its
terms can be written as the sum or difference of two primes, for example,
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10=3+47, 14=17 — 3. Any even number is either the sum or difference of two
even or two odd numbers; in general prime numbers are odd. One can prove that
there exist infinitely many even numbers that can be written both as sums and as
difference of two primes. Hence, we further consider only sequences of odd
numbers.

Additionally, let us eliminate a sequence of odd numbers b) because its terms
19=2417 and 27 =29 — 2. If such arithmetic progression exists, then its terms
must be odd numbers. Next, if some of its terms can be represented by a sum or
difference of two primes, then one of the primes must be even (2).

Consider progression “c” and assume that one of its terms can be written as sum
of two primes:

2n+5=p,+p,
42n+5=2+p,
42n+3 = p,

p,=3-(l4n+1).

We can see that p, is not prime.

Assume that some term of the progression above can be written as a difference of
two primes, i.e., 42n + 5 = p; — p,. Because each term of the progression is odd,
then the second prime must be 2.

2n+5=p,—2
2n+17=p,
pr="7-(6n+1)
Therefore, no terms of an arithmetic progression a, =42n+35 can be

represented as sum or difference of two primes. A similar conclusion can be
made for progression “d”’. We leave it for you as a homework (exercise 89).

Problem 97 Find all right triangles with integer sides forming consecutive
terms of an arithmetic progression.

Solution. Assume that such triangle exists and that its sides are a =a, b=a+d,
¢ =a+ 2d. then they must satisfy Pythagorean Theorem:

@+ (a+d)* = (a+2d)*
@+ a* +2ad+d* = d® + 4ad + Ad?

a* = 3d* + 2ad
(a—d)* = (2d)°
a—d=2d

a=3d,b=4d, c =5d, deN.
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Therefore, there are infinitely many such right triangles. For example, the sides
of the following right triangles form an arithmetic progression and are Pythagorean
triples: (3, 4, 5), (6, 8, 10), (9, 12, 15), (12, 16, 20). ..

Answer. (a,b,c) = (3d,4d,5d), deN.

Problem 98 It is known that the numbersx(x + 1), y(y + 1), z(z+ 1) are in
increasing arithmetic progression. Find integer numbers x, y and z.

Solution. Assume that such numbers exist and that

xX=x
y = ax + b, where integer coefficients a, b, ¢, d are to be determined.
z=cx+d

Because x(x+ 1), y(y+ 1), z(z+ 1) form an arithmetic progression, then
yy+1) —x(x+1)=z(z+ 1) — y(y + 1). Substituting here the expressions from
the system above, we obtain the following chain of true equalities:

(ax+b)(ax+b+1)—x(x+1)=(cx+d)(ex+d+1) — (ax+b)(ax+ b+ 1)
2(a2x2 + 2abx + bz) +2ax +3b — x> —x =A% + 2cdx +d* + ex+d

By equating the constant terms, the coefficients of linear and quadratic terms,
respectively, we obtain the system of three equations in four undetermined integer
parameters:

2b(b+1)=d(d+1)
2a +4ab — 1 =2cd + ¢
2¢> —1=¢2

Consider the last equation of the system, 1+ ¢? = 24*. In order to have any
solutions in integers, we know that parameter ¢ must be an odd number, then
¢ = 2n + 1. Substituting this back into the equation we have

1+ @2n+1) =24

1 4+4d®> +4a+1 =24
20 +2n+1=d?

2t +2n=a>—1
2n(n+1)=(a—1)(a+1)

The right hand side is represented by the product of two numbers that differ by
2, hence they either both odd or both even. Because the left side is even then
(a—1) and (a+ 1) must be even, for example, a — 1 =2m, a+ 1 =2m + 2.
Substituting this into the discussed equation, we obtain
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2n(n+ 1) =2m(2m + 2)
nn+1)=2m(m+1).

The last equation has solution only if its variables satisfy the system

{”:’"“ S m42=2m=a=2m+1=2-2+1=5.

n+1=2m

Knowing a, we can evaluate the corresponding positive ¢, 1 +¢? =2 - 5% = 50
= ¢? =49, ¢ = 7. Similarly to the solution of the underlined equation above, we
can find positive solution to the first equation of the system.

d(d+1) =2b(b + 1)

d=b+1 _ _
{2b:d+1 =b=2,d=3.

Note that we found all four parameters using only solutions of the first and the
last equations. This is very typical when solving equations in integers. The second
equation can be used for checking. Thus, 1 +2-7-34+7=4-5-2+2-5=150.
Finally, we found that if x = x, y = 5x +2, z = 7x + 3, then x(x + 1) = x> + x,
y(y+1) =25x2 +25x + 6, z(z+ 1) = 49x2 +49x + 12 are in the increasing
arithmetic progression with common difference 24x* + 24x + 6.

Answer. x =x, y=5x+2, z=7x+3, xeN.

Problem 99 A sequence is defined by a, = —L, n > 1. Given @, + a1

+...+a,1 :%, m < n, evaluate n — m.

Solution. Factoring the denominator of the n® term, we notice that it can be

: 1 1 1_ 1 ;

Written as @, = ;50 =y = 0 o Replacing each term on the left of the
i iti 1_ 1 L1 1_ 1 1 -

given condition, we have ;. — - 5+ .5 — 5+ ...+, — ;57 = 13- After cancel

ation of the opposite terms we obtain

1 1 n—m 1

m n mn 17
17(n — m) = mn

The last equation must be solved in integers and can be written as 17m = n(17 — m).
Because from the condition of the problem 17 — m < 17, and 17 is prime, we know
that » must be a multiple of 17. Let n = 17k. After substitution we have
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17m = 17k(17 — m)
m = k(17 — m).

This equation has integer solutions if and only if the second factor on the right hand
side equals one, i.e.

17-m=1
m=16, k=17, n=16-17.
n—m=16-17 — 16 = 16> = 256.

Answer. n —m = 256.

Problem 100 Given a sequence
up=2,uy=28, ..., u,=4u,_ 1 —u,_», n=3,4,5, ..., Prove that
UE = Upiy Uy = 4

Proof. We can evaluate some terms of the recurrence as
uzs =4u, —u1 =4-8—-2=30, wug=4u; —u; =4-30—-—8=112. It is clear
that u? — uzup = 30> — 112-8 = 4. Because ab = ba, u, - 4u, | = ;1 - 4u,.
Using the recurrent relationship for the left and right hand sides, we obtain the
following chain of true equations:

Uy - (un + I/l”,z) - unfl(uH#»l + I/ln,])
2 — 12 — 12 _
U, — Upp1lUp—1 = Uy — Uplp3 = U, > — Up_1U-3 = ...
:Li%—u_gbl] =82-30-2=4.

The proof is complete.



Chapter 3
Series Convergence Theorems
and Applications

Usually convergence of series is taught in mathematical analysis. If we can find a
partial sum for a given numerical series, then we take the limit of this sum to infinity
and can easily decide on the series convergence. If series is functional, for example,
power series or trigonometric series, then finding their partial sum would also
benefit further investigation, but the question is not whether or not it converges
but for which value of x it converges. In the previous two chapters we discuss
several methods of finding partial and infinite sums of series. In this chapter, we
look at series from a different angle and you will learn new methods of finding finite
or infinite sums for a given numerical or functional series. As you would learn in the
previous chapters, finding a formula for a partial sum is usually a challenging task
and sometimes it is simply impossible.
Let us consider the following infinite series:

a) 142+3+...4n+...

b)1+l+i+ TR
26 12 77 am+1) 7T
c)l—l—l—l-l—l- iy
SR Tt
111 1
T MUV G o P
d) T3t T DT

We can evaluate the n'™ partial sum for the first two series and make a conclusion
that the first series diverges and the second one converges to 1 (Problem 50). It is
hard to find n'™ partial sum for the last two series; but in this chapter, you will learn
that series c) is called a harmonic series and that it diverges and that series d) is
called a Leibniz alternating series and it converges to In2. While it is almost obvious
for the first series to diverge even without calculating its partial sum, because each
term of the series is increasing without bound as # is increasing, so as partial sums,
the convergent and divergent behavior of the second and third series, respectively,

© Springer International Publishing Switzerland 2016 123
E. Grigorieva, Methods of Solving Sequence and Series Problems,
DOI 10.1007/978-3-319-45686-7_3



124 3 Series Convergence Theorems and Applications

cannot be explained only by the behavior of their n'™ term. Thus, for both the second
and third series, the n™ term will decrease as n increases, but only the second series
converges.

It looks that in order to converge, it is necessary but not sufficient that the limit of
the n'™ term of an infinite series would approach zero. Thus, series b) converges to
1 and series d) converges to In2. On one hand, in order to find the infinite sum for b)
we do not need any additional knowledge, just the ability to evaluate the n'™ partial
sum. On the other hand, for the last series, the infinite sum can be found using power
series. This is why in this chapter you not only review and learn the necessary and
sufficient convergence theorems for numerical series but additionally you are
introduced convergence of functional series, such as power series and trigonometric
series.

Other methods of finding infinite sums for numerical series are taught, such as
method of power series, method of integration, and differentiation and Abel’s
method. Additionally, we demonstrate how convergence (divergence) of some
numerical series can be established using Maclaurin or Taylor expansions of
some known functions and vice versa.

You will learn that an infinite sum of conditionally convergent alternating series
depends on the order of terms, while the sum of absolutely convergent series does
not depend on how we group and add its terms. Application of power series to
solving differential equations, finding integrals or for approximation is also
discussed. You will understand why this or that series are better for estimation of
a given irrational number and that series convergence can be fast and slow. This is
why, for example, the famous alternating series 1 — 1/3 4 1/5 — 1/7 + ... converges
to % but is never used for approximation of z. Moreover, this chapter introduces you
to generating functions and how generating functions can be used to find the n™
term of a sequence given by recursion. Hence this chapter will be useful for students
studying calculus and their teachers.

Since many contest problems require knowledge of the topics mentioned above,
especially when you have to decide whether a series will have a limit to infinity, we
summarize important facts from mathematical analysis that will help you to handle
some challenging problems.

3.1 Numerical Series

o0

Consider the series Y u, = uy + up + uz + ... with its numerical terms and the
n=1

associated sequence of partial sums {S,}. Expressions of the type

(o)
Upy1 + Upio + ... = > u, representing numerical series are called the nh
k=n+1
o0 o0 o0
remainder of the series Y u; and are denoted by 7, = > Uyyp OF Fy = > Up.

k=1 k=1 n=k+1
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o0 n o0
For any convergent series, S = > uy = > uxy + >, up =S, + r,. Here S, is the
=1 k=1 k=n+1

oo
n'" partial sum of the series. In order series > u; to be convergent, it is necessary
k=1
and sufficient that any its remainder r,, be convergent. Obviously, if numerical
o0
series Y u; converges, the limit of partial sums exists, i.e., lim S, =S, then
k=1 =00

lim r, = 0. Thus, removing any finite number of terms does not influence the

n—oo

series convergence.

oo

We say that the series Y u, is convergent if and only if, a sequence {S,} is
n=1

convergent. The total sum of the series is the limit of the sequence {S,}, which we

00
denote by limS, = ) u,. Hence, the series convergence is related to the conver-

n—00 n=1
gence of a sequence. Many make mistakes by confusing the convergence of a
sequence of partial sums with the convergence of the sequence of numbers. There
are some steps you need to take:

1. For a series to be convergent, first, it must pass a necessary condition. The limit
of the n™ term must go to zero as n goes to infinity. Otherwise, the series
diverges.

2. If the limit of the n™ term is zero so the necessary condition is fulfilled, then the
series might converge, but not necessarily, and further investigation is important.

3.1.1 Necessary and Sufficient Convergence Conditions

Theorem 3.1 (Necessary condition for convergence of numerical series) If

o0
the series ) u; converges, then the limit of its common term at infinity
k=1
equals zero, i.e., lim u; = 0.
k—o00

The following statement is also true.

o0
Corollary 3.1 If series > u, is convergent, then lim u, = 0. If lim u, # 0

n=1 n—oo n—oo

or if this limit is undefined, then the series cannot converge, and it diverges.
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Example. Consider the following series: 5231 By checking that
p g 4—2n y g

n=1
lim u, = a”i;:{’ = —% # 0, we can be sure that the series is divergent.

n—oo

However, even if the necessary condition is fulfilled, it is not sufficient for us to
know that the series is convergent. We must further investigate using one of a
number of different theorems and principles.

Example. The well-known harmonic series 1 4 % + % + % +...+ % + ... 1is diver-
gent, even though it passes the necessary condition: lim u, = lim 1 = 0.

n—odo n—oo

3.1.2 Nonnegative Numerical Series

o0

The series Y ax, ax > 0 Vk € N, are called nonnegative numerical series. For
k=1

nonnegative series, the following properties are valid:

« Exchanging the terms, removal or adding of the finite number of terms of the
series does not influence its convergence or divergence;

o0 o0
» Ifseries Y a; and Y by converge and their sums equal S, and S, respectively,
k=1 k=1

then the series > (ax + by) also converges and > (ax + by) = S, + Sp.
k=1 k=1

» Series Y (ax + by) is called the sum of the series > ax and > by;
k=1 k=1 =1

 If series Y a; converges and its sum equals S, then Y a - g also converges and
k=1 k=1

o8] o0 o0
d>a-ap =a-S. Series a Y a; is called the product of series Y a; by a real

k=1 k=1 k=1
number «;

00
» If series ) a; converges, then any series obtained by grouping of its terms
k=1
without changing their order also converges and has the same sum as the original
series.

Let us apply these rules by considering the following problem now.

oo
Problem 101 Is the series > 21:;,? convergent or divergent? Find its sum
n=1

if exists.
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Solution. Because the n™ term of the series can be written as a, = 5,, + zn, then
the given series is the sum of two convergent infinite geometric series that is

convergent. The sum can be found as (1; ) + ﬁ = le +1= %.

Answer. Y ZE8 =3
n=1
The following theorem was stated and proved by Cauchy (Baron Augustine-
Louis Cauchy, 1789-1857, French mathematician) and this theorem allows us to

establish whether a series converges or diverges.

Theorem 3.2 (Cauchy Necessary and Sufficient Series Convergence

o0
Theorem) In order the series Y u, to be convergent, it is necessary and
n=1
sufficient that for any positive € > 0, there exists a number N = N(¢) such
that for any Van >N, Vpe N the following inequality is valid:
|un+1 + Upp + ...+ un+p| < &. This last sum of the terms of the series is

called the segment of length p.

o0
: : e 1,11 1 1
Consider the harmonic series: 1 + stztit+.ot,+- Z: o Each term,
¢, is the harmonic mean of its neighbors, @ and b because ¢ = 31’,’7 You can see that
1.1
¢ =, is between a =" and b =" and the following is true { = = j_ 2
2774

Let us prove that the series is divergent. Consider a segment of length p, such
thatn =p

1 1 1 1 1
un+l+un+2+~~~+un+p—n+1+n+2+n+3+~~-+n+p_1+n+p
1 1 1 1 1

:n—i—l+n—|—2+n—|—3+”'+n+n—1+n—|—n

It is obvious that k > — n+n, k=1,2,3, ... n—1. Therefore,
1 1 1 1 1 1,1 1 L, 11
n+1 + n+2 + n+3 +..ot n+n—1 +a n+n > n+n +m n+n + n+n +..ot n+n n-3,=3 SO

Uni1 + Unya + ...+ Upsp| > 3. Hence for e =1, the segment of length p=n
is appeared to be bigger than e. Therefore, harmonic series is divergent. Later
we prove divergence of harmonic series using comparison theorems.

Let us solve the following problem.

Problem 102 Is the series Z Zin
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Solution. Let us rewrite the n'™ term of the series as the sum of two other terms as

o0
a, =1+ 2 Now the given series is Y 2,122" Z + Z 7. Even the second
n=1 n=1

series is convergent (see Problem 31 solved earher) the first series (harmonic) is
divergent, therefore the entire given series will diverge.

3.1.2.1 Comparison Theorems. Criteria of Series Convergence

Comparison tests are something that comes naturally. Based on my own
experience, some students are able to compare the terms of the given series with
the other series, convergence or divergence of which they know. For example,

L < 1 , VneN, n>1. Given 1+ Z = 1 = S, then students make a con-

n n n—

clusion that ) n% < §. Similar ideas we have already used in solving Problem 67.
n=1

[o.¢] o0
In the following theorems we use two series: > u, and »_ v,.
n=1 n=1

Theorem 3.3 (Comparison Criterion) Let N be some integer N > 1.

o0 o0
If 0 < u, <v,foralln > N and ) v, converges, then > u, converges.

n=1 n=1

oo (o)
If0<v, <u,foralln >N and > v, diverges, then ) u, diverges.

n=1 n=1

Theorem 3.4 (Quotient Comparison Theorem) Let N be some integer N > 1.

o0 o0
If for the two series Y u, and Y v,, where u,,v, > 0 the inequality k <

n=1 n=1

% < KholdsVk > 0,K > 0, then both series behave the same way: Either both
are convergent or both are divergent.

Corollary 3.2 (Limit Comparison Corollary) If hm w = A, where A # 0 or

A # o0, then both series behave the same way: elther both convergent or both
divergent.
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In order to investigate whether or not series converge or diverge we use the
following standard series with known behavior:

o0
— Geometric series: >_ ar*~!, (a # 0), converges if || < 1 and diverges if || > 1;
k=1

o0
— Dirichlet generalized harmonic series: #, converges for p > 1 and diverges if
k=1
p<1l

The generalized series, called Dirichlet series, named later after Peter Gustav
Dirichlet (German mathematician, 1805—1859), got a lot of interest hundreds years
ago. Thus, Jakob Bernoulli (Swiss mathematician, 1654—1705) and many other
mathematicians of that time including his own brother, Johann Bernoulli
(1667-1748) knew that the series at p = 2 must converge, so that the infinite sum
> L =1+4+45+%&+... must have a limit. Leonhart Euler (Swiss mathemati-
n=1
cian, 1707-1786) who was a student of Johann Bernoulli, became immediately
famous when he solved this problem, 40 years after it was stated and found that the
sum of this infinite series is %2. Much of Euler’s genius lay in his ability to apply
new and creative approaches to existing problems. This was how he solved what
became known as the Basel Problem. The problem challenged mathematicians to
determine the exact value of the infinite series above. The question was originally
proposed by mathematician Pietro Mengoli in 1644.

The development of infinite series was a topic of much interest in the seven-
teenth and eighteenth centuries. Neither Leibniz nor Jakob Bernoulli was able to
determine the sum of this series, although the Bernoulli brothers were able to
determine that the upper bound of the summation was 2. Jacob did this by compar-
ing the series 1+ +3+ 1z + ... with a second series with a slightly different

denominator. This second series, 1+ ﬁ + ﬁ + ﬁ + ... can be rewritten as:
o0

1+ Zzﬁ’ a telescoping series, which Bernoulli knew to be convergent, with
=

the sum equal to 2. (Please show it yourself or look at the solution of Problem 50.)
Noticing that, after the first term, every term in the first series is less than every term
in the second series, Jakob Bernoulli concluded that the top series must converge
and its sum is less than 2.

Although the upper bound of the series was determined, Jakob Bernoulli still
could not find the sum and in 1689 he brought the unsolved problem to the attention
of the larger mathematical community. Forty five years later, in 1734, Euler

determined that > n% = %2 using a typically creative approach and his solution to
n=1

this problem made the 28 year old mathematician famous (see Dunham [16]). By

analogy, Euler also evaluated exact sums of an infinite Dirichlet series at p = 4 and

p = 6 and found the following:
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Finding exact sums of convergent infinite series is a challenging problem in many

o0
cases. For example, it is established that Dirichlet series, #, is convergent for
n=1
p > 1, however, there is no much success in finding infinite sums for odd values of
p. There is an obvious question: Can we find such infinite sums? Leonard Euler
attempted to find such sums but finally simply said, “The problem is very complex,”
which discouraged many mathematicians. Moreover, even now such sums are not
found.
Some methods of finding exact infinite sums for even powers of p will be
explained and demonstrated in Section 3.3. Let us see how the Comparison

Criterion, (Theorem 3.3) can be applied for a familiar harmonic series,

111 1 =N
oottt —F. =Y — 1
+otztg ot > (3.1)

n=1

The limit of the n'™ term is zero, so the series passes the Necessary Condition
(Theorem 3.1). However, the series is divergent. Let us prove that the limit of the
partial sums does not exist. First, we combine some terms together and then we try
to find the lower boundary for each group inside parentheses.

b () (2 D) (Bl ly ]
2 374 576 78
RS T T B

1 1 1
+ (§+1_0+H+E+1_3+Q+E+E> + ...

tytytyt 1t gt 1y
9710 1 12 131415 " 16 6 2 ¢

Therefore, the sums inside each parentheses are greater than %
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Next, consider the infinite series,

Samtilel L1
A T R I T T I

RIS I I L S
16 16 16 16 16 16 16 16

(3.2)

If we group the terms of this series in the same pattern as we used above, each group
after the first term will be equal to 7. Therefore, we can state that the sum of Eq. 3.1
is greater than the sum of Eq. 3.2. For (3.2) we can record the following partial
sums:

1
n:2k:52:1+§

Sp=S8,=1+2-

N = N =

Sy=S3=1+3-

1
Sy=Si=1+k 3

When k — o0, limSy = oo, the series of Eq. 3.2 is divergent, so by Theorem 3.3,
the series of Eq. 3.1 is divergent.

3.1.2.2 Sufficient Convergence Theorems

o0
In order series > u; with nonnegative terms to converge, it is necessary and
k=1
sufficient that the sequence of the partial sums {S,} for this series be bounded.
There are several series convergence theorems, the most important are D’ Alembert
Sufficient Convergence Theorem (Jean D’Alembert, French mathematician,
1717-1783) and the Cauchy Sufficient Convergence Test.

Theorem 3.5 (D’Alembert Sufficient Convergence Theorem) Let the series

o0
> uy, where u, > 0be given, and if starting from some 7™ term of the series,
n=1
the inequality ”;;—*‘ <M <1 holds, then the series is convergent. If

"1';—*‘ > M > 1, then the series is divergent.
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o0
Corollary 3.3 (D’Alembert Sufficient Ratio Test) Let for series > uy
k=1

(ux > 0) there exists the limit klim =L
—00

o0
If lim “ = [ < 1, then ) u, is convergent
p=G9 " n=1

o0
If lim “t = [ > 1, then ) u, is divergent

=00 n=1
If lim “ = 1, then it is inconclusive and additional investigation of the
n—oo

series would be needed.

Theorem 3.6 (Cauchy Convergence Sufficient Root Test) If for the series
o0

> uy (ug > 0) there exists klim ug= L, then:

k=1 =18

If L < 1, then the series is convergent.

If L > 1, then it is divergent.

It is inconclusive if L = 1. (Additional investigation of the series will be
needed.)

From the existence of the limit klim ”;:‘, it follows that there also exists the limit
—00
lim uy.
k—00
Remark. The converse statement is not always true because the Cauchy Root Test
is “stronger” than the D’ Alembert Ratio Test.

For infinite series where the antiderivative of the terms can be found, it is useful
to apply the Cauchy Integral Convergence Test.

Theorem 3.7 (Cauchy Integral Convergence Test)

o0

If the terms of > uy satisfy the inequality u; > up > uz > ... > u, > ...and
k=1

have type u; =f(k) where f{x) is nonnegative integrable function that

o]
is monotonically decreasing on the interval [l;+o00), then series Y u
k=1

and improper integral [ f(x)dx converge or diverge simultaneously.
1

In the case of convergence, the following inequality holds:
oo

[Fedx < 3 n < [ £ + 1.
1 n=1 1
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Note. Remember that if f fx)dx= hm j f(x)dx exists, then an improper integral

is convergent and if the hmlt atn — oo does not exist, then the integral is divergent.

If the Cauchy Integral Convergence Test is applicable, then it allows us to find
for convergent series the lower and upper boundary for the infinite sum. Let us see
an application of Theorem 3.7 by solving Problem 103.

Problem 103 For the following series:% 4F % + 11—5 + ﬁ + % + ....Find the n"™
term of the series. Investigate whether or not the given infinite series is
convergent or divergent. When you are making your statement, provide the
corresponding theorem that you used.

Solution. Notice that each denominator is a product of two natural numbers that

o0
differ by two. Thus, the sum can be written as >

n=

= 0. Applying the Cauchy Integral Test we can find

1 .. .
proae; ol The necessary condition is

satisfied, because hm ——

00 * +2n
that f(x) = ;=3 ()_1( - Flz) and that f f(x)dx =1 Therefore, the given
infinite series is convergent and their sum is bounded, 1"3 < Z n2+2n < HT +%.

n=1

Since the numbers within each denominator differ by two, we can evaluate this sum

1 = 1 = 1
n2+2n:§ Z ﬁiz:l w2 | SO
n=

n=1

exactly as Z

and lim S, = %. The series converges. Moreover, its sum is precisely between the
n—oo

lower and upper bounds given by Theorem 3.7.

In3
—<
7 =

W —

<ln3+
-2

NI

Answer. The series converges to %.

Here are some problems for practice. You need to decide which theorem to use.
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Problem 104 Given E up =3+14+34+34+ 84+ 04
n=1
a) Find the '™ term of the series.
b) Investigate whether or not the given infinite series is convergent or
divergent. When you are making your statement, provide the
corresponding theorem that you used.

Solution. Ignoring the first term, we notice that the numerator’ numbers differ by
4 and the denominator’s numbers differ by 3. This series will have the following n™

term: u, = ;‘Z:;. Note that the first term is also described by this formula.

a) The necessary condition does not hold, because lim S‘Z:g = ‘3—‘ #0.
n—oo

b) Therefore, the series diverges.

1 1 1 1 1
Problem 105 COS3 + €OS5 + COSg+ COS;+ COSys+ ...

a) Find the '™ term of the series.

b) Investigate whether or not the given infinite series is convergent or
divergent. When you are making your statement, provide the
corresponding theorem that you used.

Solution. This series can be written as  cosi+ cosi+ cosg+ cosis+

o0
_ 1
cos s + Z Uy = ) COS3..
n=1 n=1
a. The necessary condition does not hold, because

. 1 . L _ _
nILn;O COS5. = COs (nli»nc;lc 3n) =cos0=1#0.

b. Therefore, the series diverges.

o0
Problem 106 Investigate whether the series Y. (2\’}%)& is convergent or
n=1

divergent.
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Solution. Consider the D’ Alembert Sufficient Ratio Test (Corollary 3.3)

lim
n—oo Uy, n—00 (\/z)"+1 (2]’! - l)

(V2) @n—1)

Unil o 2r+1)—1) (\/E)” ~ lim 2n+1 1 _
- _n**DO o \/z

o0
: 1 2n—1
Since 7 < 1, then nE:I ( ﬁ)n converges.

Problem 107 Investigate whether the series is convergent or divergent

S ()™

Solution. Let us use Cauchy Convergence Sufficient Root Test (Theorem 3.6) by

n
3n—1

. . n 2n . 2 . .
evaluating lim 1/ (525)"'= lim (325) =4 < 1. The series is convergent.
n—oo n—oo N

o0
Problem 108 For the series ). —-. a) Investigate whether or not it is
n=3

convergent or divergent. b) If it is convergent then evaluate the partial sum
and its limit when n increases without bound.

Solution.
a. Let us use the Cauchy Integral Convergence Test (Theorem 3.7) to demonstrate
that the series is convergent. First, remember from our earlier work that

o0 o0 o0
_ 4_4) so that, dv 1| dx _ [ dx| _ IS
3 3

) 1 1
=47 (x=2)(x+2) ~ 4 (x—2 x+2 X>—4 7 4 x=2 3 x+2 4

Since the limit exists, the integral is convergent and the series is convergent

o0
and its infinite sum is bounded as % <>
n=3

InS 4 1
<bsil

1
n—4 —

b. Now let us look at the sum,




136 3 Series Convergence Theorems and Applications

Therefore, with many of the terms cancelling, we are left with

n=g|l4s+rty———— o=
S 4 +2+3+4 n—1 n n+1 n+2

limS—l 1+1+1+1 _®
n—oo ' 4 2 3 4) 4%

It is true that

1{1111111

In5 25 In5 1
i G G R
4 48~ 4 5
0.4022359 < 0.520833 < 0.602359

Answer. 25/48.

o
Remark. In order to prove that the series » ﬁ is convergent, we can compare it
n=3

o0

with convergent series . n% Considering Corollary 3.2, we obtain that
n=3

. . 2 . .
lim % = lim n{‘j = 1. Therefore, the series behaves the same, i.e., converge.
n—oo

n—o0 "

o0 o0
. . _ 1 .
Problem 109 Investigate whether or not the series Zlu,, = Zlm is
n= n=
convergent or divergent.
o0 o0
Solution. Consider an auxiliary series > v, = anz We can see that
n=1

n=1

0<u, =

o0 o0
1 1 _ : 1 1
73 < 7 = Vp. Since > 1”_2 converges then ) 73 converges. We have
n=

n=1
used the Comparison Criterion (Theorem 3.3) to prove convergence.
In order to investigate convergence of numerical series, we usually have to
evaluate limits at infinity, so often the well-known conditions of equivalence of
infinitesimals will be used:

1 1 1 1 1 1
sin (—) ~ =, tan (—) ~—, ln(l +—) ~—, (3.3)
n n n n n n

I 1 1 1
arcsin —~ —, arctan—~—, e —1~—, (3.4)
non non n
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The following formula is also very important to know:

n
Stirling’s Formula: n! ~ v2zn - (E> (3.5)
e
Additionally, we use the following limits:
. Inn . 1., .
lim —= =0 (p>0), lim(1+-)"=e, limyn=1. (3.6)
n—oo n—oo n n—oo

Problem 110 Is arcsinl + arcsin {4 arcsin 1 4 ... + arcsin 1 + ... conver-
gent or divergent?

Solution. Let Y~ u, = > arcsini, " v, = 3 1 By Corollary 3.2 and using the
n=1 n=1

first formula of Eq. 3.4, we have that lim f‘— = 1. Therefore, both series behave the
n—oo "

n=1 n=1

same, and hence it is divergent as harmonic series.

Problem 111 Using the Cauchy Integral Convergence Test prove that the

0

. 1 .

SE€TrICS E l o 1S convergent.
n=

Proof. Common term of this series is u, = ﬁ = f(n). Replacing n by x, we
obtain functionf(x) = X,%r] This function satisfies the condition of the Cauchy Inte-

gral Convergence Test (Theorem 3.7) because it is positive and monotonically
decreasing as x increasing. Evaluate the improper integral,

T T
44

(SR}

+oo
dx +00 .
5 = arctan x = lim arctanx — arctan 1 =
x2+1 1 X—+00
1

Since it converges, the series also converges. Additionally, we could obtain the

o0
lower and upper boundary for the infinite sum,Z < 21 n21+1 <i+ %, and to obtain its
n=

[o.¢]
approximation as 0.785398 < »° n2£rl < 1.2854.
n=1
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Remark. Convergence of this series can be proven with the use of Comparison

o0
Criterion (Theorem 3.3) and by comparing this series with Dirichlet series nlz,
n=1

that is convergent at p =2 > 1. Since u, <v, = niz, then the given series is

_ 1
T 2+l
convergent. Further, using the Comparison Criterion, we also can obtain
o

1 12
;m < nz::l”—z =%~ 1.6449.
Obviously, the Cauchy Integral Convergence Test gives us a better upper bound
approximation for the infinite sum.

o0
Problem 112 Is the series 21 2"—;, convergent or divergent?
=

Solution. In order to apply the D’Alembert Sufficient Ratio Test, we find that the
common term of the series is u, = ﬁ Replacing n by (n+1) we obtain
(n+1)"""! (41" 2"t (1)

— O — 1, 1\" :
Unil = FoT Gy Next, we find: == = P ) e = 2w =2 (1+14)". Using
. . . n
the second formula of Eq. 3.6, we obtain lim “: =1 lim (1 +1)" = £ However,
n—oo n n—oo

e > 2, then £ > 1, so by the D’ Alembert Sufficient Ratio Test the series diverges.

3.1.2.3 Gauss and Dirichlet Convergence Theorems

Next, we discuss what can be done if both D’ Alembert Ratio and Cauchy Conver-
gence Sufficient Root Test are inconclusive and the Cauchy Integral test cannot be
applied. How can we determine if a given series converges or diverges? Suppose
that the limit as n approaches infinity of the ratio of the (n + 1)* to the n™ terms
equals one. Then the ratio test is inconclusive. In these cases Gauss proposed a ratio
test of preceding to following consecutive terms.

Theorem 3.8 (Gauss’s Convergence Theorem). Consider series
ay+a+...+a,+ap1+ ...,
a Y
" _) + H + _;’
An+1 n o n
(bounded value).

where A, y are constants and |v,| <M

(o)
The series Y a, is convergentif A > 1lord=1, y > 1.

n=1

The series Y a, is divergentif A < lorA=1, u < 1.

n=1



3.1 Numerical Series 139

Gauss’s Convergence Theorem is very useful if other tests do not allow us to
make a conclusion regarding series convergence. Let us demonstrate its application
by solving the following problem.

& 13:57...-(2n=1)) ?
Problem 113 The series 3. a, is defined by a, = (5ot) s i
n=

convergent?

Solution. First, we try applying the ratio test (Corollary 3.3):

) 2n+1\° 4n* +4n + 1
lim Gntl = lim nt = lim R tant = 1. The limit is one, so the
n—oo 4n2 + 8n + 4

n—oo dy, n—oo \2n + 2
ratio test is inconclusive. Let us consider the reciprocal of this ratio and apply
a 4 +8n+4 1+2+1L 1 v
Gauss principle, —— = 5 ronta T ”12 =1+-+ —Z We can see that
Ap+1 4n* 4+ 4n+1 1+E+m n n

A =1, u =1 < 1. Therefore, the series diverges.

If @, > 0 then it is often useful to use a different form of Gauss’s Convergence
Theorem (Corollary 3.4).

Corollary 3.4 (Gauss) If @, > 0 and there exists a number £ > 0, such that

s 1
a+1:1+%—|—0( >,n—>oo, (3.7)

an nlte

oo
then the series > a, converges if 4 < —1 and it diverges if p > —1.

n=1

Gauss’s Convergence Theorem considers the case where lim “ = |

n—oo “n
(D’Alembert’s ratio test is inconclusive) and compares a sequence {a,} with the
sequence {n *}. Basically, this test compares the given series with a geometric
progression. (= 1).

Corollary 3.5 (Dirichlet) Ifa, > 0and there exist two numbers p and C > 0,
such that

anwn—, n— oo, (3.8)

o0
then > a, converges if p > 1, and diverges if p < 1.

n=1
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o0
We apply this property when we can compare series with Dirichlet series | - .

n=1
The question is when and how we use one of these two tests. The answer depends on
which of two comparisons, Eq. 3.7 or Eq. 3.8 is easier to obtain.

Let us practice by solving the following problems.

-~ convergent or divergent?

2 ()
Problem 114 Is the series >, —2
n=1

Solution. Using the first formula of Eq. 3.3 for a sine function with
sin (%) ~E = a, ~Er, n— 00, Then using Eq. 3.8, we can state that the series
will converge if p >0 (p+ 1> 1) and diverge if p <0 (p+ 1 < 1).

o
Problem 115 Is the series Y ,’l’,iip convergent or divergent?
n=1

Solution. Let us apply Corollary 3.4 for the ratio of two consecutive terms:

apy1 (n+ D)le" 1 ptr

an  (n+1)"TP T plen

nttr 1 P
= e = e
(n+1)"? 1+1

—(n 1/1 1
T R SV PR CARPES

Above we used a binomial distribution. Since y = — p, then if p >3 then the
given series is convergent and if p < % by Gauss’s Convergence Theorem.

In particular, necessary representation can be obtained by using Eq. 3.6
and applying Taylor’s formula, which we practice in Section 3.2.2.

3.1.3 Alternating Series

In this Section, the following important topics will be discussed:

« Alternating Series. Leibniz Convergence Theorem

» Absolutely and conditionally convergent series

e Abel’s and Dirichlet’s Convergence Theorems

e The error of estimation of an infinite sum by a finite sum
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The alternating series is a series in which all terms alternate by sign,
00
> (—l)kflak =a—a+az—az+ ...+ (—1)k71ak + ..., where a; are num-
k=1

n+1
bers of the same sign. For example, 1 — % + % — i +...4 (71”) + ... is an alter-

nating Leibniz series.

3.1.3.1 Leibniz Criteria for Alternating Series

Theorem 3.9 (Leibniz Theorem) Let all terms of the alternating series

o0

S (=1)" ', where a; > 0 satisfy the conditions:
k=1

1) ap > Ajr1 Vk € N;

2) klim ar =0,

o0
then the series Y (—1)]{7161]( converges and its sum S is less than or equal
k=1
to the first term, i.e., S < a;.

Series, satisfying the condition of Theorem 3.9 are called Leibniz series. Leibniz
was a German mathematician (1646—1716), together with Issac Newton, he is often
called a founder of mathematical analysis.

The remainder r, = (—1)"(@,11 — @y + . ..) of the Leibniz series satisfies the
inequality |r,| < ay41. Therefore, if we approximate the sum of convergent alter-
nating series by a partial sum, then the value of the error will not exceed the
absolute value of the first dropped term, |a, | and will have its sign.

If all terms of an alternating series

Y (-)'"ay=ar—ar+...+(-1)"ay+... (a,>0) (3.9)

n=1

1. Are monotonically decreasing by absolute value, a,11 < a,(n =1, 2, 3, ...)

2. Approach zero, i.e., lim a, = 0, the series of Eq. 3.9 is convergent, its sum S is
n—oo

positive and does not exceed the first term of the series, 0 < § < a;.

Alternatively, if the alternating series starts from a negative term,
—ay+a; —az+...(a, > 0), and for this series the conditions 1) and 2) of the
Leibniz Theorem are valid, then this series is convergent, its sum S is negative and it
satisfies the inequality, —a; < § < 0.
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Let us solve the following problem.

Problem 116 Investigate whether or not the following series is convergent

o
or divergent > (—1)"*" - (1 +1)".
n=1

Solution. This series is alternating. The value of the common term is
ay = (1+1)". Let us find the limit of the n™ term to infinity (see Eq. 3.6):

lim @, = lim (1+1)" = e. Because the limit of the common term does not
n—oo n—o0

approach zero, then the series diverges (the necessary condition is not fulfilled).

3.1.3.2 Absolutely and Conditionally Convergent Alternating Series

Convergent alternating series can be either absolutely or conditionally convergent.

o0
Definition. The series > a; is absolutely convergent, if the series with
k=1

o

nonnegative terms Y |a| is convergent. If the series absolutely convergent,
k=1

then it is convergent.

The converse statement, in general, is not true. Absolutely convergent series
have the following properties:

o0 00 00
« if the series ) a; is absolutely convergent and > a; =S, > |ax| = Z, then
k=1 =1 k=1

IS| < %5

o0 (o)
« if the series ) a; and ) by are absolutely convergent, then for any a and f, the
k=1 =1

o0
series » (aay + fby) is absolutely convergent;
k=1

o8
« if the series ) a; is absolutely convergent, the series made from the same terms
k=1
taken in a different order is also absolutely convergent and its sum equals the
sum of the original series.
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Example 3. Consider the following alternating series:

111
1->+

stp gt (3.10)

Let make a series from this one by interchanging neighboring members of the
series:

1 1 1

— 4l —=+=—... 3.11
2 + 23 + 22 ( )
Because the series made of the absolute values of the original series,
o0
Yy =143+35+5+- =1 =2 converges as a geometric series, then the
n=0 2

original series of Eq. 3.10 is absolutely convergent and its sum equals
S = ﬁ = % Hence, the series of Eq. 3.11 obtained by interchanging terms of
—\72

Eq. 3.10 will converge as well to the same sum, 2/3.

o0 [o.¢]
« If the series Y a; and > by absolutely convergent, the series made from all
k=1 k=1
possible paired product a;b,, of terms of these series, in any order, is also
absolutely convergent.

The last statement can be reformulated as follows:

o0 o0
Theorem 3.10 Let series Y, a; and > by be absolutely convergent and
k=1 k=1

o0 o0
converge to the sums, S, and Sj, respectively. Then a new series > ay - > b

k=1 k=1
containing all possible pair products a;b,, is also absolutely convergent and
its sum equals S = S, - Sp.

This theorem is a very important theorem and it means that absolute convergent
series can be multiplied term by term. Because in an absolute convergent series any
terms can be added and combined in any way, then we can rewrite the product of
two series as

Zak-Zbk =ay -by + (a1by + axb1) + (a1bs + axby + asby) + . ..
k=1 k=1

(3.12)
+ (alb,, +ab,_1 + ... —|—a,,b1) —+ ...

=85=35,Sp.

As it follows from other properties of alternating series that only absolute conver-
gent series have all properties of finite sums.
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o0

oo o0 o0
Problem 117 Given > a, = ) 3"%1, S b, = Z 3,1 : Find the product

n=1 n=1 n=1 =
of two series. It is convergent or divergent?

Solution. Because both series are absolutely convergent, then the product of two

series will be also absolutely convergent and Theorem 3.10 can be applied.

We multiply the series using Eq. 3.12. Here ay = 1, ay =5, ..., a1 = 37 are

terms of the first series and by =1, b, = —_%, ceey by = ( 3,1,)7 Let us find

several products needed for Eq. 3.12:
ab=1

1 1
arby + axb; :1<—§> +§-1:0

1 1 1 1 1
aibs + axby + azby =1'?+§' (—g) +3—2-1=?

1 11 1 1 1
aiby + axbs + azby + asby = 1( 33) +§'¥+?- <—§> —|—¥-1=0

Next, we calculate
(albn + (12]),171 +--+ a”,1b2 + anbl)

n— 1 1 n— 1 1 1 1
=1-(-1) ‘—+§~( | D ~-+3H~(3>+3nl~1

3n71 3}12
(_1)1‘1—1 (_1)1‘1—2 1 1
= T T T T
0, if n =2k
= 1 . k € N.
T if n=2k—1
Zak-Zbk::1+0+¥+0+...+F+0
1 1 1 1 <1
=14+=+—= + sttt = P
32 34 32 2 ;32 2°
19
=—1-g
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o0
On the other hand, S, :];akzl—i—%—i—%—k... :1%%:%, Sb:ﬁ%:% SO
S0-8s =314
Answer. 9/8.
00 .
Problem 118 Prove that the series ) | “% is absolutely convergent.
n=1
Proof. Consider the series:
o | - . . .
|sinn| |sin 1| |sin 2| | sin 7|
= + 4.+ + ... 3.13
; n3 I 23 n3 (3.13)

Since Isin 1l < 1, then each term of Eq. 3.13 does not exceed the corresponding term
of the following series

1 1
Z—%=—+—+...+$+... (3.14)

1
The series of Eq. 3.14 is a Dirichlet series of type g — where p=3. Since p > 1,
n
n=1

the series of Eq. 3.14 is convergent. By Theorem 3.3, series of Eq. 3.13 is also
convergent. Then, by the absolute convergence theorem, the given alternating
series is absolutely convergent.

(o) oo
Definition. Series > ay is called conditionally convergent, if series »  a;
k=1 k=1

o0
converges, but the series > || diverges.
k=1

Example. The series Y. (—1’1_)’*‘ 1Al (=D)L s called

n=1
Leibniz and is convergent by the Leibniz Theorem. On the other hand, its

o0
. . 1 o 1 1 l . .
corresponding absolute value series, 2:1 s=1+4+5+3+...+,+... is divergent
n=
(harmonic series). Therefore, the Leibniz series is conditionally convergent series.
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n+l
o™ (p > 0) is an alternating series. If p > 0t satisfies

nP

oo
Example. The series )

n=1
the Leibniz Theorem, i.e.

S
2 i =0
and, hence, it is convergent. If we replace all its terms by their absolute values, we
obtain the Dirichlet series,

ini,, (3.15)

n=1

which is convergent for p > 1 and divergent for p < 1. Therefore, the series
of Eq. 3.15 is absolutely convergent for p > 1 and conditionally convergent for
O0<p<1.

o0
For the series ). a; denote by af, a5, ..., a,... and aj, a;, ..., ai, ...
=1

respectively, its nonnegative and negative terms taken in the same order, in which

[o.¢] (o @] o0 o0
. . . . " _ .
they are in the series 1;71 ay. Consider the series kgl a and kél a:. If the series 1;71 ay

00 o8
conditionally converges, then both series ) @ and ) a_ are divergent.

k=1 k=1
o] n+1
Example. Consider a familiar Leibniz series, Z} % =1- % + % — ...+
P
(—=1)"*! -14 ... For this conditionally convergent series, we have i a=1+
N k=1
I+i4+i+ . +55+.  and Y a =—f-1—-4i—... —5— ... which are

k=1
both divergent.

Earlier we have learned that interchanging the order of the terms of an absolutely
convergent alternating series does not change the series sum. This fact is not true for
a conditionally convergent series and the sum of the series will depend on the order
of its terms!

Example. Consider conditionally convergent Leibniz series again and denote its
sum by S,

1 1 1 1 1 a1l
S_1—§+§—Z+§—g+“.+p4) ;+”. (3.16)

Next, let us change the order of the terms in the infinite sum, in such a way that a
positive term will follow by two negative terms:
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(-
() ) b e

and evaluated as

N =
A=
N———
N\
[OSN
O\ | —
OO | =
N———
_|_
N
N | =—
5._.
;._.
N——
_|_

1 1
1 61 1 1 1 1 1

We can see that after interchanging the order of terms in the series of Eq. 3.16, we
obtained the series of Eq. 3.17, the sum of which decreased by half!

Can we increase the sum of infinite series of Eq. 3.16 by rearranging its term
differently? The answer is “Yes.” For example, we can rearrange the terms of
Eq. 3.16 in such a way that two positive terms will follow one negative and so on
and this series will have a larger sum, - 2, than the original series of Eq. 3.16, i.e.,
(+5=)+G+i=P+G+d-P+.. =38

Let us prove that the sum on the left is 3/2 of the Leibniz sum (Eq. 3.16). The
left-hand side can be rewritten as

(b Y (L

2 3 4 2 4 2 5 6 7 8 6 8 4
1 1 1 1 1 1 1

+<910+112+{10+126})+

Next, we separately add all the terms inside all parentheses and all the terms inside
all braces and obtain:

114_11+
2 3 4

11
56
TS T S B
+{4+6 8+E_E+“}

Denoting the Leibniz infinite sum inside parentheses by S, let us express the sum
inside braces in terms of S:
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1/1 1 1 1 1
S+§(§+§—Z+§—g+...)
s+1(11+11+11+...>

2 2 3 4 5 6

1
=S+55=3-5.

N W

This completes the proof.

The German mathematician Bernhard Riemann (1826-1866) proved that the
sum of conditionally convergent series depends on the order of the terms and that by
rearranging terms of a conditionally convergent series, the sum of the new series
can become equal to any a priory given number. Changing the order of the terms
can change the sum. Moreover, some rearrangements will lead to a divergent
alternating series.

The following statement is valid.

o0

Theorem 3.11 (Riemann) If the series > @ is conditionally convergent,
k=1

then for any real number S, its terms can be rearranged in such a way that the

sum of the obtained series will be S.

3.1.3.3 Convergence of Series Formed by the Product of Terms

If the n'™ term of a series can be represented as a product of the common terms of
o0

two other series, i.e., > a;b; then the following statements are true:
k=1

Theorem 3.12 (Dirichlet Theorem) Let for series Y axb; the following be
k=1
true:

1. The sequence {a;} is monotonic and klim a, =0
—00
2. The sequence of the sums {B,},B, = by + by + ... + b,, is bounded, i.e.,

AM >0VneN (|B,,|: S by gM),
k=1

o0
then the series ) ayb; converges.
k=1

Let us see how Theorem 3.12 can be used by solving the next problem.
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o) . .
Problem 119 Investigate convergence of the series: » S"‘”Ts"‘"z
n=1

Solution. Leta, = %, b, = sinn - sinn?. It is clear that the first sequence {a,} is
monotonically decreasing and approaching zero. Applying formula of the product
of two sines to the common term of the second sequence, we obtain

sink - sin & :%(cos (k2 —k) — cos (k2 —|—k)), then

B,= ;sink- sin k> :%(;cos (k* — k) — cos (K +k)>

Z%(COSO— cos2 4 cos2 — cos6 + ...+ cos (n* —n) — cos (n* + n))

= %(l — cos (n* +n)).

o) . .
Because |B,| = [}(1 — cos (> +n))| <1 Vn € N, then the series Y sinzsini jg
n=1

convergent.

o0

Theorem 3.13 (Abel’s Theorem) For series Y axby, let the following be
k=1

true:

1. The sequence {a;} is bounded and monotonic,

o0
2. The series > by converges.
k=1

o0
Then the series Y, aiby converges.
k=1

Using Abel’s Theorem, let us solve the following problem.

. . & (3+2cosE
Problem 120 Investigate convergence of the series > %.

n=1

Solution. Note that sequence a, = {3 +2cos £} is bounded and monotonic and

o0 o0 o0
- _ 1 1 ;
the series Y b, = nZ::l s < > i converges. Hence, by Abel’s Theorem the

n=1 n=1 "°

given series is convergent.
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In order to solve next problem, we need to recall the inequality between an
arithmetic and geometric means.

o o0
Problem 121 Given > a2 and Y bﬁ are convergent series. Prove that the

n=1 n=1

o0
series, Y a,b, is absolutely convergent.
n=1

. X (a2+b2) . . . . .
Proof. Obviously, > M is convergent. Using the inequality between arith-
n=1

by <% +b" Vn € N, we can see that an absolute

metic and geometric mean,

value of each term of the series Z |a,b,| does not exceed the corresponding term of
n=1

(” ) Therefore, by the Comparison Criterion (Theorem 3.3), the series

a,,b is absolutely convergent.

3.1.3.4 An Error of Estimation of an Infinite Sum by a Partial Sum

The following corollary from Leibniz’s Theorem (Theorem 3.9) allows us to
estimate an infinite sum of alternating series by the sum of its first several terms.

Corollary 3.6 If the sum of the Leibniz series, S, is replaced by the sum of
the first n terms (S,,) of the series, then absolute error |r,| does not exceed the
absolute value of the first of the dropped terms: |r,| < |@,41]-

The sign of the error (r,,) coincides with the sign of the first dropped term. Here
rm=S8-—25,.
Let us apply this corollary by solving the problems below.

&)

Problem 122 How many terms of the series > (—1)""' L=
n=1

- % 4 3% - 41—3 4 (_n_i) + ... are needed in order to estimate the sum

of the series with accuracy of 0.001?

Solution. This is an alternating series satisfying the Leibniz Theorem. Moreover,
the corresponding positive series is convergent as Dirichlet series with p = 3, i.e.,
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Table 3.1 Numerical series Necessary Condition

convergence criteria Positive numerical series | Alternating numerical series
Comparison Theorems Leibniz Theorem
D’Alembert Ratio Test Absolute Convergence Theorem
Cauchy Root Test Riemann Theorem
Cauchy Integral Test Dirichlet Theorem
Gauss or Dirichlet Test Abel’s Theorem

1> 2—13 > 3% > 4% > HILIEO n% = 0. Hence, the given series is absolutely conver-

gent. In order to calculate the sum of this series with the specified accuracy, it is
necessary to find such a term, the absolute value of which is less than 0.001, i.e.,
n—13 < 0.001 or #n* > 1000, or n > 10. Hence, we need to add 10 the first terms of the
series. Since aj; = # < 0.001, we obtain the following error estimate:

[r10] < a1 < 0.001.

Answer. We need to add the first ten terms of the series.

(_l)n+l _ 1

n

o0
Problem 123 Find an error of estimation the sum of series
n=1

14l 4+ (—1)'”rl ~%+ ... by the sum of its first three terms.

Solution. The Leibniz series is conditionally convergent because
|ant1] < |as|, lim a, = 0. We have that
n—o0
S3=1—4+1=3 The error of such estimation must satisfy |error| < |1

=1=10.25 and the sign of the error is negative so as its fourth term a4 = —

(the first term of the series that was dropped).

Finally, let us summarize the most important convergence theorems for numer-
ical series in Table 3.1.

3.2 Functional Series

The series

iun(x):ul(x)—|—u2(x)—0—...—|—un(x)+... (3.18)

n=1

is called functional series if all its terms are functions of independent variable x. At
each fixed value of x = xo the functional series of Eq. 3.18 becomes numerical
series
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o0

Zun(xo) =uy(xo) + ua(xo) + ... + tn(x0) + . .. (3.19)

n=1

The question usually is not whether the series converges but for which value
of x it converges. If series of Eq. 3.19 converge, then x, is the convergence
point of the series of Eq. 3.18. The set of all convergence points x of
functional series of Eq. 3.18 is called the convergence interval and the function
S(x) = lim S,(x) = im > uz(x) is called the sum of the given series. The
n—oo n—oo k=1
function r,(x) = S(x) — S,(x) is called the remainder of the series of Eq. 3.19.
If the series of Eq. 3.19 diverges, then the value x, is called the point of
divergence of the series.
There are two types of functional series:

o0
1. Power series represented by Y a,x", where each term is a multiple of x.
n=0

(o)
2. Trigonometric series that can be represented by ag + > (a, sinnx + b, cos nx),

n=1
where each term is a constant multiple of sine and cosine.

In the simplest cases, to determine the region of convergence of the series of
Eq. 3.19, the known criteria of convergence of numerical series, assuming that x is
fixed can be applied. While power series are known to be well-behaved, trigono-
metric series behave unpredictably most of the time. Please recall Problem 70 of
Chapter 2. By proving the relationship, we actually find the n™ partial sum of the
series, that is,

sin 2 . sin UEL
S, = sinx + sin2x + sin3x + ... + sinny = %
3

(o)
Assume now that we have the corresponding infinite sum Y sinznx. Does the
n=1
following limit exist?
sin % - sin T
lim S,(x) = lim —2———2%—
n—00 n—o0 s]nz,

Applying the formula for the product of two sines, which also can be found in the
solution of Problem 70, we can rewrite the right hand side as

X (2n+1)x
35— 1 2 1
lim $,(x) = Tim SS27CS T 1 <n+ .X>

n—00 n—00 sin% 2 mnj n—00

The infinite series diverges. Below we focus only on power series.
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3.2.1 Power Series

In this section, we discuss the following important topics:

¢ Definition of power series, Abel’s theorem
« Convergence of a power series
e Properties of convergent power series

Definition. Series of type, ao+aj(x —xo) + ...+ ap(x — xo)k N —

o0

k . .
> ap(x — xp)", are called power series of (x — xg). Here a;, xo — are given
k=0
real numbers, x — independent variable. Numbers a are called coefficients of
power series.

o0
At xop = 0 we have power series in x: ag +ajx + ...+ ax¥+ ... = > apx®.
k=0

o0
Because the replacement of x — xo = & for series Y a;(x — xo)]‘ can reduce it to the
k=0

00
series > ar&*, then without loss of generality we can consider only the series
k=0

o0 o)

3" aix*. The power series > a;x* is always convergent at point x = 0; at x # 0
k=0 k=0

the power series can either converge or diverge.

o0

Theorem 3.14 (Abel’s Theorem) If power series > a;x* converges at point
k=0

Xo # 0, then it is absolutely convergent on the interval —|xo| < x < |xo|. If at

o0

pointx; # 0, the power series > a;x* diverges, then it diverges at all points x,
k=0

such that |x| > |x].

Proof. Abel, Niels Henrik, Norwegian mathematician, 1802—-1829.

(o)

Part 1. Assume that the series Y. @;x* converges at point xo = f # 0, i.e.,
k=0

oo

> aft =ao+aifp+af? + ... +a,p" + ... converges, then by Theorem 3.1,
k=0

lima, " = 0, and there exists a number M, such that |a,"| <M, n=0,1,2, ...

n—00

because the sequence is bounded. Consider now the following series
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|ao| + [a1x| + |Cl2x2| + |a3x3| +.oo a4

Clearly, if |x| < f, then for the n™ term of the series the following is true
n
|an,x"| < |anp"| , <1

n
<M‘f
p

’x X
p p
Then all the terms of the series of the absolute values of the power series are also
similarly bounded and we have the following true inequlities:

|(10‘ <M

s < M

ax -

p

|a2x2| <M“[—§2

n

la.x"| < M

x
p

Adding the left and right sides of the inequalities, we obtain

o0

S janx"| < M(l + 5+ P4+ FI"+..) = %which converges by The-
n=0 yikd
orem 3.2 because the expression inside parentheses is decreasing infinite geometric

o0
series with the known sum. Hence, Y a;x* will absolutely converge.
k=0

o0
Part 2. Assume that the numerical series > ;" = ag + a1fp + axf* + ... + a,f"
k=0

o0
+... diverges at x = f3 # 0, but the power series Y a;x* converges for |x| > f.
k=0
Convergence of the power series would lead to the convergence of the numerical
series, which is a contradiction. The proof is complete.

00
It follows from Abel’s Theorem that if the power series > a;x* diverges at least
k=0
at one point x # 0, then there always exists a number R > 0, such that the power
series converges absolutely for all x € (—R;R) and diverges for all
x € (—o0; —R) U (R; +00).
The number R > 0 is called the radius of convergence of the power series

o0
3" @k, if the power series converges at each point of the interval (—R;R) and
k=0

diverges for |x| > R. The interval (—R; R) is called the convergence interval. At the
8]

end of the interval, x = R, the series ) apx* can be as convergent as divergent. If
k=0
the series converges at least at one point.x; = R orx, = —R, then these points along

(together) with the convergence interval form convergence range.
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o0
If the series Y a;x* converges only at one pointx = 0, thenR = 0; if it converges
k=0

for all x € R, then R = oc. Let for the coefficients of the series apx*, the limit
k=0

klim v/ |ax|# O exists, then the convergence radius can be found by the Cauchy-
—00

Hadamard formula: R = —L—. By analogy, if the limit, lim |%| = [ exists,
lim \k/ || y 24 k—oo | %
k—o00
then R = 1 = lim |-%| is the radius of convergence.
L k—oo |+
o0
For the power series of a general type 3 ax(x — xo)* there exists R € R, R > 0,
k=0

such that this series converges absolutely for |x—xo| <R and diverges for
|x — xo| > R. Here the numberR > 0Ois called the convergence radius, and the inter-
val (xp — R;xo + R) is the convergence interval of the power series.

o0
Power Series > a;x* have the following properties:
k=0

« if the radius of convergence of a power series is different from zero, then its sum
is continuous on the interval of convergence (—R;R);

« operation of term by term differentiation and integration on any interval [xo;x]
C (—R;R) of power series does not change its radius of convergence;

« if the radius of convergence of a power series is different from zero, then the
power series can be differentiated term by term on the interval of convergence;

e power series can be integrated term by term on any interval [xg; x] contained in
the interval of convergence.

o If limits of integration a, f belong to the convergence interval of the power
series, then definite integral of the series with these limits equal the sum of
integrals of the terms of this series. The interval of convergence is the same.

Let S(x) = ap + a1x + axx* + ... + a,x" + ... be power series with interval of
convergence (—R, R). The derivative series ¢(x) = a; + 2axx + 3azx* + ... + na,

x"~1 + ... converges on the same interval |x| < R and its sum ¢(x) = §'(x) = %&").

A simplest power series is a geometric series, 1 +x+x>+...+x"+ ... It is
convergent at |x| < 1. Hence, for the given series the radius of convergence is R =1,
and the convergence interval is (—1, 1). The sum of this series is S(x) = l—lx For
function S(x) =+ we  have the following  expansion,
L =1+4x+x+...+x"+... (x| <1). Differentiating both sides of it, we

obtainﬁ:1+2x+3x2+4x3+... (Jx] < 1).

Problem 124 Find the radius and convergence interval of the power series

n

Nk
Sl

3
Il
i
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An

Solution. Applying the formula for the convergence radius, lim

n—oo |4n+1
. ] . _ _ . . .
nll»nolc ik n+1 ’ = hm (n+ 1) = co. R =00, it means that the series is convergent
for all x, in (—oo, +oo). Further, notice that from it follows from the series
convergence that lim # = 0 for all real x.
n—oo °

o0
Problem 125 Find convergence interval of power series: » Z—"!x”.
n=1

Solution. We find the radius of convergence using the D’Alembert Ratio Test,

ol . . L.
R = lim Lﬂ = lim —2H—— =1 Therefore, this series is convergent on
n—oo nl(n+l) n—00 (1+;) ((n+1) €

the interval —1 <x< l . Let us investigate convergence at the ends of the interval:

1. At the left end, x = —- the series Z (—é) " becomes an alternating series.

n=1

The absolute value of its common term equals -7— and using Stirling’s Formula

n

I~/ (2 1
(Eq. 3.5),n! 2zn (F) , it is equivalent at n — oo to Vi@ Von —0

By the Leibniz Theorem, this series is convergent at the left end of the conver-
gence interval.
2. Letus check for convergence of this series at the other end. At x = %this series

formula and the Comparison Criterion (The-

Vl,
n= l

orem 3.3), we have q, " 11

—__n — —_1
Tt T () e Va2 T Vaz
Dirichlet type series with p = %, then the given series is divergent at x = %
Therefore, the interval [—%; é) is the maximal convergence interval for the

given series.

-—L>. Since this is a
n

Remark. We can find the interval of absolute convergence of a functional series
by directly applying either the D’Alembert Ratio Test or the Cauchy Root Test.

=L(x)or

Consider the series, 3 [u,(x)] = [u1 (X)] + |uz(x)] + . . .. Let lim |“z=1&)
n—oo

up(x
= (x)

lim {/|u,(x)|= L(x). By solving the inequality L(x) < 1 or L(x) > I, we can find

n—oo

the convergence or divergence interval for the series, respectively.

Problem 126 Find convergence radius of the series » (=4
n=1
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A X (- . (»)(74)77%»1”'371 .
Solution. For the series Z - 3n we evaluate nlglgo I
’}erolc g)((ni)l) il 4‘ < 1. Solving the inequality |x — 4| < 3, we find the conver-

gence interval as 1 < x < 7. Next, we check the series’ behavior at the ends of the

interval. Atx = 1 the series becomes Z CEU' 1 eibniz series and it is conditionally
n=1

o0
convergent. At x =7 the series becomes Z% i.e., the harmonic series and is
divergent.

Answer. The series is convergent for all x € [1,7).

3.2.2 Taylor and Maclaurin Series

In this section, you will learn or review the following topics:

» Expansion of functions in power series
« Expansion of elementary functions in Maclaurin series
* Applications of power series

Many functions can be written as infinite power series using the expansion of
Taylor or Maclaurin. The Taylor series represents a function as an infinite sum
calculated from the values of its derivatives at a point. The Taylor series was
introduced by the British mathematician Brook Taylor in 1715. A Taylor series
that is based at x = O is called a Maclaurin series, named for the Scottish mathe-
matician Colin Maclaurin. In order to approximate a function one can use a finite
number of terms of the series.

Let the function f{(x) have derivatives of any order in the neighborhood of a. Then

the series, f(a) +f'(a)(x — a) +f/2(f> (x—a)’+... +%(x —a)f 4 ... is called
the Taylor series of the function f(x) atx = a. The convergence radius R of the series

(k) . . .
> f k!(“) (x— a)k can be either zero, or different from zero; moreover, in the latter

case the sum S(x) of Taylor Series can be different from f(x). It is important to
[o.¢]

determine when in the formula, f(x) ~ ]% (x — a)k an equal sign is allowed, i.e.,
k=0

when the Taylor series converges to a function f{x). If S(x) = f(x) on (a — R; a + R),
then we say that function f{x) can be expanded in a Taylor series in the neighborhood

of a. Partial sums of Taylor series, S, (x) = f(a) +f'(a)(x — a)+ fz—(f') (x—a)+...
+f(”)(a) (x _

n! a)" are Taylor’s polynomials of f(x) at a.
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Theorem 3.15 (Taylor) If a function f{x) has in the neighborhood
(xo — R;x0 +R) of point xp derivatives of any order and

Vx € (xo — R;xo +R) the condition |f(k)(x)} <ME k=0,1,2, ... is
valid, then on (xo — R;xp + R) function f(x) can be expanded uniquely:

F&) = F(xo) +F/(x0) (x — %0) + . .. + 1580 (x — ) + ...

A function that can be differentiated infinitely many times is called C* differ-
entiable function.

Corollary 3.7 In order C* differentiable function f(x) in the neighborhood

Xo can be represented by Taylor series, it is necessary and sufficient that

the remainder of the expansion would approach zero, lim R,(x) =0
n—oo

Vx € (xo — R;xo +R).

Corollary 3.8 If for any x € (xo — R;xo + R) all derivatives of f(x) are

o0 2
bounded by the same constant M, the Taylor series %(X—Xo)k
=0

converges to this function f(x) on the interval |x — xo| < R.

At xo = 0, Taylor’s formula has type, f(x) =f(0) +f'(0)x —I—fg—?)xz +...+

0] ' . . .
foO)xk + ... and is called a Maclaurin series.

Basic Maclaurin series expansions:

ﬁ:l—&—x—&—xz—l—...—&—xn—k... (Jx] < 1) (3.20)
eX:1+i+§+...+ﬁ+...:§ﬁ,xeﬂ%, (3.21)
cosm:1+§+§+---+%+---:§;(;:;!,xeR (3.22)
sinm:x+3—j+§+...+%+...:k§;(sz:ll)',xeR, (3.23)
sinx:x—);—i-...—i—(—l)"(z)/zz}:ll)!—i-...:kzocg(—l) (z)lizk_:ll)!,xeR
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X2 )C4 £ x2k 0 k x2k
=l—-—=+——... -1 e = —1 3.25
cos TR  raT R k;( Yo G
2 X3 X4 e kxk+l
In(1 = -t =4+ = -1 , —1 <1 3.26
n(l+x)=x sty -7t ;( )k+1 <x< (3.26)
(1+x)m:1+mx+7( 271)x2+...+mmil)”/;'(mkarl)xkjL
- ' ' (3.27)
mm—1)(m—-2)...(m—k+1
=1+) (m — 1) k)! ( ), | < 1.

Note that power expansions for hyperbolic cosine of Egs. 3.22-3.23 (cosh(x) and

sinh(x)) are obtained using an exponential power series (Eq. 3.21) applied to the
e e ] e —e ¥

and sinhx =

other power series can be derived.

equations, coshx =

. Using Egs. 3.20-3.27, many

o
Series > m('"*l)("'ii)”'("’f'w)x" are binomial because at m =n € N all its
n=1

coefficients starting from the (n + 1)”’ term become zero and power series becomes
Newton’s binomial distribution, (1 +x)" =1+ nx + @xz +.o.Hx =

n
S Chk,
k=0

Proof. Consider the function f(x) = (1 + x)" and find its several derivatives:

f1(x) =m(1 +x)""
£ @) =m(m—1)(1+x)""2

%) =mm—1)(m—2)...(m—n+1)(14+x)""

at x=20
f(0) =1
f(0)=m
£(0) =m(m—1)

m(m—1) , ok
ﬁx ++Xn:Zme N |X‘ < 1.
k=0
Let us demonstrate how by using binomial distribution of Eq. 3.27, we can derive
other infinite series. For example, substituting x by —x into Eq. 3.27, we obtain
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A== (=)' =142 =P+ (D) +. <1, m=—1.
For m = —% Eq. 3.27 takes the form,

L1 131, 1(3 S\ Ls,
7> 2 2\ 2)2a" "2\ 2 2) 3 T

5, 35 (—1)"(2n — 1)t
—q_- 2D 3, 90 4 n
2x+8x 16x +128x +--+ 2 +
Lo, L 13, 135
Ji—x 27724 246"
1:3:5.7 - 20— 1
(n ) T+ < L

where the !! notation is defined by
2Cm)!'=2-4-6-...-2m
Cm—DN=1-3-5-...-2m—1).

For m = % we can obtain power expansion for two other similar functions,

_ n(zn_l) n+l1
) G
1 1-1 1-1-3
lfx:(lfx)%:lfa 374 W 6x37
2n-—1)0
ani o ¥ e <

The Taylor and Maclaurin series are used in calculating approximate values of
functions, integrals, solution of differential equations and for finding sums of

infinite numerical series.

3.2.2.1 Finding the Power Expansion of Functions

Let us solve some of the problems.

Problem 127 Find the Maclaurin series for f(x) = ¢!+
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Solution. The given function can be factored asf(x) = e - ¢~ The second factor
can be expanded in to power series using Eq. 3.21 by substituting x — —4x>:

] —4x%)? —4x3)"
el4x’:e-<1—4x3+( X>+..~+ﬂ+~~>
2! n!

42 . ex (—1)"4"ex"
T

=e —4dex® +

a8 R (1) dexdt
Answer. f(x) = ¢!~ =y Elter
k=0

Problem 128 Find the Taylor expansion as powers of x forf(x) = In(3 + x).

Solution. In(3+x) =In(3-(1+%)) =3 +1In(1+%), y=4
Next, using Eq. 3.26, we obtain:

2oy % T
In(1 =y —— —_ — 1) = —1.1
n(l+y) =y -5 +5 -7+ ;( Vo ve L
X x2 X3 X o o af
In3+x) =In3+~-— + - +...=In3+ 1)
(3+x) 3 2.3 3.3 4.3 ;( )(k+1)3"“
x, ko ok
Answer. In(3 +x) = In3 +kZ::O(—1) W
Problem 129 Find the Maclaurin series in x for f(x) = .
Solution. We use Eq. 3.20,
1 2 n
——=1l+y+y +---+y' +...
-y
1 1 1
f(x)_S—x_g'ﬁ’
5
1 X X\ 2 1 x X"
SRTETE R PR S S

S0 |§| <lorxe(-5,5).
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The next problem is an example of how fraction decomposition, learned earlier
in this book, can help us with finding Maclaurin series for a rational function.

Problem 130 Find the Maclaurin series for g(x) = o=

Solution. Let us factor a quadratic binomial and then rewrite the function as a
difference of two fractions:

(x—4)1(x+1):é< i4—xi1) - 5%4. (Q) _%(1

We used the fact that two quantities inside the denominator (factors) differ by 5. For
each fraction we use own power expansions:

! 71+x+(x)2+ +(5) + |3 <
1Y 4 4 RV 4
4
——=1l—x+ -+ .+ (=) +..., <1
1 4+x

The given function is a linear combination of two distributions, hence we obtain
11 11 ES D TS
= ———= — —— | = Xt
s =35 5+( 80+5) * +< 5 20 \4 +

00 n+1 1 1 n
Answer. g(x Z 50 (4_1) X"

n=!

Problem 131 Find the Maclaurin series of function f(x) = arcsinx.

Solution. For the expansion of \/11—2 in a Maclaurin series, we use Eq. 3.27,
—X

replacing in this formula x by —x> and using m = —%. We obtain

1 1,2, 13.4 1.3:5-...-(2n—1) 2p
el SR Rl & G R s e o TR S SR
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X
. . . . . . dX _
This series is convergent for Ixl < 1. Integrating this series, we find, (! ==

8

13 25 1:3:5..-(2n—1) 21
+ 245 te 2-4-6-...-2n 2n+1 T

=

Ce—m

(l—l—%xz—i—%x“—ﬁ—...)dx = x+

N|—
|

X
Y . . o 1..3 (2;171)” . K2t
Because g 71— = aresin x, then arcsin x = x + e X+ ..+ ot o

This series is convergent for |x| < 1.

Problem 132 Prove that In ('“;—l) = Z(ﬁ 4 m 4 W SR )

Proof. Let us rewrite the logarithmic function as follows:

In ntl =1n1+T1+1=1n 1—1—; —In 1—*
n I_TIH 2n+ 1 2n+1/)°

Applying Eq. 3.26 using x — 5,15 and x — —5;15 respectively:

1 1 1 1
In{ 1+ = — + — ...
( 2n + 1) 2n+1 202n+1)* 3@2n+1)

1 1 1 1
LI S S R
2n+1 2n+1 2(2n+1)" 3(2n+1)

and subtracting two expansions, we obtain the requested formula.

3.2.2.2 Method of Undetermined Coefficients
Problem 133 Find the Maclaurin series of f(x) = x - cotx.

Solution. Assume thatf(x) = xcotx = ag + a;x + axx> + ...+ a,x" + ..., where
the coefficients are to be determined. By definition of a cotangent, we can state that
cotx = -2 = cosx = cotx - sinx. Multiplying both sides of the second relation-
ship by x, we have x- cosx = (xcotx) - sinx. Then we can multiply the power

expansion of cos x by x on the left and undetermined series and series for sin x:
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X2 .X4 X6 x2n
[P I U DO S
X< ata gt D 2 )

. 2n—1
S G0 | L D I 2
_<x TR (=1 (2n—1)!'> (ap+arx+ax*+ ...+ ax"+...)

Equating the coefficients of the same powers of x on both sides, we obtain

a():l
a1:O
ap 1:> 1
a ——=—= a = —=
76 2 273
(l3:0
1 ap ar
%120 6 ™
1
ay = ———
YT 45
Therefore,
cotx=1—ap2 - Loy (3.28)
X X = 3x 45)6 .

On the other hand, it can be shown (See for example, “Mathematical Analysis” by
Vinogradova, Olehnik, and Sadovnichii [14], page 330) that the same function on
the left has the following representation:

00 2
X
xcotx=1+2- ———, x#*ak,k=0,1,2,... (3.29)
r; X2 — m2m?

If x| < 1, let us manipulate the m™ term of the series of Eq. 3.29,

2 i o 00 2 n
X __zm x2m? _ _§ : X (3 30)
X2 — m2m? X2 1 1 — x2 2m2
w2m? n

w2m? =1

It is easy to see why Eq. 3.30 is true. Consider a derivative,

!/
(ﬁ) = ﬁ =(1—y) 2 =1+2y+.... By integrating both sides, we have

5 =y+y +y +.... Substituting y = & we get Eq. 3.30. If we substitute
the m™ term given by Eq. 3.30 into Eq. 3.29 we obtain the power series for the

requested function,
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ot 2 S () e S (E) S (L) e

m=1 n=1 m=1

The right hand sides of Eqgs. 3.29 and 3.31 are the power expansions of the same
function. By equating coefficients for x* and x*, respectively, we can obtain two
very famous formulas:

1.2 2 [ =1 2 = 1 2
Letn=1,—3x"=—5(> ) ¥ = | X -=%
m=1 m=1

1.4 2t [ o= 1 = 1 4
Letn:Z,—Ex :—7;% ZW = ZW:;[_O

m=1

Both formulas were first proven by Euler. The first formula is called the Basel
Problem. Its solution is demonstrated in Section 3.3.

3.2.2.3 Using Complex Numbers

Problem 134 demonstrates how complex numbers help in the evaluation of the
Maclaurin Series of some functions.

Problem 134 Find the Maclaurin series of f(x) = ¢ sin.x.

et —e
2i

A i ix (1+i)x_,(1—i)x . . .
flx)=e¢ (f 5¢ ) = €= and its n™derivative as

Solution. Using the Euler formula sinx = — we can rewrite our function as

AL+ 1 =) (I—i)x
() (v — (L+i0)' ( i)'e _
7 ) g
(1 + i)"e™ — (1 —1i)"e ™)
20

Using De Moivre’s Formula, we can simplify it as
g
(1+0)"= (V2)" (cosg n+ isin% : n) — (V2)"ean
7 7 — _
(1-0)"=(V2) (COS Iﬂ -1+ isin Iﬂ ' ”) = (V2" (COS Tﬂ -1+ isin Tﬂ : n)
= (V2.
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Substituting these into formula for the n™derivative, we get

w ex((\/ﬁ)neiﬁnei" — (\/E)ne*’%ne*i") o (\/E)"
7 = . b

= (\/E)ne" sin (x + %n)

. (e(’z’”ﬂ)i — e*(%ﬂﬂ)i)

At zero it has value f(0) = (\/i)n sin Z'. The Maclaurin series is
fx) =¢€"sinx= > WW".

n=0

3.3 Methods of Finding Sums for Infinite Series

Finding an infinite sum for convergent series is not always easy. However, in this
section you will learn several methods that are worthwhile to mention.

3.3.1 Using Method of Partial Sums

Problem 135 Evaluate the sum, S, =x+4x>+7x +10x" +... +
(3n —2)x!

Solution. Multiply the sum by X2, ie.,

Sp-x?=x>+4x> +7x" + ...+ (3n — 2)x*"*! and subtract this product to get
Sp =8> =(1=x)S, =x+3°+3 +3x" + ...+ 32— 3n—2)x*" or

3 (1—p2n-1)
Sp(1—x*) =x—(3n—2)x* +3 % Dividing both sides by (1 — x?),

. _ x—(3n—=2)xH! 3{,63(17,\,2(”71))
we obtain S, = = =

of a functional series depends on the value of the independent variable x, i.e.,
lim “4 = x* - lim 5 =x* <1 = x[<1. If —1<x<1, then the

n—oo Un n—oo

. It is clear that convergence (divergence)

corresponding infinite series converges to lim S, = ﬁ + % If x =1, then
n—oo —)
the given series becomes an arithmetic series with the first term 1 and the common
difference of 3,1e.,S, =1+4+7+...+3n -2 = ”32"’2 n= "<3’;1>,
Hence the corresponding infinite series is divergent. A similar result can be

obtained for x = —1.
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—20-)
_ x—(3n=2)x¥! 3X3(1 2 )
Answer. S, = =2 (-2 )

Problem 136 Evaluate the infinite sum ) =L
n=1 (\/E)

Solution. In Problem 106 we establish that this series converges. Let us evaluate
the partial sum of the series. First, we write several terms of the series:

1 3 5 7 2n—73 2n—1
Sp=—7+ + + +

A N S N S TR ol

Next, we multiply this sum by V2,

305 7 9 m-3  2n—1
V2S, = 14+ —=+ + + . ‘

2 3 4++ n—2+ n—1"
V2O (VD) (VD) (V2) (v2) " (v2)

Now we rewrite it in a different form by extracting 2 within each numerator:

NG 241 243 245 247 24+2n—-5 242n-3
Sn:1 + 2+ 3+ 4 n—2 + n—1
V2 (v (V2 (V2 (vV2) (vV2)

Break this into two series, add the last term to the second series, then subtract it
outside the braces to keep things in balance.

2 2 2 2
V28, =1+ <E+W+...+ (\/Z)H + (ﬁ)”‘)

n l+ 3 n 5 n +2n—l 2n—1
V2O (V) (v2) v2)') (V2
Notice that the expression inside parentheses is (n — 1) terms of the geometric
series with the first term%and common ratio % The expression inside the braces is
the unknown partial sum, S,,. Collecting like terms and factoring S,, on the left hand
side, and after evaluating the sum of the geometric series on the right, we obtain the
following:
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V2= DS =1 =
V2
1
(1= 55)
_ on—1 _2n—1
V2-1)S, =1+ A1 Wk
1 2n—1
(ﬁ—l)sn:1+2(1+ﬁ)<1—(ﬁ)n1>—(\/§)n

Dividing the last equation by (\/§ — 1), solving it for the partial sum and simpli-
fying, we have

1+2(\/§+1)(1_ : >_2”_1

5 Vo) VT
n \/i—l
2
2(v2+1 2n—-1)(vV2+1
21 V2"
2
Finally, the partial sum is given by S, =7 4 5v/2 — 2(\\2”;}) — (2n71\)/(2;”/§+1) and

limS, = 7 + 5v/2.

n—o0
It is easy to see that this formula is correct. Let n = 2, then from the given series

we obtain S, = \%—F% = % Next, if we substitute n = 2 into the formula, we
have
o (1+5v2)-2-2v2(3+2v2) -3v2 -3
2:
2
C14+10V2-6V2-8-3V2-3 V243
B 2 2

Answer. lim S, =7 + 5v2.

n—0o0

3.3.2 Using Power Series of Elementary Functions

Knowledge of the Taylor or Maclaurin series of common functions helps us to find
sums of convergent series.
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Example. Considerthesum > 2 =1+2+2 42424 424

n! n!

n=0
By D’Alembert (Corollary 3.3), this series is convergent. If we compare this
series to the Maclaurin series for y = e* (Eq. 3.21), it is clear that the given series is
that one for x = 2. Therefore, its sum is e°.

Let us see the following problem.

Problem 137 Find the sum of an infinite series 1 — %?2 e % = % TR

(=1)"100*"
(2n)!

Solution. This series coincides with the series for y = cos.x at x = 100 (Eq. 3.28).
Hence, the sum equals cos(100).

Answer. cos(100).

Let us consider the following problem.

Problem 138 Evaluate the sum of an infinite series
3 5 7 9 —yr!
O - @ 3+ @ A= @bt

. 2 . o
Solution. We can factor out (%) and obtain the quantity inside parentheses that
looks familiar:

O (-0 05 )

We can see that the expression inside parenthesis is the infinite series for y = sin x at

x=" (Eq. 3.13). Therefore, the given sum is w

sin (0.5)
Answer. ——.

The next problem is also interesting.

Problem 139 Find 1 +4-1+1-3- 14433014 4 Gl g
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Solution. In Problem 131 we established that for all |x[ <1 that

1" - . .
X+ Z 2';” 1,,) 2;; = arcsinx. By comparing two formulas, we find that they are

(2n—1)! .
equal at x= 1. Hence 1 + Z G 2r=1i, 3y = arcsinl =12,

Answer. 7

There are famous series with the known sums:

00 (_ n+1
Z = In2 (Leibniz series) (3.32)
n=1
f:l—”z (Dirichlet series) (3.33)
2276 irichlet series .
<1 7
—_ - 3.34
;n“ 90 (3:34)
= 1 1 &K1
I - 3.35
;n(n—&—m) m ;k (3:35)

Let us solve the problems using these series and their sums.

Problem 140 Find the sum of an infinite series }ﬁ-%—kﬁ—f—

1 1
m+m+m+....
Solution. The series can be rewritten as
1\? 1\? 1\? 1\? > 1
() +(75) + () +(—4.5) e Y

=3 (i) =X 2 Yt e

n=1

[¥)

The first series is Dirichlet series (Eq. 3.33); it converges to ”6—2. The second series of
o0

Eq. 3.35 converges to 2, and the last series can be written as Y. (n+ll)2 =
n=1

22 —|— + +...=> L5 — 1. Here we again extracted the series of Eq. 3.33.

. X, x x 2 2
Fmally,;mzlzn%,z.Zn(nlﬂ)flzz.zfzfl:?,&
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2
Answer. Z -3

oo
Problem 141 Prove that Z =z

Proof. This problem is also known as Basel Problem. We summarize the ideas of
Euler’s proof. Euler knew that any polynomial having n zeros, x1, X, . . . X,, can be
factored as P(x) =0 & ( —ﬁ)(l —i) (1 —xi}) (1 7‘) = 0. Next, Euler

considered the function f(x) = %, x#0, lirr(l) % = 1. On one hand, because
L R

sinx=0<x=mzn,n=0, £1, £2, then“‘”*O@x*ﬂn n==1, +£2,
43, ... he represented as a function w1th mﬁmtely many zeros:

=D (-2

Applying the difference of squares formula for each pair of factors, this was
rewritten as infinite product:

sinx_ pﬁ S | PR

X P2 472 On?
On the other hand, for the same function we can find infinite Maclaurin series by
dividing Eq. 3.24 by x:

sin x 2o a0 0 ()ky2k
X 3151 7! Zk:() 2k + 1)!

The right hand sides of two polynomial representations of the same function must
be equal, then the coefficients at each power of x must be also equated. The constant
term in both polynomials is 1.

Let us equate the coefficients of x*:
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Remark. I noticed that sometimes students do not understand right away how the
coefficients of x* in the polynomial written as an infinite product and the
corresponding Maclaurin series were equated.

For example, a finite product can be expanded as follows:

(A+B)(C+D)E+F)=A-C-E+A-C-F+A-C-E+A-D-F+B-C-E
+B-C-F+B-D-E+B-D-F.

We had three parentheses and each term of the expansion on the right hand side,
e.g., A - C - E equals the product of the terms taken from each parentheses but only
one term from each parenthesis is present in each such a product.

If we multiply only three factors on the Euler’s infinite product, we obtain:

X2 x? X2 X2 x?
l-—=])ll—-—]|(l—-—)=11-141-1-—— 1-{——) -1
(=) (i) (o) e () o1 (3)

x? X2 x2 X2 X2
| I A N A ~Z).1-1 SR IR TR (A
(i) (o) () e (5) - (5m)
n X2 X2 - X2 X2 x?

2 472 72 472 On2)"

From this formula one can see that the constant term is 1, and that the coefficient of

x*is ——2 — ﬁ — 2 . For the infinite product considered in the Basel Problem, this
coefficient will be represented by the corresponding infinite series of similar type.

n2+n—2"

Problem 142 Evaluate U
n=2

Solution. The absolute value of the common term of the series can be represented

1 1 1.1 _1 _
S T = e ) 3 T 3 +2 (because two quantities inside the denom

inator differ by 3).

o0

. . . N . e . . (71)”

Using sigma notation’s properties and shifting index of the summation, > . =
n=

00

n=1
00 00 n+l 0 n+1

—zi DR

n=2 n=

NI*—‘
W] =
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Finally, using Eq. 3.32, we obtain the answer,

o) (_l)n 1 o0 ( l)n+l 1 00 ( 1)n+l
;n2+n—2 §Z: n +§nz:; n-+2
1 00 ( l)n+1 1 00 ( l)n+1 1 1
== — 14—z
3; n Jr3 ; n Jr2 3
7%2002( D5 2,5
34~ n 18 3 18

Answer. 2In2 — 3.

Problem 143 Evaluate the sum of infinite series Z o +1)

Solution. Rewriting this series in an equivalent form by multiplying it and divid-
ing by 2, we obtain two quantities within the denominator that differ by two, and
hence the series can be evaluated as the difference of two series:

o0

Smmr? (S Tav)

[ )

= —2(In2 — 1).

Answer. Z 2n+1 —2(In2 — 1).

3.3.3 Method of Differentiation and Integration of Series

By differentiating and integrating well-known Maclaurin series Eqs. 3.20-3.27,
new power series can be obtained and used for finding sums of convergent infinite
numerical series. In this section we use the following rules of differentiation:
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x\/ X d uy udu
(¢) e’dx(e)_edx
d du
n\ __ n—1 =" — n—1""
(") =m0, T (u") = nu o
;1 d _ldu
(In(x))" = x’ dx (Inu) = u dx

(u-v) = u'v+ u' (derivative of a product)
I

u\’"  uv .. .
(;) = (derivative of a quotient)

By applying Maclaurin’s formula and sigma notation, some well-known func-
tions can be written as infinite series.

1 > X"
1 = —, 1 3.36
R 336)
1—x"
ﬁ:1+x+x2—|—x3+...—|—xm_l (337)

How can we prove Eq. 3.36? Equation 3.20 for an infinite geometric series after
integration of both sides will give us Eq. 3.36 by expansion of a natural logarithm.
Also we applied properties of logarithms to the left hand side:

1—x —X

[ 1
J dx = —In(l-x) =In(1-x) ' =l—. (0<x<1)
0

From these formulas new ones can be obtained. For example, if we take a derivative
of both sides of Eq. 3.37, we obtain (* '”)’ =14+2x+3%+...+(m—1)x"2s0

—X
1—x

—mx™ (1 —x) — (1 —x™)(—1)

5 =142 +37+47 +.. .+ (m— 1P
(1 =)

Finally, we obtain the formula for finding a partial sum such as

XM(m—1) —m™ ! + 1
(1-x)°

T+20+37 +4° + .+ (m— "2 = (3.38)

Let us see how Eq. 3.28 can be applied to the Problem 144.

Problem 144 Find the sum: 1+2x+3x>+4°+...+(n+1)x" =

n

S (k+ 1)k,

k=0
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Solution. We consider two different ways of solving this problem. Method 1 is
based on no knowledge of differentiation. In Method 2 we present the use of
Eq. 3.28 obtained earlier.

Method 1. The given sum is a power series. You can notice that each term is neither
an arithmetic nor geometric sequence term.

Let us denote S, =1+ 2x+3x*> +4x> + ...+ (n+ 1)x". Multiplying both
sides of it by x we obtain, xS, = x + 2 + 32 + 4t + ...+ + (n+ D"t

Subtracting second expression from the first, Sy — xS, =1+x+x2+
¥ 4.+ — (n+1)x""!. The first part of this formula can be evaluated
as the sum of a geometric sequence with b =1, r=x. Thus,

(1=t il 1)t
(1-08, =0 (4 1)+ if x#1 and then S, = Lot e
Ifx=1,then S, =1+2+3+4+... + (n+1) =2

We of course notice that this is an arithmetic series.

Method 2. If we compare Eq. 3.28 and the given problem, we can see that they are

equal if m=n+2. Therefore, S,=1+2x+3x>+4>+... 4+ (n+1)x"
. x”“(n+l)7(71+2)x"“+1
N (1—x)?

put fractions over the common denominator and simplify the expression.

, which is identical to what we found using Method 1, if you

Can we find the value of the corresponding infinite sum? > (n + 1)x" = limS,
n=0 n—00

1
=
problem is offered to you in the homework section.

Because |x| < 1= x"t' -0, (n+ )x"™' — 0asn— co. A similar

K (n )t ifx=1,5, = (n+1)(n+2)

2 2

_ 1=
Answer. Ifx # 1, S, = (L? —

Knowledge of power series allows us to find sums of convergent infinite
numerical series.

Problem 145 Evaluate the infinite sum: 515 + oo 4+ o+ ..+ 5+

Solution. The given series can be rewritten as S = % (%)2 + % (%)SJr

oo (1\k
%- (%)4 +...+%- (%)n +...=) % Then if we replace x :% in the series of
k = :
Eq. 3.26 for the expansion of In(1 — x), then the obtained expression above will be
that sum minus its first term, lnﬁ =1+8s0S=Inj-1
1773

31
Answer. lnz 3

Problem 146 Find the sum of series S = 1 — % 4F % = % aF

o=
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Solution. First, we replace in the Maclaurin series for Ilj (Eq. 3.20) x — —22,
14}:2 =1-22+4+2z*— ...+ (=1)"z" +.... Multiplying both sides by dz and inte-

grating, we obtain

[ dz ( 12 x4 nx 2n
JlJrZz—sz—szz—i—szz—---—F(—l) Jz dz+ ...
0 0 0 0 0
. x3+x5 Y 2t . <1
arctany = x — =+ = P , |x
If x = 1 then arctanl = x/4. Therefore, | —4+1—-141— . =12
Answer. 7.

Problem 147 Find the sum of the series 1 —|—ﬁ—‘;+§—i+%+ . —l—é;;f)!—l— e

Solution. The radius of convergence for this series is 1. Moreover, because this
series is convergent at x = —1 and at x = 1 it is convergent on the closed interval
[—1, 1]. Let S(x) be the sum of this series and let us find several successive
derivatives of this function:

S'(x):);—j—l—);—:—l—...—i—%—i—...
S"(x):);+z6!+...+j_22)!+...
Sm(x)§+);—5!+...+%+...
S<4>(x)=1+);—j+...+%+...

It is not hard to see that the fourth derivative of the function equals the function
itself. Hence, the unknown sum satisfies the following differential equation with the
corresponding initial conditions,

a*s(x)
dx*
S(0)=1, §'(0)=5"(0)=5"(0)=0.

= S(x),

The solution to this differential equation is the sum, S(x) =je"+je™"
+% cosx = costhzrcosx'

4k coshx + cosx

(4k)! 2

Answer. S(x)=>"
=0



3.3 Methods of Finding Sums for Infinite Series 177

3.3.4 Abel’s Method

o0
Abel’s Theorem 3.14 can be reformulated as follows: Let the powers series Y, apx*

k=0
converge on the interval x € (—1,1) and S(x) be its sum. Moreover, if this series
also converges atx = 1, then the sum S(x) is continuous as x goes to 1 from the left.

Abel’s Method. If > a, converges, then its sum can be found as
n=1

S = lim Eanx

x—1-

In order to use Abel’s method, we need to make sure that the given numerical
infinite series converges and then to consider the corresponding power series and
find their limit asx — 17 ( find the limit of the sum when x goes to 1 from the left).
The key condition for using Abel’s method for finding sums of numerical series

[o.¢]
is convergence of numerical series, S = ) a,, otherwise the method cannot
n=1
be applied. Indeed, consider alternating series | —1+1—-1+1—-1+4+...=
o0
>~ (—1)" that obviously diverges and hence the limit of the sequence of the partial

n=1

o0
sums does not exist. On the other hand, consider the power series > (—1)"x" =1
n=0

—x+x%—x>+... that converges at |x| <1 to the sum S(x) =5 At
x=1,81)=1

Example Consider the following known power series for a logarithmic function:

n 1
flx) = Z (G = In(1 + x). Because the numerical series Z —+converges
n=1 n=1

by the Leibniz Theorem (Theorem 3.9), then the sum of this numerical series can be

found as ) # = limrf(x) = lirr}f In(1 +x) =In2.
n=1 A== A==
Example. Let us consider another well-known function

” ”‘n+l
g(x) = arctanx = Z (ZT We know that the numerical series E
n=!

n=l

2n+1 con-

verges by Leibniz.

How can we find this infinite sum? Using Abel’s Method we have

o0
. . —1)"
lim g(x) = lim arctanx = Z = E ( .
Py g( ) ol 4 = 2n+1

Finally, if we know power series for a function and know that the corresponding
numerical series converges, then the sum of the numerical infinite series can be
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found easily. However, sometimes evaluation of a limit can be challenging task. Let
us practice in Abel’s method by solving the following problems.

Problem 148 Find the sum 1 —4+13 — 1334 U @e iy

[

Solution. If |x| < 1, then the series is convergent. Consider the power series,

(1+ ) =1+ Z f" D! x21 By Abel’s method the sum of the given alter-

n=1

nating numerical infinite series can be found by the limit of the power series above

1
2

as x— 1= from the left so that 1—J+13 1334  — 1ir¥1(1+x2)
_ _ L '
_\/ 1 V2
1
Answer. 7

Problem 149 Evaluate ) %

n=|

Solution. This series converges by the Leibniz Theorem (Theorem 3.9). Consider
the power series:

S n 3n
Z:o (7;);1 “ with convergence interval |x| < 1. By Abel’s method, the following

must be true

X

[e%¢} ( n [e%e} ( n 3”+1 e’} J n ; J d[
li dr | = | ——
> ER I R 3n 1 Z 1+

n=0 n=0 n= 0

In order to find this limit, we need take an improper integral. If we factor
1+ = (141)(1 —t+ *), we can further simplify the fraction under the integral

as follows: ; +'[; =4+ IB’jf,z, where A, B, and C to be determined and can be

obtained from the system,
A+C=1
1
-A+B+C=0 éA:? B=—,C=+
A+B=0
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Next, substituting the values of A, B, and C into the improper integral, we have

X

X X
IJ dt IJ tdt +2J dt
3)t+1 3)1—t+22 3)2—t+1
0 0

X X X X
_lj dt lj(Zz—l)du_lJ dt +2J dt
C3)t+1 6 t+2  6JP—t+1 3J2—t+1
0 0 0 0
_1} dt 1j(21—1)dt+5jr dt
S 3Jt+1 6 t+22 6)2—t+1
0 0 0

The first antiderivative is In(1 4 ¢#), the second integral, we rewrite as the sum of

two integrals, one of which is easily taken by substitution, ¥ = 1 — t+ 2, du=

(2t — 1)dt and the second one can be combined with the third integral, that after
X

completing the square can be rewritten as | #’(ﬁ)z, the antiderivative of which

0 [7% +\5

can be recognized as the arctangent function. Finally, we obtain the following:

X

Jiflln()h%l) 1ln()c2 x+1)+iarctan2x_l+i
J14803 6 V3 V3 6V3
1 (1?1 21, = J dt
=-In———— 4+ —arct
6nx2—x+1+\/§arcan V3 6\/§A~>l 1+8

1
—In2® + —— + —arctan—

"6 6\/— \/— \lf
%12+— < ;g)

Hence, Z 3n+1 1In2 + A

Answer. E 3n+1 =3In2+5%-.

3.4 Using Series for Approximation

In this section we show how infinite series can be used for approximation of
irrational numbers, for finding approximate value of a function at a given point,
for approximation of definite integrals and for solving differential equations.
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3.4.1 An Approximation of an Irrational Number

Infinite series are very useful for approximation. For example, just fifty years ago,
before great calculators were invented, if one wanted to know an irrational number
such as e, z, In2, etc up to 9 decimal points, he or she would use infinite series
representation of known functions and get the number with the required accuracy
following the rules of approximation.

Assume that a number is the sum infinite numeric series,
A=a+a+as+...+a,+ ..., where aj,a,,...,a, are “good” numbers, for
example, rational numbers. Let us approximate number A by only # terms of the
infinite series, A ~ A, =a; +ay +a3 + ...+ a,. The error of such estimation
ap=ayi1 +ap2+...,.fn—-00 = a,— 0, and A, approximates A at any
given accuracy.

If series is alternating with monotonically decreasing by absolute value terms
(Leibniz type series), then as we have learned, the remainder of the approximation
by the first  terms of the series, has the sign of the first dropped term (a,1) and by
absolute value it is less than |ty| < |ant+1| (Theorem 3.9). Although
alternating series have these properties, not all of them are suitable for an approx-
imation of a given number A. For example, consider two well-known convergent

. . . . _ 1 1 1
infinite alternating series, 1—§—|————+3—...—ln2 or 1—3+3—5+
1_ —z

5— =%

However, both series converge very slowly and in order to use them for
evaluating In2 or 7, we would have to take too many terms of the expansion. Let

us approximate In2 by only the first five terms, In2~1— % + % —
I 141 5= ﬂ =0.7833...3... On the other hand, TI 84 calculator gives us
In2 = 0.69314718. We can try to use the first nine terms of the expansion as

In2= {1 1+1 1+1 1—1-1 1+1 1—|— Our roximation
- 273 275 67 8'9) 10 ur approximatio
0.74563

becomes a little closer to the actual number with an error |ay| < 0.1 = |——

Is there any better method to approximate In2? The answer is “Yes.” Using
results of Problem 132, let us rewrite the difference of two logarithms as infinite
series:

n+1
In

=In(n+1)—Inn

2 (o
2n+ 1 3 2n4+1° 5 1)t T

Ifn = 1, we obtain on the left hand-side In2 and its approximation on the right hand

side, In2 =2 <1+§ §+5 92+ +9 94+“ +) Let us approximate
n2 by the first four terms, In2 %3 (1+ 35+ by + 71;) = 0.6928734731. This
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approximation gives us correct the first two digits after the decimal point, which is
certainly an improvement.
Next, let us find the error of such approximation.

21 1 1 1 1 1
error = ay = 9 94+ﬁ~9—5+ﬁ-¥—|—...

2 1 1 1
95+96+97+"'

2 1 1 1 1

=== =10""
305, 1 ~ 78732 < 10000
9

1

The infinite series inside parentheses is compared with an infinite geometric
progression with the same first term as the series and the common ratio of 1/9.
Using terms of the infinite series 1 — —+ ... to approximate z is also not
efficient. Other faster convergent series are usually used.

Further, in order to find an approximate value of a function f{x) at the point x,
with a given accuracy proceed as follows: The function f(x) is written as a powers
series of (x — xy) on the convergence interval containing this point xo. The point x;
is the point at which the values of the function and its derivatives are calculated

o8]
accurately. The variable x is given a value xo. In the obtained series Y ax(xo — x; )k
k=0
we keep only the terms that guarantee the given accuracy of calculations. The
minimal number n, of such terms is determined either from the corresponding
estimate of the remainder R,,(x() of the Taylor formula or from the remainder, r,,(xg)
of the Taylor series since in the case of convergence of the power series of f(x), the
remainders are equal.

3.4.2 An Approximation of Integrals

Many indefinite integrals that are not expressed in terms of elementary functions
can be calculated using series.

0.1
Problem 150 Evaluate with accuracy a = 0.00001 the integral [ Si)‘C”‘dx.
0

Solution. Using Eq. 3.24 we obtain that sinx=x-— ;—? +... .+ (=1

x2k+1 K2k
(SR Z:( ) aenT Now
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2 2k o 2k

sin x X a X r X
=1—-—=+... -1) ——+... = -1) —— R
X SRR S oy s k;( Vs *€
0.1 . 0.1 0.1 5 0.1
sin x X
= |1.-ax— | = )
J P dx J dx J3!dx+ J T
0 0 0 0 2k+1
0.001  0.00001 X201
=00 - T (C1)R D ( ) + ...
3.3 5.5 Qk+ 1)k + 1) !

Because 0.1 > 0.00001, 42! = 0.000055 ... > 0.00001, ©%%01 — 000001 0 00001

01

J SIUY ¢ &~ 0.1 — 0.000055 = 0.09994.
X

0

Answer. 0.09994.

1/4
Problem 151 Evaluate integral f e~ dx with accuracy of 107,

Solution Using the Maclaurin series, we substitute in Eq. 3.21 —x? instead of x,

21

_1——+2,—...+( 'S+ (—oo < x < 400). This series can
be integrated between any finite limits. Thus,
Mo, P& cr fangemss e (e
fe»dx—(!" ,,Z::O( )\d_z J")L"dvc_nzo — .(-2”“0 ):’;W

The resulting series of numbers is an alternating series satisfying the Leibniz
Theorem (Theorem 3.9), so if we take for computing the first few terms of the
series, the error, which in this case will be made, will not surpass the absolute value
of the first discarded term.

Notice that the third term of the series < 107*. Therefore, in order

1
21545 10240
to calculate the integral with the required accuracy up 10~#, it is enough to take only
1/4
1

two members of the series, [ e R ESE

L
192

47
Answer. To3 =2 0.2448.
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3.4.3 Integration of Differential Equations

The power series may also be used for solving differential equations, for example, if
their solution cannot be written in terms of elementary functions.

Problem 152 Solve the equation xy’ —y = (x — 1)%, y(1) = 1, y/(1) = 0.

Solution. Assume that our solution is written as Taylor Series with center at
point x,

¥ (xo0) y” (x0) 2 y(k) (x0)

y(x) = ylo) + 7 (0 = x0) + 7 (0 —x0)” T k

(x —x0)" + ...

The first two coefficients we find from the initial value problem. Then, because
X0 = 1,

/ ' (4)
y(X)=y(l)+yS)(x—1)+y2(!1)(x— 2. 42 (1)(x— 1.

y(1)=1y(1)=0
1.y (D)—1=0=y(1)=1

Differentiating the given differential equation, y' 4+ xy" —y’ = 2(x — 1). Substitut-

ing in the equation x = 1 and using y(1) = 1, y'(1) =0, y'(1) = 1, from the last

equation, we obtain y'(1) +1-y"(1) —y'(1) = 0 = y" (1) = —1. Differentiating

the previous equation again, replacing x = 1, 2y" (1) + 1 - y( )(1) — y”(l) =2 =

y# (1) =5. Therefore, y(1)=1,y(1) =0,y (1) =1,y (1) = —1,y¥(1) = 5.
5

Finally, we obtain the solution, y(x) = 1 + (X;,UZ — (x;[l)3 + (‘4,1) .

Problem 153 Find the first five terms of series solution of y' = x? + y2,
satisfying the condition y = 1 at x = 0.

Solution. Let us write the series solution to this equation as Maclaurin series,
y(x) = (0)—&—y<0)x+y() —&—yg’#f—i—...—&—%x’?—i—.... The first three
derivatives are found by differentiating the differential equation,
Y =242y, ¥ =2+42-(y) +2y, y¥ =6yy +2yy”. Evaluating

the values of these derivatives at x = 0 and usmg the initial condition y(0) :%

and the given DE: y' = x? + y?, we obtain y'(0) = 0 + (3 ) =5)'(0)=2-0+2
3= "0) =242 54235 =5 y(0) = j+5+ § = 4 Substituting
these values into the Maclaurin series, we obtain the following approximate
solution: y(x) =+ Jx +gx> + 37 +5bx* +.



e T T e e e S, Y, Y,
T e e T, W, W, S, W, e e
e e e e e e, e e e e
T, W,

W W, Y, W e T

e T L / .

o e, e, B e e e T T

W, Yoo, Womm, Mo, W, S, T, W, T T

o e, e e e, T e e

R T e o L

i/. 4/.. e T e e e e e
w

dy/de=x" 2-}'""2

1 1,2 19 .3 11 .4
1X+§x +RX +%)C

3 Series Convergence Theorems and Applications
—2

—1

Figure 3.1 Approximate solution, y(x)
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MAPLE 15 solves this differential equation numerically with much better
precision using more than five terms of the power expansion and plots the solution

Let us take only the first five terms of this series and graph it (Figure 3.1).
curve satisfying the IVP (Figure 3.2).
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By comparing two graphs, we can see that both solutions looks almost identical,
pass the point (0,1/2) and have the same visually X intercept. Finding the closed
form solution in this case is not possible.

3.5 Generating Functions

Series where the 7™ term depends on some variable x are called functional series. In
this section we focus on a particular kind of functional series called a power series.
Consider a sum a geometric series again with the first term b; and common ratio ,

Sy =by +bir+byr* 4 ... 4 bi" (3.39)

If n is a specific number, say n =2 or n =7 or even n = 1000, then S, is a
polynomial of 2, 7, or 1000 terms, respectively. If n is an indefinite number of
terms, the sum of the series can be written in the form

See = b1 +bir+bir? + ... (3.40)

In the case where the number of terms is indefinitely great (we say “as n approaches
infinity”’) the expression on the right of Eq. 3.40 is called an infinite series.

If every coefficient of powers of r is different, and they are denoted by
ao, 4y, as,...., then Eq. 3.40 becomes

S=ay+ayr+ay’+ar +... (3.41)

Equation 3.41 is called a power series and the variable r is called the variable of the
series. Also we can call Eq. 3.41 a power series in 7, and we say that S is a sum to
infinity. Let us do some analysis of Eq. 3.39 and Eq. 3.41. If an absolute value of r is
greater than 1, then each term of Eq. 3.39 or Eq. 3.41 is greater than the preceding
term and the sum S has no definite limiting value, but increases without bound as the
number of terms increases.

Example. 1,5, 25, 125, 625, ... is a geometric sequence with by =1, r =5 > 1

S3=1+5+4+25=31
Ss=1+5+25+125+ 625 =781

b 1571 515_1
G ) _ — 7,629,394, 531.

S
N r—1 4

If an absolute value of r is less than 1, then the successive terms are smaller and

smaller and as the number of terms n becomes very big, “infinite,” the last term

approaches zero (n™ termis byr"~!,|r| < 1, lim 7"~! = 0). In this case, the sum
n—oo
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S from Eq. 3.41 approaches a definite value as n becomes infinitely big and is said to
be “the limit of the sum of the series as n approaches infinity.” As we obtained
earlier for a geometric series if |r| < 1, we have § = 2. = b (1 — )~ because if
n—oo,(1—r) ' =14r+r24+r3+. ..

In the case when each coefficient is different, the way of finding a sum to infinity
is different in each case and may be nontrivial. In this section, we look at the other
approach to solving recursions using generating functions. Consider an infinite
sequence of numbers:

do,d1,a, ... (342)

The corresponding power series is called a generating function for sequence of
Eq. 3.42

G(x) =ap + aix + ayX® + azx® + ... (3.43)

Thus, for the sequence, 1, 1, 1, 1, ..., the generating function G(x) can be
recognized as an infinite geometric series and can be written as

1

l+x+2+2+... = .
1—x

(3.44)

For the infinite sequence of the natural numbers 1, 2, 3, 4, 5, ... a generating
function can be found similarly to the series in Problem 135, i.e.,
G(x) =1+2x+ 3 +4> + ...+ (n+ 1)x" + .. .. Multiplying both sides by x, x
Gx) =x+22 +33 +4* + ...+ nx" + (n+ 1)x"! 4 ... and subtracting two
equations, we obtain (1 —x)G(x) = 1 +x +x* +x° + ...+ = ;= Solving,

x*

G(x) = (3.45)

In order to find generating functions for general sequences, we would need to learn
material that is beyond the scope of this book. However, we show how to use some
generating functions in solving challenging problems on sequences.

Next, let us solve the following problem using generating functions.

Problem 154 A certain sequence of numbers aj,a»,...,a, satisfies the
condition: ap = a; = 1, au2 = ay+1 + a,. Find a,,.
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Solution. Let us generate some of the terms:
1, 1, 2, 3, 5, 8 13, 21, 34, ... (3.46)
Then consider the following infinite functional series in variable x:
F(x)=1+x+2¢ +3x +5x* +8x° +... (3.47)
Multiplying both sides by (x + x?) we obtain

(x+2x2)F(x) =x+ 22+ 2 + 3¢ + 565 + 86 + ...
X3+ 2 30 + 50+
(x+ ) F(x) =x+ 20 +3x° + 5 + 88 + ... (3.48)

Subtracting Eq. 3.47 and Eq. 3.48 and solving it for F(x) we have

Flx) = ﬁl_xz (3.49)

Equation 3.49 is the sum of all terms of Eq. 3.47 or using new terminologys, it is the
generating function for sequence of Eq. 3.46.

Finding zeros of the denominator of Eq. 3.49, we obtain zeros of a quadratic
equation,

l—-x—x*=0
C14v5  —1-45 (3.50)

X1 2 , X2 = )

Applying Vieta’s Theorem to these roots more relationships can be obtained:

X1 Xy = —1
X1 +x=-1 (3.51)
X] — X2 = \/5

Next, factoring the denominator as 1 —x — x> = —(x — x;)(x — x2). Using the
relationships from Eq. 3.51, we can see that x — x| — (x — x3) = —/5, then we
can rewrite Eq. 3.49 as a difference of two fractional expressions:
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1 1 RV
l—x—2x2  (x—x)(x—x) VS\Wx—x x—x
Y LY 1/ I
S\ —x x—x1)  /S\x—x x3—x
IR T
\/g X1<1x> XQ<IX>
X1 X2

The last expression can be easily seen to be

1 1 1 1

F(x . -
() fxl 1*; \/§X2 1*,%2-

(3.52)

Equation 3.52 gives us a different representation of the infinite sum F(x). It is now
the difference of two sums, each of which can be expanded as an infinite sum of a
geometric series. Thus, Eq. 3.52 can be rewritten as

(e G 6 )
FEAEEOROES

Equations 3.47 and 3.53 represent the same function F(x). Therefore,

equating coefficients of x,x%x°,..., we get the formula for any term of the

Fibonacci sequence! Thus ap=1= \/.%— \/% = \‘}2{_“" = \/5(\/_) =1
X1 X2 X1X2 -

F(x) =
(3.53)

and

ay =1 (L — L) = L (2=0"") 1 order to make this formula more con-
n = AT T ) T AN\ ) )

venient for further usage, using Eq. 3.51, we put fractions over the common

denominator and replace the product of the roots x; - x, by (—1). Finally, we have

an explicit formula for the n'™ term of the Fibonacci sequence,

()]

If we factor out (—1)thl from each term inside parentheses, Eq. 3.54 becomes
Eq. 1.19. You can see that the formula works for any member of the sequence. For
example, if n = 3, then we find a3 = 3, which can be obtained by the recursive
relationship. On the other hand, substituting » = 3 into Eq. 3.54, we get
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as =

D' [-1-V5 4_ 145\ _2:2V512_ 48,
NG 2 2 T 16-v5 16

Maybe this approach is not as elegant as one presented in Chapter 1. Generating
functions have a lot of applications, for example, in combinatorics and computer
science. It never “hurts” to learn different ways of solving a problem.

Let us solve the following problem.

Problem 155 Given a sequence such that a,; = 2a, +3n, ap =1, n=0,
1,2, 3, .... Find the nth term of the sequence.

Solution. Evaluating some of the first terms 1,2,7,20,49, ... we cannot find the
formula right away, so we use the method of generating functions. Instead of
looking for the sequence, we look for the function. Let us multiply the given
formula by x" and then using sigma notation write down an equivalent relationship,

f:aHlx" = Zia,,x” + 3200311)(" (3.55)
n=0 n=0 n=0

The right side of it can be rewritten with the use of known generating functions.
o0

First, we know that >~ a,x" = ap + a;x + ax* ... = F(x) which can be used in the
n=0

first term. Let us evaluate the second sum on the right side of Eq. 3.55,

o0

= x4 207 4+ 30 F At L (3.56)
n=0
Earlier we established that 5" = 1 +x 42 + 2% +x* +... = 7. Let us take
n=0

the derivative of this formula with respect to x and then denote it by P(x), i.e.,

Px) =Y 4" = %(Z =4 (ﬁ) = (1J,x)2' Then multiplying it by x will

n=0 n=0

give us generating function for Eq. 3.56, ie.,

ot =xP(x) =x+22 +3° +4xt + -+ =Y " = (1;"‘)2
n=0 n=0 *

Next, we consider the left side of Eq. 3.55,

Zanﬂx” =a; + ax + a3x> + ap + ... (3.57)
n=0
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It is clear that Eq. 3.57 can be seen as F(x) minus the very first term and then divided
by x. Therefore, Eq. 3.55 can be written as@ =2F(x) + (13—*‘)2 ,ao = 1. Solving

for F(x) we obtain the formula and decompose it into partial fractions,

1 —2x + 452 A B C
+

TR TR e T P T

(3.58)

Putting the fractions on the right over the common denominator and equating
corresponding coefficients of powers of x,

Al =x)* +B(1 —x)(1 —2x) + C(1 — 2x) = 1 — 2x + 422
A(1 =2x+2%) +B(1 = 3x +2x3) + C(1 — 2x) = 1 — 2x + 4x?

A+B+C=1
—24-3B-20=-2<A=4B=0,C=-3
A+2B=4

Now Eq. 3.58 can be rewritten as

_ 4 3
S l-2x (1-x)?

—4. Kl+2x+(2x)2+(2x)3+...)]
=31 +20+32 +40° + 524 + .. ]

F(x)
(3.59)

Combining like terms in Eq. 359, we can rewrite it as
8]
F(x)=> (4-2"—=3(n+ 1))x". From this, we immediately obtain the formula

n=0
for the n'™ term,

ay=4-2"=3(n+1)=4-2" —3n—3. (3.60)

In order to make sure that Eq. 3.60 is correct, we can use it for finding several
members of the sequence:

n=0,a=4-2"-30+1)=4-3=1
n=1,a=4-2'-31+1)=4-2-3.2=2
n=2 a=4-2>2-32+1)=4-22-3.3=17, etc.

Answer. a, =4-2" —3(n+1).



Chapter 4
Real-Life Applications of Geometric
and Arithmetic Sequences

Over the millenia, legends have developed around mathematical problems involv-
ing series and sequences. Here in this book we try to create an original fable about
two children, Brian and Paul whose parents wanted to reward them for good grades
in mathematics and saw how Paul by asking for 1 cent on day one and asking for
doubling the amount each consecutive day was way ahead of his dull-witted brother
Brian. Soon any parent would realize that there is not enough money on the planet
Earth to supply Paul’s request.

One of the most famous legends about series concerns the long inventor of chess
whose name is lost the ages. According to the legend, an Indian king summoned the
inventor and suggested that he chose the award for the creation of the interesting
and wise game. The king was amazed by the “modest” request from the inventor
who asked to give him for the first cell of the chessboard 1 grain of wheat, for the
second—2 grains, for the third—4 grains, for the fourth—twice as much as in the
previous cell, etc. As a result, the total number of grains per 64 cells of the
chessboard would be number 18,446,744,073,709,551,615 (18 quintillion, 446 qua-
drillion, 744 trillion, 73 billion 709, and 551,000,615). If the king was able to have
that much of wheat, he would have to plant it everywhere on the entire surface of
the Earth including the territories of the seas and oceans, and mountains, and the
desert, from the Arctic to the Antarctic in order obtain a satisfactory harvest, then,
perhaps, he maybe could pay his amazing debt off to the chess inventor in over
5 years.

In our life, we deal with geometric progression in that or this form all the time
without even thinking about it. For example, many of us like shopping and we all
are attracted by the sales price of the items. Assume that the price of a dress of your
dreams is reduced every week by five percent. If today the price is $300, what
would be the price of the dress in 6 months? Obviously the price of the dress in each
week will be multiplied by a factor of 0.95 that is equivalent to 5% reduction.
The following will represent a few consecutive sales prices: 300, 0.95 - 300,

(0.95)% - 300, (0.95)° - 300, .... Therefore, the sales price after n reductions will
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be 300(0.95)", and if after a year the sale continues (52 weeks equals one year), you
can buy the same dress for a just $20.83.

Notice that if we assume that the price of the dress is a continuous function of
time, then it follows an exponential decay function where the discrete terms of the
geometric progression are represented by points on a continuous curve. An expo-
nential decay function with decay rate r and initial value P, can be written as

Ay =P(1 —r) (4.1)

Specifically, for radioactive decay, using the geometric progression approach, this
formula can be written as

Alf) = P@/ (4.2)

Here #,, is the half-life, the period specific for all radioactive substances over which
the mass of the substance decays by half.

For example, for a decaying hypothetical radioactive substance, with ¢, ,, = 1000
years, the initial amount of 100 kg would become 50 kg in 1000 years, then 25 kg in
the following 1000 years, 12.5 kg in the next 1000 years, etc. All these moments are
discrete points on a continuous curve of the radioactive decay with represent the
terms of infinitely decreasing geometric progression with common ratio %
(Figure 4.1).

Have you ever thought of how archeologists in the movies, such as Indiana Jones
can predict the age of different artifacts? Do not you know that the age of artifacts in
real life can be established by the amount of the radioactive isotope of Carbon 14,
lécé = 14C in the artifact found by a scientist? Carbon 14 has a very long half-
lifetime which means that each half- life time of 5730 years or so, the amount of the
isotope is reduced by half.

Radioactive Decay, kg

120
100
80
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40
20
0

0 1000 2000 3000 4000 5000 6000

Figure 4.1 Radioactive decay
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Equation 4.2 is very useful if the half-life time of an isotope is known. In a
general exponential decay case given by Eq. 4.1, the half-lifetime can be easily
found by setting the left side of the formula to g, then taking a logarithm of both
sides and solving the formula for the corresponding time that will be the half-

lifetime, 110, 5 =P(1 —r)" = 1=(1-1r)"
In(3)
t=1t,, =——2 4.3
27 (1 —7) (43)

In this chapter, you will find some interesting problems on radioactive decay
coming from theoretical part of the International Chemistry Olympiads.

If we again model the price reduction by a continuous decay exponential
function, then the dress will have its own half-life time in the sense of the time
when the price is exactly half of the original price. Thus, substituting 150 into
Egq. 4.1 and solving it for time, we obtain that 7, , = 1:?8‘955 ~ 13.51, which indicates
that the dress will be 50% off approximately between 13™ and 14™ weeks of
continuous reduction process.

On the other hand, the terms of an increasing geometric progression with
common ratio greater than one will produce a curve of an exponential growth and
terms of the progression will be represented by discrete points on the continuous
curve. By analogy, a function of an exponential growth can be modeled as

Aty =P(1+7r). (4.4)

Here P is the principal or original amount and r is the nominal growth rate.

Additionally, there are many examples of arithmetic progression around us in
a real life. For example, the same Indiana Jones who wants to get a precious
artifact from the deep 10 meters underground hires people to do digging for him.
Assume that he promised to pay a $100 for the first meter and will pay $50 more
for each following consecutive meter of dirt digging. How much would he pay for
digging 10 meters deep underground? In this case we have an arithmetic
sequence of the payments with the first term of $100 and common difference of
$50: $100, $150, $200, $250, $300, $350, $400, $450, $500, $550. The total
payment equals the sum of the terms of this arithmetic progression and it is
w - 10 = $3250.

This chapter is for those who want to see applications of arithmetic and
geometric progressions to real life. There are many applications for sciences,
business, personal finance and even for health, but most people are unaware of
these. We familiarize you with these by giving you five mini-projects and some
related problems associated with the concepts afterwards. However, most of the
problems of this chapter are not contest type problems and if you are not
interested or already understand them, skip this chapter and go to the homework
section.
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4.1 Mini-Project 1: Radioactive Decay and its Applications

Natural radioactivity was discovered by Henry Becquerel and then studied in depth
by French physicists Pierre and Marie Sklodowsca Curie. All three scientists
received Nobel Prizes in physics in 1903. Willard Libby (American physicist)
who worked on the Manhattan Project during World War II, invented the process
of carbon dating in the early 1950 s at the University of Chicago. In 1960, he was
awarded the Nobel Prize in Chemistry for this research. It was found that cosmic
radiation generated neutrons that penetrate into our atmosphere, interact with
nitrogen 14 in the air and produces radioactive isotope Carbon 14.

IN+in=l#Cc+lH
14~ P 14
6 C—>7 N

Since carbon Cy4 is radioactive, it can be detected using a Geiger counter. This
radioactive carbon is mixed with carbon in a normal atmosphere, typically in the
form of carbon dioxide (CO,). Plants absorb carbon dioxide, and it becomes part of
their tissue. Animals eat plants and CO, becomes a part of their body tissue. When a
plant or animal dies, the arrival of the new CO, is terminated. In today’s environ-
ment, there is very little radioactive carbon (only 0.0000765%) and its amount is
further reduced after its decay into simpler components. About half of the CO,
splits into simpler components in about 5,730 years. This is called the half-life of
radioactive CO,. After the two "half-life" (11.460 years) only one-fourth of the
original amount of CO, will remain radioactive and so on.

As we mentioned above, radioactive isotope of Carbon, Carbon 14 dating by far
the most important method of determination of age of artifacts in archeology.
However, due to a very long half-lifetime (about 5730 years) and lower abundance
of this isotope in the artifacts or natural samples, this method requires a very high
sensitivity of measurements. If a sample is gaseous, it can be introduced directly
into Geiger counter to increase sensitivity. Using the number of Geiger counter
clicks as a reference point, scientists are trying to determine the age of the artifact.
Since today’s atmosphere produces about sixteen counter clicks per minute per one
gram of Carbon 14, then Geiger counter has to click eight times per minute if the
artifact is 5,730 years old and four times per minute if the artifact is 11,460 years
of age.

When Carbon 14 decays, it forms Nitrogen 14 and loses one electron. This
reaction is called “beta decay,”

146 14NT o -
¢C° — SN +e .

Such a reaction, as any monomolecular chemical reaction can be modeled by a
differential equation of the first order, % = —k - x. Here C is the concentration of
Carbon 14 or in general, concentration of any radioactive substance. The substance
is decaying, proportionally to the current amount of the radioactive substance,
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which means that the rate of change equals minus constant of reaction, k, times the
current concentration. It is not difficult to find the solution to this equation. We can
separate the variables and after integration to obtain the following

X = xogfk’ (45)

Where x is an initial concentration of a radioactive substance. If x =3 =t =1,
and we can evaluate the constant of the reaction, k,

_In;_n2

k= (4.6)

t2 11/2'

Using base change formula applied to Eq. 4.6, Eq. 4.5 can be easily rewritten
equivalent to the form of Eq. 4.2 with base 2 and half -lifetime as a parameter,

r
N\ip
x=xpe ¥ = xo <e 1"2>

=n(3)"".

Let us solve the following problem. A similar problem was offered at preparation
for International Chemistry Olympiad (IChO 1996) that took place in Moscow,
Russia.

Problem 156 Indiana Jones wants to know the age of artifact that he was
able to dig out. In one of his experiments, 0.011 moles of methane '*CH, was
introduced into Geiger counter chamber. After 30 minutes the counter was
switched on and the measurements continued for another five minutes to
register 2000 decays. Write the equation describing f decay of carbon
14 nucleolus. Calculate the number of Carbon 14 atoms in the sample and
the molar % of radioactive methane '*CH, taken to the experiment described.

Solution. Because the time of the experiment is 30 minutes is much less than the
half lifetime of 5730 years, then given 2000 nuclei decayed within 5 minutes may
indicate that approximately 400 = 2000/5 will decay in one minute. Then about

12,000 would decay in 30 minutes. Assuming that — %V = kN = 400min~! = const,
then the initial number of nuclei, x(, can be approximated by xo ~ N = M,
where the constant of reaction can be found wusing Eq. 4.6,
k=2 — 0693 _~246-10"""min~! Thus, xo ~ N ~ —30 - — 1.66-10

T by T 5730-365-24-60 2461010
However, let us find the answer in a more mathematical way. Though the Geiger
counter did not work for the first 30 minutes, the radioactive Carbon 14 continued
decaying. Let us see how we can use the information that when the Geiger counter
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switched on, that only within the last five minutes, the count was recorded as 2000.
Using Eq. 4.5, we can subtract the actual number of nuclei decayed within
30 minutes and 35 minutes, respectively, and to obtain the number of atoms of
Carbon 14 decayed between 30" and 35" minutes and equate it to 2000:

xoe 3% — xpe= 3% = 2000
2000

Xo = ——5o——3=;
o 30k _ o35k

Because we know the half-lifetime, we substitute k£ from Eq. 4.6 and obtain that

2000 2000

30min 35min

30 35
(l) 5730years __ (l) 5730years (l) 3,017, 688,000 __ (l) 3,011, 688,000
2 2 2 2

=1.67- 10"

X0 =

It is interesting the both methods of calculation for the initial number of atoms of
radioactive Carbon 14 gave practically the same answer.

Answer. xy = 1.67 - 10'2 atoms of Carbon 14.

Remark. In order to find the molar percent of radioactive methane, we use the fact
that one mole contains approximately 6.02 - 10? atoms of carbon (this is called
Avogadro number). Hence, 0.011 moles of methane will have 6.6 - 10%! atoms of
Carbon. Because xy = 1.67 - 10'? of radioactive Carbon 14, then 0.0011 moles of
methane contain the following % of radioactive Carbon 14.

1.67 - 10" 253
—  100% = ——— % =2.53-107%%.
6.6 - 10%! % 10000000000 % %

The following problem was offered at the 25" International Chemistry Olympiad,
1993, Italy.

Problem 157 A radioactive isotope of iodine, 12 1I, is used in nuclear med-
icine for analytical procedures to determine thyroid disorders by scintigraphy.
The decay rate constant, &, of 131145 9.93 x 10~ 7s~!. The decay equation is
1Blp _, 1Blye 4 o

a. Calculate the half-lifetime of '*'T expressed in days.
b. Calculate the time necessary (expressed in days) for a sample of '*'I to
reduce its activity to 30% of the original value.

Solution.
a. Using Eq. 46 we can find the half-lifetime in seconds as

f)2 = 52— = 698033.415 ~ 8.079 days.
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Using Eq. 4.5, replacing x = 0.3xy and after canceling the common factors, we
obtain, 0.3 = e ¥, k=9.93-10"".

After taking natural logarithm of both sides we get

In0.3=-993-10"7 -¢

10
In—

f=——3 __ ~ 1212460 ~ 14 days.
9.93-10

Obviously, it takes longer to decay to 30% (14 days) than to 50 % of the original

amount (8 days)

Answer. 8 days and 14 days.

Despite the fact that dating Carbon 14 sounds true, the process itself is based on

several erroneous assumptions:

1.

The amount of Cy4 in the atmosphere is in a state of equilibrium. This assump-
tion is incorrect. According to estimates, the amount of C,4 in the atmosphere
will reach a state of equilibrium (when the rate of production is equal to the
decay rate) during 30,000 years. Hence, the amount of C,4 in the atmosphere is
still increasing. This research points to the young age of the earth (probably less
than ten thousand years).

With the depletion of earth’s magnetic field, more and more radiation pene-
trates into our atmosphere. Today, the Geiger counter clicks sixteen per minute
per gram is usually denoted by living matter. The animals and plants that live on
the Earth four thousand years ago, initially to be located far fewer C;4. With a
small amount of Cy4, they will look at a few thousand years older than they
actually are. Several factors can alter the rate of C;4. One factor is the eleven-
year sunspot cycle.

. The decay rate is not changed. (Assume in Eq. 4.5 that k = const.). Many times it

has been shown that this assumption is uncertain. Since the rate of decomposi-
tion may vary, the age of the artifacts obtained by the C,4 can be recognized only
with the necessary safety precautions.

. You can find the original amount of C4. This assumption has been proven

wrong many times. Different parts of a sample often produce different dates. A
variety of live specimens produce quite unlike relations. The age of some items
cannot be estimated by using carbon dating, even if the items contain carbon.

. Checked samples sometimes were not radioactive (contaminated) that will

change their original condition for thousands of years. This assumption is very
difficult (if not impossible) to prove. The products of radioactive decay could be
lost or gained by the sample. Laboratory tests confirmed a large number of what
may occur.

Some research demonstrates increase of radiocarbon in the atmosphere. It is
contrary to the official data. The graph of the proportion of radiocarbon from
time to time over the last century show that it declined to about the level of 1950
due to industrial emissions of fossil CO, which is no longer left radiocarbon,
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almost all fell apart. Then there was a sharp increase - then massively conducted
due to nuclear tests. Now it is reduced again.

It is safe to use Carbon 14 for dating only inorganic artifacts because we know
the exact proportion of isotopic CO, absorbed by plants from the atmosphere.
Geiger counters are no longer used for determining the proportion of radioactive
carbon because mass spectrometers give much better accuracy.

4.2 Mini-Project 2: Patients and Injections

Problem 158 After an ankle surgery, a patient is given an injection of 6 units
of codeine. For each succeeding daily injection she is given 4 units of the
same medication. The patient loses 80% of the medication between injec-
tions. How much of the medication will remain in the patient’s system after
the 3" injection? How about after the 30™ injection? What is the amount of
the medication in the blood stream on the 31*' and 35™ days if the 30"
injection was the last?

Solution. Let us think of what happens if we are given an injection of 6 units of a
medication and will not get more. Will we have a portion of the medication in our
blood on the second day?

For a specific medication different people have different elimination rates
(say, a) that shows what % of a medication will be gone (eliminated) from our
body. It can be 10%, 20%, 40%, even 90% etc. So some patients can lose 10%, 20%
40%, etc of the medication. But 90%, 80%, 60%,. . . of the medication respectively
will remain in the blood stream on the next day. Let x =1 — 1‘6—0, where a is an
elimination rate in percent.

If we are given 6 mg of a medication on the 1* day and do not receive other
injections we would have 6x mg of the medication on the second day, 6x - x = 6x>
on the third day 6x? - x = 6x° on the fourth day and so on. However, if we continue
injections the expression that gives the amount of the medication in a blood stream
on each consecutive day will be some polynomial function in x:

During injections

Day 1 6

Day 2 6x+4

Day 3 6x% + 4x + 4

Day 4 6x° +4x? +4x+4

Day 5 6x* 4 43 +4x? +4x + 4

Day n (1 < n < 30) X" A2 4 4+ 4x+ 4
Day 30 6xF + 42 +axY + .. 4 4x+4
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After stopping injections

Day 31 630 4402 +4x 4 4 4x? + 4x
Day 35 6x3* FaxB . 440
Day n (n > 30) X" AT L 440

We notice that the amount of the medication, A(n), on the nh day, 1 < n <30,
can be simplified as 6x"~! plus the sum of a geometric sequence with the first term
of 4 and a common ratio of x.

. 1<n<30 4.7)

Equation 4.7 gives us the amount of the medication in the blood system on any
particular day n between the first and the last injections. (1 < n < 30). The amount
of the medication in a blood stream on the n'™ day after stopping injections (n > 30)

A(n), (n > 30) again can be written as A(n) = 6x""! + w,n > 30.

Table 4.1 demonstrates the influence of different x values on the amount of the
medication in the system on some particular day between the first and the last
injections. Also we can see that when x < 1 (see columns for x = 0.05, x = 0.1 or
even for x = 0.2) the amount of the medication on the 10™ and 30™ day are
almost the same. This fact can be explained from Eq. 4.7.

If x<1 and n— oo, thenx""' — 0andA(n) — ;& and is constant for

_®
specific x. If x = 02, A(30) =6x% + % ~ih=1t5=5 A(10)=
)
6 + U= _ 05 = A(30).

—X
From this table we can see that for some people with a low elimination rate
(x is bigger) there will be more residual medication in the system than for people
with a higher elimination rate such as a = 80%, for which x = 0.2. From the
solution to this mini-project we learn two things:
» Itis a good example of the application of geometric series.
o It illustrates something important about medications; even after we stop taking

them we can still have the medication in our blood stream for many days (see the

Table 4.1 The amount of the medication remaining in a blood stream for different x values on
certain days

Day |[x=005 |x=0.1 |x=02 [x=04 [x=05 |[x=06 [x=08 |x=09
2 4.03 4.6 52 6.4 7 7.6 8.8 9.4

3 4.0215 4.46 5.04 6.56 7.5 8.56 11.04 12.46
10 4.02 4.44 5 6.67 8 9.96 18.121 26.83
30 4.02 4.44 5 6.66 8 10 19.978 38.4

31 0.02 0.44 1 2.66 4 6 15.98 34.5

35 E-11 44E-5 0.0016 | 0.068 0.25 0.77 6.54 22.67
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table for days 31 and 35). This explains, for example, why even when a patient
stops taking a drug, the doctor suggests not drinking any alcohol for a few days
afterward.

At first glance, the next problem seems to be completely different from the
patient problem. However, the same approach can be used.

Problem 159 Brian has decided to cut off 20% of the length of his hair today
and will continue to cut off 20% every 2 months thereafter. Knowing that his
hair is presently 30 centimeters long and that it will grow about 8 centimeters
in 2 months time, how long will his hair be after his haircut one year from
now?

Solution. Since Brian cuts 20% of his hair every 2 months, then mathematically it
is like multiplying his recent length by 0.8. Let x = 0.8. Using the fact that his hair
grows 8cm in two months, we obtain:

Now 30

Month 2 x(30 + 8) = 30x + 8x

Month 4 x(30x + 8x + 8) = 30x? + 8x% + 8x
Month 6 300 + 8x3 + 8x? + 8x

Month 8 30x* + 8x* + 8x® + 8x% + 8x

Month 10 300 + 8x° + 8x* + 8x® + 8x 4 8x
Month 12 3008 4 8x® + 8x° + 8x* + 8x + 8x% + 8x

x(1—-x0 .
The last expression can be written as L(12) = 30x° +% with x = 0.8 so
L(12) =31.5 cm.

Answer. About 31.5 cm.

Remark. This can be used for any period of time. Noticing that the highest power
of x is 1/2 of the number of the month we obtain,
Month 2k:

8x(1 — x4)

L(2k) = 30xF + 8xF 4 8xF~1 ... 4 8x = 30x" +

8-0.8(1 —0.8)

=30-0.8
+ 0.2

Because » = 0.8 and the geometric sequence is decreasing as k increases, then the

second term will get closer and closer to 1% = % = 32. The first terms depends

on k and decreases very quickly as k increases. For example,
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30 - 0.8%0 = .346,
30-0.8% = .037, 30-0.8*° = .004.

When &k > 40, then the entire expression will approach 32 cm. In the long run,
Brian’s hair length would be 32 cm long.

4.3 Mini-Project 3: Investing Money

Sometimes nothing is more powerful and motivating than an example from real life.
We all want to be wealthy and healthy. We work hard. We invest money. We want
to know how much money we will have in our bank account if we stick with this or
that rate, if our interest is compounded annually or continuously. We try to ask
advice but sometimes do not know that all real life situations like investing money
or planning retirement or buying a house can be reduced to math problems that we
can solve ourselves!

4.3.1 Simple and Compound Interest

The best loan you can imagine is no loan at all or a loan from your grandfather or
grandmother. Usually they would give you money just as a gift or by asking to pay
them back when you can. Most people and businesses are not your grandparents and
usually they lend you money at certain interest rate, which depends on many
factors, including your credit history and market stability, etc.

First, there is a simple interest and compounded interest that you can expect. In
the case of simple interest, each year, your payment back for a loan of $P will be
increased by the same amount, rP, so after ¢ years you will have to pay your
principal (original loan amount) plus the interest times the number of the years,
P + t - rP, which represents the simple interest formula,

A=P+t-rP=P(1+1r) (4.8)

If your interest is compound interest, then such a situation is more applicable for the
growth of the balance of a bank account. For example, if you put $P on your bank
account with annual percentage rate, r, then the amount of money to expect at
the end of the first year will be P+ rP = P(1 +r). This principal will be
increased by the interest rate and at the end of the second year will be
P(1+7)+rP(1+7)=P(1 +1)

If nothing changes and you do not take your money then this will be your new
principal and at the end of the third year you would have P(1 + r)2 +rP(1+ r)2
= P(1+7)’, etc. By induction, after we continue the procedure ¢ times we get
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Eq. 4.4 for compound interest, A = P(1 + r)". Therefore, the amount of money one
can take from his or her bank account form a geometric progression.

P, P(1+7),P(1+7) P(A+1), ..., PA+1), ...

However, regarding a personal bank account there is no such thing as the sum of
this sequence, because each year the amount of money will be represented by only
one term of the sequence and not by the sum of the terms.

The formula can be modified with knowledge of how the interest is
compounded. For example, if the annual percentage rate is APR and the interest
is compounded »n times per year, then the formula can be rewritten as

nt
A:P<1+ﬂ) . (4.9)
n

This formula will become a continuous interest formula if the number of
compounded periods will increase without limit, n — co. So your interest is not
calculated monthly (7 = 12), not even daily (n = 365) but continuously, more often
that every second. It is as if the bank cares for you continuously.

Using the second formula of Eq. 3.6 from Chapter 3, we obtain that lim P
(1 + ’;)n = Pe™. Hence Eq. 4.9 will become

A=P.¢", (4.10)

where r = APR, n =1t are the annual percentage rates in decimal notation and
time, respectively.

4.3.2 Saving Money by Periodic Deposits. Future Value
of an Annuity

We have learned how to compute the future value and interest for a fixed sum of
money deposited in an account that pays interest, compounded either periodically
or continuously. But not many people are in a position to deposit a large sum of
money at one time in an account. Most people save or invest money by depositing
small amounts at different times. Consider the following problem:

Problem 160 Suppose $10,000 is deposited in a bank on January 1 of each
year from 2011 through 2016, inclusive, where it earned an annual yield of
5%. What was the value of our account one year after the last deposit?


http://dx.doi.org/10.1007/978-3-319-45686-7_3
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Table 4.2 Balance for Problem 155

Number of years between Input from current
Current year Deposit current year and year 2017 year to year 2017
2011 10000 6 10,000(1 4 0.05)°
2012 10000 5 10,000(1 + 0.05)°
2013 10000 4 10,000(1 + 0.05)*
2014 10000 3 10,000(1 + 0.05)°
2015 10000 2 10,000(1 + 0.05)*
2016 10000 1 10,000(1 4 0.05)"

Solution. So we were checking our balance on January 1, 2017. Maybe we want to
collect our money. A table can be helpful.

In this Table 4.2, the right column represents the future value of a particular
deposit after accumulating the interest during certain period. Hence, the numbers in
this column are all different, because each equal payment will be compounded for a
different time!

As the table shows, if you put $10,000 in on January 1, 2011 and do no further

deposits, on January 1, 2017 you would have $10,000(1 + 0.05)6 = $13,400 (the
last expression in the first row) which equals the accumulated return over 6 years.
However, because you deposited $10,000 every year since 2011, we have to add all
inputs in the last column. Look closely at this sum,

S =$10,000(1 + 0.05)® + $10,000(1 + 0.05)° + $10,000(1 + 0.05)*
+$10,000(1 4 0.05)* + $10,000(1 + 0.05)* + $10,000(1 + 0.05)

If you rewrite it backward, you will notice that we are looking for the sum of
the first 6 terms of a geometric sequence with the first term, b =
$10,000(1 4 0.05) = $10, 500, and the common ratio r = 1 4+ 0.05 = 1.05

6_
Thus, S = 22000 _ g71 420,

Answer. The value of the investment on January 1, 2017 will be equal to $71,420.
Certainly, it is better than $60,000 that one can save in a pillow.

In business, the sum of all payments plus all interest earned is called the amount
of the annuity or future value of the annuity. We consider payment intervals that
coincide with the compounding period of the interest. P is the periodic payments
(for example, annual deposits), j is the interest rate, and »n the total number of
payments. Let us create a similar table (Table 4.3).

At the end of the n™ year we are accumulating money from each year so we have
to add all inputs in the last column.
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Table 4.3 An ordinary annuity

Number of years between Input from
Current year Deposit current year and the ath year Current year
1 P n—1 P(1+,)"!
: ’ n-2 P(1+))"
3 P n—3 P(l +j)n—3
n—1 P 1 P(1+))
n P 0 P

S=P+PL+))+PA+)j)+...+P(L+)" >+ P(1L+,)""
—P{1+ ()4 (1))

Because the expression within parentheses is geometric series with the first term
1 and a common difference (1 + j), we can state that if periodic payments P are
made for n periods at an interest rate j per period, the amount of the annuity will be

% =P (%) . This formula can be rewritten in terms of

the annual percentage rate (APR), number of payment periods per year (n), time of
the investment in years (¢), and the amount of the periodic payment (P),

P ((1+2m)" — 1)
CONN

Equation 4.11 will be especially helpful if one saves P dollars periodically, con-

sistently with a given APR compounded periodically, for example monthly. You

may have seen such a formula in a financial context, but now you know how a
geometric series can be used for its derivation!

given by § =

S =

(4.11)

Problem 161 Which is better for you: to deposit $10,000 at once, to be held
for 10 years at 6% compounded annually, or to deposit $1,000 in each of the
next 10 years, to be held in an account earning interest at the same rate?

Solution. If you already understand the idea of compounding, it may be obvious
that the first choice would be better, but it is still interesting to see how much better!
If you deposit $10,000 now, to be held for 10 years at 6% annual rate, at the end of
the 10™ year you will have 10000 - (1 4+ 0.06)'" = 10000 - 1.06'° ~ $17,908. If
you deposit $1000 each year for 10 years we can use Eq. 4.2 to obtain

1000 - ((1'006_2)16070 ~ $13,181. We notice that in part b) our savings account will

be $4727 less, but it is still better than keeping money at home (in which case you
would have only 10-$1000 = $10,000) and it will be safe, as well. So if you can put
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a large amount of money in your savings account it would be best, but if you cannot
afford it, would it be better, to deposit a portion of money monthly or annually?

Problem 162 You have an opportunity to save $1200 each year. The interest
rate is 6%, compounded annually. Which will give you more money after
10 years? a). You deposit $1200 annually for 10 years, or b). You deposit
$100 monthly for 10 years?

Solution. After 10 years you will have $1,200 - (%) ~ $15,817. If you

deposit money monthly for 10 years you would do 120 deposits during the entire
period. The interest rate in each of the periods would be .06/12 or .005. At the end of

the 10" year using Eq. 3.53 you will have $100 - (%) ~ $16,388.

Answer. Monthly deposits will work better for you. This is again due to the power
of compounding.

Problem 163 To save money for college, Jim deposits most of his summer
job earnings in a savings account at the end of each summer. He deposits
$1,000 in the first year. In each of the next three years, he deposits $500 more
than he did in the preceding year. Assume that he makes each deposit on the
same day of the year, that the annual interest rate is x and remains constant,
and that he makes no withdrawals or other deposits. Find a function in x that
expresses Jim’s total accumulated savings immediately after he makes his last
deposit. Evaluate this expression if the interest rate is 5.8%

Solution. Let us create a table again (Table 4.4).

Actual deposits form an arithmetic progression with the common difference of
$500. The accumulated savings areS(x) = 1000 - (1 4 x)* + 1500 - (1 + x)* 4 2000
- (1 4 x) 4 2500. The total savings when the interest rate is 5.8% is S = 500(2-1.058"
+ 3-1.058% 4 4-1.058 + 5) ~ $7,479.33.

Answer. $7,479.33.

Table 4.4 Balance for Problem 163

Number of years Input to the day Input to the day
between current year of withdrawal, of withdrawal,
Current year Deposit and year of withdrawal annual rate x annual rate 0.058
I 1000 3 1000(1+x)* 1000(1.058)*
ond 1500 2 1500(1+x)> 1500(1.058)*
3 2000 1 2000(1+x)' 2000(1.058)'
4t 2500 0 2500 2500
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Problem 164 There are three friends with different investment habits. Mary
deposits $500 every month into her savings account at 6% APR compounded
monthly for 5 years. Ann has a summer job as a dancer and has an opportunity
to invest $6000 annually at the same nominal rate of 6% compounded
annually, and Colleen does not trust any banks and keeps all her available
cash in her pillow by placing there each month $500 for five years. Which of
the three friends is better off at the end of the 5" year?

Solution. We will use Eq. 4.11 applied to the of cases of Mary and Ann.
500((1+%%)% ~ 1)
)

Ann: 5, = SQ0OULH006-1) _ ¢33 877 56,

Mary: Sy = = $34,885.02.

Colleen will have S. = 500 - 12 - 5 = $30, 000.

Answer. Mary will save more money.

4.4 Mini-Project 4: Thinking of Buying a House?

When we want to buy a house, many of us feel frustrated for many reasons. First, we
usually do not have enough money to pay off any house right away. Second, we’ve
heard a little bit about down payments from our experienced friends who have
already purchased a house. Third, even if we can imagine all steps of this compli-
cated procedure, it would be nice to know that arithmetic and geometric series can
help us to select a mortgage company, an interest rate, the number of years for
which we will finance, and a monthly payment.

Different financial advices from a mathematical point of view will be given here.

4.4.1 Present Value. Debt Payment Schedules

It is important to introduce now a so-called “present value.” If your debt now is
$5000, then in two years, unless you have to pay the same amount to your nice
grandpa, it will be increased by the law of compounding and will become

5000 - (14 7)% If on the other hand, you have to pay someone $A in ¢ years
under annual percentage rate r, then your debt can be recalculated to its present
value, i.e., the amount you owe as off today. For this, we have to solve Egs. 4.4, 4.9,
or 4.10 for P:
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A -
P:(1+r),:A(1+r) (4.12)

This is the present value of the amount A and can be modified depending on the
compounding process as

APR\ "
P:A(l+—> . (4.13)
n

P=Ae". (4.14)

Present value is used in business if we, based on the analysis of the cash flow and
the knowledge of the initial investment, can decide whether or not this business is
profitable or not.

Consider the following problem.

Problem 165 An initial investment of $35,000 in a business guarantees the
cash flows summarized by Table 4.5. Assume an interest rate of 5%
compounded annually. Find the net present value of the cash flow. Is the
investment profitable?

In order to decide on the profitability of this business, we find the net present
value by recalculating all cash flow by its present value and then adding them
together.

NPV = $8000(1 + 0.05) " + $10,000(1 + 0.05) * + $14,000(1 4 0.05)
~ $25,584.74.

Because this number is less than the initial investment of $35,000, we can state that
this business is not profitable. Moreover, it loses money.

Sometimes one needs to pay a debt now but does not have the money and asks
for an opportunity to pay his or her debt either later, in certain number of years
(months) or for example, to pay the debt partially now and then by the schedule
offered by the lender. Despite the fact that many people believe that the following
problem would never correspond to a real life scenario, it is not true. By solving this
problem, you can make important financial decision in your life.

Table 4.5 Cash Flow Year Cash Flow
for Problem 165 3 $8,000

4 $10,000

6 $14,000
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Problem 166 A debt of $5000 due four years from now and $3500 due
6 years from now is to be repaid by a payment of $2000 now and one an
additional payment in five years from now. If the interest rate is 4.8%
compounded annually, how much is that single payment?

Solution. The easiest way is to recalculate both payment scenarios for their present
value at moment ¢t = 0. However, we recalculate the balance at time ¢ = 5 years. At
which the final unknown payment must be made. When solving such problems, I
always recommend sketching the problem first (Figures 4.2 and 4.3).

The first option will be called the upper schedule and the second scenario is
lower schedule.

Upper schedule: US = $3500(1 + 0.048) " + $5000(1 + 0.048)"
Lower Schedule: LS = x + $2000(1 + 0.048)°.

The balance obtained from the both schedules must be the same, from which we
can find the final payment, x:

.

T t=5
years
4__
$3,500
2% .
$5,000
- . ?

—t ————t—+ —
0 4 55 6
$2,000 $x
4

Figure 4.2 Balance for problem at year five
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$3,500
24 °
$5,000
B ° -
1 1 0 ¢ A N 4‘][ ;5 *é 1
-2
$2,000 $x

Figure 4.3 Balance at present time

x=3500-1.048" 4+ 5000 - 1.048 — 2000 - 1.048’
= $6051.35.

We can see that the upper schedule would make one to pay $8500. By the low
schedule, one would pay $8051.35, which is less by almost $450. Obviously, if we
recalculate either schedule to its present value (Figure 4.3).

PV = $3500(1 + 0.048) " + $5000(1 + 0.048) ~*
= $6786.81.

Then this result can lead us to another consideration or a new problem. If one has
the money ($6786.81) then the debt could be paid immediately.

Answer. x = $6051.35.

4.4.2 Present Value of an Annuity. Mortgage Payment

Let us take an example from real life. Say a couple finds a house in neighborhood
that they like. The house is a two-story house. It is 3300 sq. ft., 5 bedrooms,
3 bathrooms, a bar, stained glass windows in the living room, a big balcony, and
their dream- a nice swimming pool. The owner wants $160,000 and wants it
quickly. The couple has some savings in a bank account; their friend gave them
the address and telephone of a good mortgage company that offers a rate of 7.2%.
The couple has a stable income, but it is not very big and they do not yet know what
kind of loan and payment to choose, or if they can even afford a house like this. He
is 42 years old and she is 38. They hear that a 30-year loan would give them lower
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payments every month but they would be 72 and 68 respectively after 30 years.
They really do not want to be in debt when they are senior citizens. So before going
to a mortgage company they decide to estimate approximately what would be good
for them.

The first question would be: What is the monthly payment?

How to estimate the size of the periodic payment? Let L be a loan for ¢ years;
m = 12 - ¢t the number of months for repayment starting at the end of first month; r
= interest rate per year in decimal notation; j = /12 monthly interest rate; P =
amount of repayment per month (starting at the end of first month), your monthly
payment. The house would be yours as of today if you pay the entire mortgage or
loan, L, now. If you have to make n periodic payments each month for the next
t year (15, 20, or 30 years), then you will pay eventually S = P - ¢ - n dollars, which
equals to your total payment.

Let us assume that $P is our monthly payment. Each periodic payment P can be
recalculated as its present value at moment 0. So if we pay $P per month, then the

total present value of all periodic payments after three months will be P(1 + j)71
+P(1 + )% + P(1 4) > and so on, and the present value of your repayments after
m months will be P(1+ )" +P(1+/) > +P(1+j) " +...+P(1+,/)". The
expression above is a geometric series with m terms, the first term equals
P(1 4 )" and common ratio is (1 + )", so the sum of m terms can be found as

=+ ") 0+ (171) B J

P+ (1 -a +j>’"> P (-(4)™) _PO=(14)")

We must now equate the present value of all repayments above to the total value of

the loan (mortgage) taken at moment zero, L. Replacing j = 4% m = nt, and L by

n ’

A, we obtain the formula that is called the present value of an annuity:

Po(1= (1428 ™)

(%)

L:A:

(4.15)

Solving this formula for P, we derive the expression for a periodic payment of $P,
n times a year during ¢ years toward your original loan of $A at the annual
percentage rate APR compounded n times per year:

. (APR
L= (14487

For monthly payment, n = 12, and the formula becomes
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< " >
P=A- 12 )

A —12¢
1= (1+459)

We will solve several problems related to mortgage, credit card, or car loan
payment.

Problem 167 A couple buys a house for $160,000. They make a $16,000
down payment and agree to amortize the rest of the debt in monthly payments
over the next 20 years. If the interest on the debt is 7.2%, compounded
monthly, what will be the size of the monthly payment?

Solution. What will the couple’s monthly payment be for different rates, down
payments, and repayment periods? To estimate the monthly payment, we use
Eq. 4.16 where L is the actual debt (the price of the house minus a down payment).
Because L = $160,000 — $16,000 = $144,000 j = 0.072/12 = 0.006 and n = 12

-20 = 240 then P = $144,000 - (%) = $1133.78 so the couple’s monthly

payments would be approximately $1134.
“I think we could afford it.” The wife said. For the same down payment, can they
afford to pay off the loan in 10 years? Now only m will be changed, m = 120,

P = $144,000 - [%] = $1686.84. It is almost $1700; If we think about

additional costs such as the utility bills and insurance, it could be difficult for

them. What if they tried to pay off the loan in 15 years; then m = 180, P = $144,
000 - [%] = $1310.47 that is approximately $1311 per month. This seems
more bearable.

What would happen if they put down 20% or $32,000? Assuming that the annual
percentage rate (an interest on the debt) is the same, 7.2%, let us estimate their
monthly payments for 20 years, 10, and 15 respectively, L = $160, 000 — $32, 000
= $128, 000:

» Loan for 20 years, n = 240, P = $128,000 - (&) = $1007.81 or about

1-1.006-2%
$1008 per month.
You notice that there is not a big difference between $1,134 and $1008. Maybe it
is not a good idea to put down 20%, they would lose $16,000 from their saving
account, but monthly payments would not be that much less.

+ Loan for 10 years, n = 120, P = $128,000 - (-2 ) — §1499.42 ~ $1500.

There is a difference of about $200 every month, but it is still a pretty large
monthly payment!

+ Loan for 15 years, n = 180, P = $128,000 - (-2 ) — §1164.85 ~ $1165.

Again we do not see a big difference between monthly payments for a 10% down
payment versus a 20% down payment. Let us look at the interest rate now. We
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would want to stick with a rate of 7.2% or less if it is possible. Let us try a rate of
6.5% and a down payment of 10% or $16,000. SoL = $144,000 andi = 0.0054:

» Loan for 10 years, (n = 120); P = $144,000 - (%) = $1633.63

» Loan for 15 years (n = 180); P = $144, 000 - (]_%’0%) = $1252.81.

» Loan for 20 years (n = 240); P = $144,000 - (%) = $1071.93
What happens if a family cannot get a lower rate? Let us estimate how much they
would pay monthly with a down payment of $16,000 (10%) and an agreement to
amortize the rest of the debt in monthly payments over the next 20 years (n =
240) with an interest rate on the debt of either 8.5% or 9.5%?

e Loan for 20 years, L =9%144,000, j = 85%, i = 0.071,
_ 0.0071 _
P = $144,000 ({-271) = $1251.5.

We can look at other loan lengths:
n =120 (10 years) P = $1787
n =180 (15 years) P = $1419
n =300 (25 years) P = $1162
n =360 (30 years) P = $1109

e Loan for 20 years, L = $144,000, j = 9.5%, i = 0.0079; x payments,

P =$144,000 - (-39%=) :

x =120, P (120) = $1861.7

x =180, P (180) = $1501.9

x =240, P (240) = $1340.4

x =300, P (300)=$1256.1

x =360, P (360) = $1208.7
Sometimes a home buyer wants to put down just 5%. For the same house this
would result in a loan of $152,000. Let us say the loan is at 8% and estimate
the monthly payment for different lengths of the loan. We use the formula,

0.0067
x =120, P(120) = $1844.5
x = 180, P(180) = $1452.9
x =240, P(240) = $1271.8
x =360, P(360) = $1115.7.

Problem 168 A pre-owned 2010 Infinity G 37 is purchased for $3000 down
and monthly payments of $450 for four years. If interest is at 5.2%
compounded monthly, find the corresponding present cash price of the car.
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Solution. First, we use Eq. 4.15 in order to calculate the present value of the loan

450+ (1= (1+%2

)712-4)
L=A= ~ $19,463.67.

Secondly we add a $3000 down payment to the number above in order to obtain
today’s cash price of the Infinity G37: $19,463.67 + $3000 = $22,463.67.

Answer. $22.463.67

4.5 Mini-Project 5: Loan Amortization

By doing this mini-project you will learn the best and most efficient way to pay off
your debt of any kind, for example, a credit card or car loan. It would also be
interesting to know how soon you will pay off your debt if you make extra payments
every month or annually. Loan amortization will be briefly discussed. Additionally,
we compare different options of paying for a new or used car and whether it is better
for you to pay by credit card or take a loan from the dealership if both charge the
same annual nominal interest rate.

4.5.1 Paying Off an Outstanding Credit Card Debt

Let us demonstrate how knowledge about arithmetic and geometric series helps us
solving very important financial problems. Consider two different mathematically
but similar real life scenarios. You want to buy a car of your dream but do not have
all the money to pay the cash price of the car, so you need to borrow money.

1. Assume that you come to a private company that offers to lend you money (L) at
r% with n payments per year (usually n = 12) and m total payments required
(m would be the number of years for the loan times 7). This might be a dealership
that sells that dream car and they refer you to their financial office.

2. You decided to use your credit card that happens to charge the same nominal rate
as the dealer. This can be rephrased as follows: You have an outstanding debt of
L dollars on your credit card that charges APR of 7% compounded monthly and
you need to pay it off in » months, each month by an equal amount of L/n dollars
plus an interest on unpaid balance.

Are these two scenarios mathematically equivalent? Are they financially equal
to you? Which scenario is better?

The common thing is that you have an outstanding debt of $L and you need to
pay it off by making precisely n equal periodic payments. However, in case one you
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do not have the freedom to choose your monthly payment, usually it is the number
of dollars that is calculated by the Loan company (for example, by the dealership
office or by a bank).

Regarding the second scenario, one decided to pay off his or her credit card debt
by making equal monthly payments of (L/n) dollars plus the corresponding monthly
interests.

Let us start from the second scenario. Assume that L is the amount borrowed and
(L/n) the periodic payment size, then n(L/n) = L is our unpaid balance before the
first payment, (n — 1)(L/n) =L — L/n is the unpaid balance before the second
payment , and so on, with the balance before the last payment of (L/n).

Let us estimate the total interest (in dollars), /, charged by a credit card company.
Because r is the rate, then (r/m) is the interest rate per payment period. We must
multiply every unpaid balance by the coefficient (r/m) and then add them all
together to get [ =n-(3)(7) + (2 —1)- GG+ +2- () () +1- ()
Factoring out (£) (£) we obtain, I = (5) (L) (n+ (n— 1)+ (n —2) + ...+ 2+ 1).
You notice that the expression within parentheses is the sum of an arithmetic
sequence (a sum of all natural numbers from 1 to n) that equals @ Thus,

L r 1 g 1
1:_lmﬂiil:L.G)f”+) (4.17)
n m 2 m 2
We can use Eq. 4.17 to solve for r and find the true annual percentage rate,
2l -m
r=_——— 4.18
"TLint 1) (4.18)

In this formula j = .- and the total payment (TP) toward the outstanding principal
after n payments is

(n+1
2

~—

TP=L+L-j- (4.19)

Problem 169 Assume that you found a car in a local dealership and paid
$12,000 for the car by a credit card at APR = 12%. Now you want to pay it off
in 4 years (48 months). You decided to pay equal monthly portions of %
= $250 plus the interest on the outstanding principal. What will be your total
payment to the credit card company after 48 months? Is your decision to use a
credit card better than the first option you always have? (Scenario 1, sign for
a 4 year contract with the dealership and pay your car loan by equal monthly

payments).

Solution. Based on our Eq. 4.19 after 48 months your total payment to the credit
card will be
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48 +1
Loan + Interest = TP = $12,000 + $12,000 - 0.01 - T+ = $14, 940.

If you sign a 4 year contract with the dealership, then first, we need the actual
amount of money you must pay in order to liquidate your debt in 48 payments. If
you are taking a car loan of $12,000 and agree to pay the loan plus an interest at
APR = 12% by making equal payments over a 4-year period, your payment will be
$316.01. (We used Eq. 4.16 for the present value of the annuity derived in the
previous section to calculate this payment.) In four years, you would have paid 48-
$316.01= $15,168.29.

When you decide to pay $250 each month toward your principal plus the
corresponding interest, then each month your total payment will be different and
will eventually decrease as time (in months) increases. Thus, for the first month you
would pay 250+ 0.01-12000 = $370, for the second month it would be
250 +0.01 - 11750 = $367.50, for the 3™ month it would be 250 4 0.01 - 11500
= $365, for the 4" month it would be 250 + 0.01 - 11250 = $362.50, for the 5t
month you would have to pay 250 + 0.01 - 11000 = $360, etc.

In general, the total monthly payment to a credit card for a month &, using your
own schedule will include an equal payment of 1; 12000 = $250 and the interest
charge on the unpaid balance for the ™ month, Wthh will be (n— (k— 1))

(%) = (49 —k) - 12000 012 = (49 — k) - 2.5. The total k™ payment can be calcu-
lated as
L L r
_= —k=1)-(=) =, 1<k<n 4.20
=== (5) L i<ksa (4.20)

Using Eq. 4.20, the total Kt payment for n =48, m = 12, r = 0.12, L = $12,000
is described by

i = $250 + ($49 — $k) - 2.5. (4.21)

If we wish to know after what month, your payment will be less than $316, we
can make the monthly payment given by Eq. 4.21 less than 316 and solve the
inequality for £,

= $250 + ($49 — $k) - 2.5 < $316

$66
$49 — $k<g—$226

$23 < k < $48.

Starting from month 23, our payment will be less than $316. We can create a table
of the total monthly payments given by Eq. 4.21 using Excel together with the
second option of $316 each month (Table 4.6) and graph both cases for comparison
(Figure 4.4). Curve Y1 represents your own schedule when the monthly payment is
calculated by Eq. 4.21 and curve Y2 represent the same monthly payment of $316.
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Table 4.6 Monthly k Y1 Y2

payments for Problem 169 1 370 316

2 367.5 316

3 365 316

4 362.5 316

5 360 316

6 357.5 316

7 355 316

8 352.5 316

9 350 316

10 347.5 316

11 345 316

12 342.5 316

13 340 316

14 337.5 316

15 335 316

16 332.5 316

17 330 316

18 327.5 316

19 325 316

20 322.5 316

21 320 316

22 317.5 316

23 315 316
400
350
300
250

200 = Y1
-Y2
150
100
50
0
0 10 20 30 40 50 60

Figure 4.4 Credit card monthly payments schedules for Problem 169

Both, the table and the graph confirm our analytical result that the 23" payment to
be less than $316 and that any payment after that will be less than $316.

The total payment of the first method of repayment is $14,940 which is less than
the total payment of $15,168 of the equal monthly payment amount of $316 for a
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total savings of $15,168.29 — $14,940 = $228.29 . Therefore, at the same nominal
interest rate and under conditions such as time period, etc., the second scenario
would be better for you and would save you a little money. This is probably why
dealerships do not allow you to pay for new or old car using you credit card and
generally prefer that you sign a financing contract. However, as you probably
understand the second scenario requires more discipline and knowledge of mathe-
matics. It is very easy to forget about your payment, especially if the amount is
changing from one month to the other. Of course, credit cards are not always a
better choice for you—only if you are a very disciplined person and would not miss
any planned payment. What is best is to have control of your finances and under-
stand your options.

4.5.2 Using a Computer to Build an Amortization Table

Suppose that you get a $1500 loan from a bank with the interest rate of 12%
compounded monthly. The $1500 plus interest is to be repaid by equal payments
of R dollars at the end of each month for three months. Usually such a schedule is
initiated by yourself because you need to pay your debts as soon as possible.
Using Eq. 4.16 we find that the monthly payment is $510.0332. We round the
payment to $510.03, which will probably result is a slightly higher final payment.
The bank can consider each payment as consisting of two parts: a. Interest on
the outstanding loan and b. Repayment of part of the loan. This is called
amortizing.

A loan is amortized when a part of each payment is used to pay interest and the
remaining part is used to reduce the outstanding principal. Since each payment
reduces the outstanding principal, the interest portion of a payment decreases as
times goes on. Let us analyze the loan just described. At the end of the first month,
you pay $510.03. The interest on the outstanding principal is 0.01(1500) = $15.
The balance of the payment, 510.03 — 15 = $495.03, is then applied to reduce the
principal, hence, the outstanding principal is now 1500 — 495.03 = $1004.97 and
interest is $10.05. At the end of the second month, $499.98 is applied toward the
principal, and the outstanding balance is 1000.94 — 499.98 = $504.99, etc. We can
make a table like Table 4.7.

Table 4.7 Credit card debt

Principal outstanding Interest Monthly Principal prepaid
Period at beginning of period for period payment at the end of period
1 1500 15 510.03 495.03
2 1004.97 10.05 510.03 499.98
3 504.98 5.05 510.04 504.98
Total 30.10 1530.10 1500
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Table 4.8 Credit card debt (your own schedule)

Principal outstanding Interest Monthly Principal prepaid
Period at beginning of period for period payment at the end of period
1 1500 15 500 485
2 1015 10.15 500 489.85
3 525.15 5.25 500 494.75
4 304 0.3 30.7 30.4
Total 30.7 1530.7 1500

Table 4.9 Credit card debt (your own schedule, only 3 months)

Principal outstanding Interest Monthly Principal prepaid
Period | at beginning of period | for period | payment at the end of period
1 1500 15 500 485
2 1015 10.15 500 489.85
3 525.15 5.25 530.4 = 525.15 + 5.25 525.15
Total 304 1530.4 1500

The last row shows that during these three months you paid $30.10 of interest.
The total payment is the sum of all numbers in the monthly payment column, and it
differs from the principal by the interest amount.

Next, assume that instead of $510.03 you decided to pay just $500 each month,
not equal payments of $500 plus corresponding interest, as it was done in Problem
169 about a $12,000 used car purchased by a credit card. Will you still be able to
pay off your debt in three months? Let us make a new amortization table (Table 4.8).
A simple guess would tell us that the answer is “No” because by paying $1500 you
would not pay for any interest that will be your duty afterwards.

In order to pay off your debt in 3 months, not in four months as it is in Table 4.8,
you had to pay more as the last payment. In Table 4.9, you must pay $530.4 =
525.15 4 5.25, and will owe no money after that.

You just learned how to create an amortization schedule for a loan. You can see
that the interest paid depends on our payment amount. Different schedules are
possible when you decide to pay off your credit card, and for each scenario, you can
make similar amortization tables. However, if you have a long-term loan such as a
car loan or a mortgage, using a computer and Excel spreadsheet would be helpful.
Figure 4.5 shows an Excel spreadsheet for the loan amortization described in
Table 4.7.

Using the same type of table as Tables 4.8 and 4.9, we can now solve any
mortgage problem, including one with prepayments. Consider a $150,000 mortgage
at APR = 4.8% compounded monthly for 15 years. We create a spreadsheet and
rearrange the initial data on the left and change the formula for calculating a
monthly payment cell B9 as (Figure 4.6)

Cell B9: Payment=$B$2#($B$3/$B$4)/(1—(14+$B$3/$B$HA(—1*$B$4*$B
$5))
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Principal repaid at end of period- Cell 12=H2-G2

® e
) crvdit cor dibtates
A B C
Period Pre-payment Principal Interest for Payment at Principal
Outstanding at Period End of Period Repaid at End
Beginning of of Period
1 Period
2 $15.00 5510.03 5495.03
3 2 $1,004.97 510.05 £510.03 5499.98
4 3 5504.98 55.05 $510.03 5504.98
5 Total $30.10 $1,530.10 $1,500.00
6
; 5000
B
9 Payment: 510.03317 Monthly Payment -Cell B9= $B52*($B$3/$B54)/(1-{1+5BS3/$BS4)(-5B55))
10
1 Interest for Period- Cell G2= F2*($B53/5B54)
12
3 Paymentatthe end of Perlod- Cell H2= $B$9+£2
14

Figure 4.6 Mortgage amortization

) mengage LSO n preprmeees sk
A | B c ¥} E F G H 1
Pre-payment Principal Interest for  Payment at End Principal Repaid
Out: ing at Period of Period  at End of Period
Beginning of
Period
Principal: $150,000.00 1 $0.00 5150,000.00 $600.00 $1,170.62 $570.62
2 $149,429.38 $597.72 $1,170.62 5572.90
3 5148,856.47 5595.43 51,170.62 5575.20
4 50.00 5148,281.28 5593.13 51,170.62 5577.50
5 $147,703.78 $590.82 $1,170.62 $579.81
6 $147,123.98 $588.50 5$1,170.62 $582.13
7! 50.00 5145,541.85 5586.17 51,170.62 5584.45
9 | Payment 1170.62165 8 $145,957.40 $583.83 $1,170.62 $586.79
10 9 $145,370.60 558148 $1,170.62 5589.14
11 10 50.00 514478146 5579.13 $1,170.62 $591.50
12 11 $144,189.97 5576.76 51,170.62 $593.86
13 12 $143,596.11 $574.38 51,170.62 $596.24
14 13 50.00 $142,999.87 $572.00 5$1,170.62 $598.62
15 14 $142,401.25 $569.50 $1,170.62 $601.02
16 15 $141,800.23 $567.20 51,170.62 5603.42
17 16 5000 5141,196.81 $564.79 $1,170.62 560583
18 17 $140,590.98 $562.36 51,170.62 5608.26
19 18 $139,982.72 $559.93 5$1,170.62 561069
Bl 20 | 19 $0.00 5139,372.03 5557.49 51.170.6 5613.13

We will obtain 181 rows in the Excel spreadsheet; you can view it as a spreadsheet
(Figure 4.6) or as a graph (Figure 4.7) showing the declining balance of the loan.

With the spreadsheet, it is easy to determine that if we make additional payments
of $3000 quarterly (Figure 4.8), we will pay off the mortgage in 80 months
(Figure 4.9) and also will dramatically reduce the amount of interest paid.
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Figure 4.7 Loan amortization in 180 months

Pre-payment Principal Interestfor  Paymentat End Principal Repaid
Outstanding at Period of Period  at End of Period
Beginning of
Period
1 5150,000.00 $600.00 51,170.62 5570.62
2 $149,429.38 $597.72 $1,170.62 $572.90
3 5148,856.47 5595.43 $1,170.62 $575.20
4 $3,000.00 5148,281.28 $593.13 51,170.62 5577.50
5 $147,703.78 $590.82 54,170.62 $3,579.81
6 $144,123.98 $576.50 $1,170.62 5594.13
7 $3,000.00 5143,529.85 5574.12 51,170.62 5596.50
8 $142,933.35 $571.73 $4,170.62 $3,598.89
9 $139,334.45 $557.34 $1,170.62 $613.28
11 10 $3,000.00 $5138,721.18 5554.88 $1,170.62 $615.74
12 11 $138,105.44 $552.42 54,170.62 $3,618.20
13 12 $134,487.24 $537.95 $1,170.62 $632.67
14 13 $3,000.00 5133,854.57 §535.42 $1,170.62 $635.20
15 14 $133,219.36 §532.88 54,170.62 $3,637.74
16 15 $129,581.62 §518.33 51,170.62 5652.30
17 16 $3,000.00 5128,929.32 §515.72 $1,170.62 5654.90
18 17 5128,274.42 $513.10 54,170.62 $3,657.52
19 18 $124,616.89 5498.47 51,170.62 5672.15
Sl 20 19 $3.000.00 5123.944.74 549578 Sl.l?O.Q‘n 567484
[ET= 1=

Figure 4.8 Mortgage amortization with prepayments

The advantages of using Excel for mortgage amortization are efficiency and
flexibility. Many scenarios can be tested quickly once the spreadsheet is
constructed. Though many useful websites exist, such http://www.dinkytown.
com/java/MortgageLoan.html, the websites that give amortization tables and
graphs usually are restricted to monthly or annual payments. For example, we can
get an idea of how much our payment will be for a 30 year mortgage of $160,000 at
APR = 5.2% and how soon it can be paid off if we pay an additional $400 a month
towards the outstanding principal (Figure 4.10).


http://www.dinkytown.com/java/MortgageLoan.html
http://www.dinkytown.com/java/MortgageLoan.html
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Figure 4.9 Loan amortization with prepayments
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Figure 4.10 Website loan calculator

A BA Project ... &

My favorite website www.dinkytown.com is very practical for getting a first

calculation for your mortgage information and for checking our Excel results.
However, sometimes in real life we do not follow any schedule and might want
to make a payment this year all at once and next year maybe pay some every three
months. Now using Excel you can calculate the effect on your mortgage yourself,
since the spreadsheet can be so easily adjusted.


http://www.dinkytown.com/
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4.5.3 Using a Graphing Calculator for Financial Estimates

It is always nice to know that someone thought about us and created programs that
simplify our life. If you have a TI 83/84 graphing calculator, then let us go to
[APPS] applications, then to [Finance], and then to [TVM Solver] (Time Value
Money). On the calculator screen you will see the following:

N = (TOTAL number of months you pay)

1% = (interest rate)

PV = (the present value of an annuity, mortgage or loan)

PMT = (monthly payments, must be negative because the present value will be
decreased by this amount)

FV = 0 (Future value. Must be 0 someday)

P/Y = 12 (payments per year usually 12)

C/Y = 12 (compounded periods per year and c/y must be the same as p/y)

PMT: END BEGIN

Let us solve the following problem now.

Problem 170 A couple took a loan of $152,000 at a fixed interest rate of 8%,
for 30 years. Property taxes are $3600 for the first year and insurance is $75
per month. What will the monthly payment be for the first year? Ignoring
property tax and insurance, how soon would the mortgage be paid if the
couple makes $1500 monthly payment instead of the scheduled periodic
monthly payment?

Solution. Using the TVM Solver we enter all data and we leave an empty space
after PMT, as in Figure 4.11. Then we put a cursor at PMT and press [ALPHA] then
[ENTER]. That gives a payment of PMT = —-1115.32 (Figure 4.12).

Adding 1115.32 + 75 + 3600/12 = $1490.32 we obtain the monthly payment
including property tax and insurance. How fast would you pay off the loan of
$152,000 if instead of $1115.32 per month you pay $1500?

Now we change our data. Enter everything except for N, then clear the field for
N, and with the cursor there, press [ALPHA] then [ENTER]. The calculator screen
will look like Figure 4.13.

Regarding Figure 4.13, we found that if we make monthly payments of $1500
we would pay our 30 year mortgage in N = 169.4 months which is approximately
14 years. If you will completely pay off your loan in 30 years but wish to know how
much of the loan will be paid off after 1 year, 5 years, and so on. The BAL
command (balance) gives the answer

[APPS] [Finance] [Ball |[ENTER).

Bal(n) is a function whose variable n is the number of payments. After five years
the balance is Bal(5%12) = Bal(60) = $116,241.26 if you are making monthly
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Figure 4.11 Enter the
mortgage ($152,000),
interest rate (APR = 8%),
the number of total
payments over 30 years
(360), and the number of
compounding periods per
year (12)
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Figure 4.12 Calculation of
PMT = (we put here a
cursor and press [ALPHA]
then [ENTER]). That gives
a payment of PMT= —
1115.32
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Figure 4.13 Monthly
payment of $1500

N = (after entering all
information we press
[ALPHA] then [ENTER])
PV = 15200
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payments of $1500 (you can change PMT back to —1115.32 if you wish to make
only the required payment). The Command Y Prn(1, 60) gives the principal paid
off over 5 years ($35,758.74). Option » _, Int(1, 60) gives the amount of interest paid
over 5 years ($54,241.26). If we graph Bal(12T) versus T as parametric function we
can observe our remaining balance at any period of time 7. We select [MODE]-
parametric.

Figure 4.14 shows how to enter a balance function in parametric mode and
Figure 4.15 helps with the appropriate window setting. Here Ty, = 0. If you used
the Bal(n) function within the TVM solver, you need to restore the values we had
before.

Let us look at the graph of Bal(12T) versus T. Tracing T (pressing [TRACE]) we
can observe our balance for any particular year. Thus, for T = 0 our remaining
(original mortgage) balance is $152,000 (Figure 4.16). After 10 years your balance
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Figure 4.14 Entering Flotl Flotz Flot:

balance function in ‘-.,::-:: T ET
YirBbalC12T2

parametric mode
WAET S

Ver

“HET S
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Figure 4.16 Original

balance (mortgage) (T’ = 0) #1r=T Yr=balii1cTo

V182000

Figure 4.17 $62, 966.26
balance after 10 years

nir=T MMr=bal(1cT-

¥=Bc066.26% .

is about $63,000 (Figure 4.17), after 13 years it will be $19,178 (Figure 4.18), and
after 15 years less than 0—we would pay off the loan!

By pressing [2nd] and [Graph] we can look at the table that shows the remaining
balance at a particular time (Figures 4.19 and 4.20).
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Figure 4.18 $19,178.74
balance after 13 years

nlr=T Yir=bali1zT.

¥=191r7B.74= .

Figure 4.19 Balance table
forT=1,2,3,4,5, 6 years
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Figure 4.20 Balance table
for T = 7-13 years
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The calculator or PC are great tools to help when we are making some of these
financial decisions, but sometimes it is more fun to solve a problem analytically.
Math olympiad problems demand the exact answer which can be obtained only
analytically so I encourage you to work in this direction and develop your problem
solving skills.



Chapter 5
Homework

. 1 1 L__
1. Find the sum, 55 + =5+ .- - + 1.1

Answer. 25/254
2. Find the sum of the first four terms of a geometric sequence such that its first three

terms are simultaneously the 1%, 4“”‘, and the 8™ terms of some arithmetic sequence
and their sum is 16%.

— 74§25 _ 700
Answer. S4 = 2555 =

3. Suppose 60 mg of a medication is taken daily for three days. Then the dose is
reduced to 40 mg on the fourth day and 25 mg on the fifth day. Allowing for

different elimination rates (a%) for different people, let x =1 — ;G5 What is the

expression that gives the amount of medication in the system on the first day,
the second, the fifth day, and so on to the n™ day? Assume that @ = 50 % and find the
actual amounts in the system on days 1, 2, 5, and 10.

Solution.

Day1 60

Day2 604 60x

Day3 60+ 60x + 60x?

Day 4 40 + 60x + 60x? + 60x°

Day 5 25+ 40x + 60x* + 60x° + 60x*

Dayn  25x"75 +40x"* + 60x" 3 + 60x"~2 + 60x"~!
Day 10 25x° + 40x5 + 60x” + 60x® + 60x°

Answer. If x=0.5, then F(1) =60 mg, F(2) =90 mg, F(5)=71/25 mg, F(10)=
2.23 mg.
Day 1: 60 mg, Day 2: 90 mg, Day 5: 71.25 mg, Day 10: 2.23 mg

© Springer International Publishing Switzerland 2016 227
E. Grigorieva, Methods of Solving Sequence and Series Problems,
DOI 10.1007/978-3-319-45686-7_5
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4. Dennis lives near a bus stop A. Bus stops A, B, C, and D are on the same street.
Dennis starts at A with a speed of 3 km per hour and goes to D. Reaching D he turns
back and goes to C. Walking this rout (A-D-C) requires 8 h and 20 min. It is known
that he can cover the distance between B and D in 7 h. The distances between A
and B, C and D and half of the distance between B and C form a geometric sequence
in the given order. Find the distance between A and C.

Hint. See Problem 78.
Answer. 19 km.

5. A coroner arrives at midnight and finds that the victim’s body temperature has
dropped from 98.6 to 68.3 °F. Under these conditions the coroner knows that the
body temperature has dropped 4 % every hour. Inspector Horace Pluckett found that
there were very few visitors to the shop that day. Ron D’Bear was there at noon,
Connie Wonka came about 1 p.m., Tiger Papier showed up about 2 p.m., LeRoy
Goldberg arrived at 3 p.m., Allie Gator and Morris McMuffin came in together
around 4 p.m., and Rusty Woods came at closing time, 5 p.m. Who should Horace
arrest?

Answer. He should arrest LeRoy Goldberg.

Solution. Because body temperature drops 4 % every hour, the consecutive tem-
peratures are terms of a geometric progression with the common ratio » = 0.96 and
the first term b; = 98.6°F. Using the formula for the n™ term of a geometric
sequence we can figure out how many hours it would take for the temperature to
drop from 98.6 to 68.3 °F:

98.6r' = 68.3

68.3

r_ "7

0.96' = 98.6
ln@
f— 98.6
In0.96

t=899~9

This means that the murder happened at 3 p.m., approximately 9 h before 12 p.m.
Therefore, Goldberg must be arrested.

6. Given the sequence {x,} such thatxy =2, x| = %, Xpy1 = %x,, — %xn,l, find x,,.

Hint. Find the exact formula for x,, using the approach of Section 1.5.

Solution. Solving a quadratic equation, 72 —%r —i—%: 0 we obtain the roots:

r=4;r=1,thenx, = A(%)" + B. Using that fact that xo = 2,x; = 3/2 we obtain

the following system to solve for A and B:


http://dx.doi.org/10.1007/978-3-319-45686-7_1
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A+B=2
1 3.
A-+B=2
2P =3

A=1,B=1.Therefore, x, = (})" + 1 =1+2""

7. Is there any increasing geometric sequence such that the first 10 terms are
integers and the remaining terms are not integers?

Hint. Consider the 10" term of the sequence.

Answer. Yes, for example, b; = 2° r = % In general, b, = a°, r = g, (a,b) = 1.

If @ and b are relatively prime then by; = a° - (2)10 = bTIO

is not an integer.
a

8. MMGU Entrance exam Chemistry department 1989) Numbers aq,as, . . .,a, are
consecutive terms of an arithmetic sequence. It is known that a; + as + a5 = 3.
Find as + ao

Answer. 2

9. (IMGU VMK 1988) Find the sum of the first 20 terms of an arithmetic sequence if
the sum of its third, seventh, fourteenth, and eighteenth terms is 10.

Answer. 50

10. (MGU Biology department 1991) Victor is riding a bicycle. Because he gets
tired, the time that it takes him to cycle every mile of the track is longer than the
time it has taken for the previous mile by the same amount each time (the second
mile took s seconds more than the first, the third mile took s seconds more than the
second, etc.). We know that the time it takes him to cycle the second and the fourth
miles can be added together to get 3 minutes and 20 s. How long will it take for him
to ride the first 5 miles?

Solution. The time intervals for the mile segments form an arithmetic progression
{t.}, so ty +t5 =t +ty = 2t3. Thus, t1+lz+l3+t4+l5=2(lz+l4)
+258 =3 (4 14) =3-200sec = 500sec = 8min20sec.

Answer. 8 min 20 s

11. A geometric sequence by, b,, bs,...... has the properties: b, - by = 25 and
b3 + bs = 15. Find b ;.

Answer. 5/2

12. (MGU Entrance Exam Geography department 1991) Numbers a;, a,, a3 form an
arithmetic sequence, but their squares in the same order form a geometric sequence.
Find these numbers, if a; + a; + a3 = 21.
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Answer.
a) = dy = az = 7
a1 =7(1-V2),ay="7,a3 =7(1 +V2)
ar =71+ V2),ay="7,a3 =7(1 - V2)
13. Find the sum of the first 20 terms of an arithmetic progression, if it is known that
the sum of the third, seventh, fourteenth, and eighteenth terms is 10.
Answer. 50

14. (MGU Entrance exam, pure math, 1993) The sum of the first five terms of a
geometric progression equals its first term multiplied by 5, but the sum of its first
fifteen terms is 100. Find the sum of the first, sixth, and the eleventh terms of the
progression.

Answer. 20

15. (Rivkin) Prove that /11...1 —22...2 =33...3
—— N N~
2n n n

Hint. See Problem 49.

Proof. Consider the expression under the radical:

1
Il...1T 923 2=-(99...9-99.9| =
N ~~ 9 T’ —

2n n n

1 2n 1 _ no__ _l 2n 5 1" _l n__1\2
9[10 1—2(10 1)]_9[10 2-10 +1)}_9(10 1)

1 1

—[10"—1]==[99..9 | =33..3.

3 3|~~~ N~
n digits n digits

Taking the square root of this we obtain D =

16. (MGU 2007 Entrance Exam. 5.1) A farmer got a strategic loan from the bank in
order to expand his production. The loan has to be paid off in two years with no
monthly payment requirements. After the first year the farmer returned to the bank
1/6 of the total debt he owed to the bank at that time, and at the end of the ond year
he paid off his debt by giving to the bank some amount that was 20 % more than the
original loan. What was the annual percentage rate (APR)?

Solution. Let S be the total amount of the loan and p% is the APR. Then at the end

of the year our farmer owes to the bank § (1 + ﬁ) and after paying 1/6 of it his debt

the outstanding amount becomes %S (1 + ﬁ) At the end of the 2™ year his debt is
%S (1 + &)2. Since the farmer paid off his debt by putting 120 % of the original
loan in the bank, we have gS(l —ﬁ—ﬁ)z = S—i—%S = gS, so 1+ p/100=6/5, and
p=20%.

Answer. 20 %
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17. Integers x, y, z form a geometric progression but (5x — 4), y%, and (3z 4 2) are
members of an arithmetic progression. Find x, y, z.

Hint. See Chapter 1 of the book.
Answer. (x, y, z) = {(2,4,8), (2,—4.,8)}

18. (2008 MGU Entrance Exam) The product of the first 11 terms of a geometric
progression is 243+/3. What terms of the progression can be found exactly from this
information and what are they?

Solution. Multiplying all 11 terms we obtain,

(b1)111”55 _ (b]rs)ll =243\/3 = (\/§)“
bs = /3.

Answer. bg = /3.

19. Peter loaned $10,000 to Paul at a 6 % annual rate under the agreement that Paul
would pay the debt plus interest in five years. Paul decided to save money each
month by placing a certain amount in a saving account that pays 3.6 % interest rate
compounded monthly in order to pay Peter $10,000 plus interest. How much
monthly should Paul put on his saving account? Would it be better for Paul to
take a loan from a bank instead of getting money from Peter?

Hint. See Chapter 4.

Answer. After 5 years Paul will have to pay back $10,000 - 1.06°> = $13,382.26.
Using formula for this future value of an annuity but a different annual percentage
rate, APR=3.6% with interest compounded monthly, we obtain his monthly
investment as

4

((1+2439% 1)

With total investments of TP = 60 - $203.90 = $12,233.98. If he had a loan of
$10,000 from a bank at 6% APR and interest compounded monthly, then his
monthly payment would be

R =$13,382.26 - = $203.90.

0.06
$10, 000 - 12 = $193.33.

(1-0+%9")

for a total payment of $11,599.80. Therefore, Peter’s loan is not the best.
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100

3n% — 200n
20. Evaluat ol

valuate ; To1
Solution.
O 2 100 2 100
200n
E 32 101 2002101
100- 101 - 201 100 - 101
=316 g =0

Answer. 50

n(n+1)(2n+1).

n
21. Prove using mathematical induction that Z n = 5

n=1
Hint. See Section 2.3.
22. (Lidsky) Evaluate the sum, S, = sinx + sin2x + sin3x + ... + sinnx
Hint. Use de Moivre’s Formula or see Problem 71.

Solution. Consider S = (cosx + isinx) + ( cos 2x + i sin 2x) + ( cos 3x + i sin 3x)
+...4+ (cosnx + isinnx)
Using de Moivre’s Formula, (cosx + isinx)" = cosnx + isinnx we can eval-

n+l

(cosx+isinx)"" —(cosx +isinx)

uate S as the sum of a geometric series and obtain S = Ty — then
the sum S, = sinx + sin2x + sin3x 4 ... + sinnx is the imaginary part of the
expression, or S, = 2sin 5 sin (”El)
Answer. S, = 2sin &' sin (”J;l)
23. (Lidsky) Find the sum,

Sp=nmx+ -1+ m—2)F +...+2" ¥ (5.1)

n

Solution. The sum can be written as S, = Z (n — k4 1)x*. Based on ideas given
k=1
in this book, we multiply the original sum by x,

xS, =nx? + (n— )X + (n—2)x* +... 2" + ! (5.2)
Subtracting Eq. 5.1 from Eq. 5.2 we have

(=DSy=n—(n—1)+ ...+ 2"+ —nx
2 n_ 1
(x= 18, =

K2~ +ax X —(n+ 1) +nx

(x—1)° - (x—1)°

Sp =


http://dx.doi.org/10.1007/978-3-319-45686-7_2
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In 24-25, investigate whether or not the given infinite series are convergent or
divergent. When you are making your statement, provide the corresponding theo-
rem that you used.

Solution. By the sufficient D’ Alembert Ratio Test (Corollary 3.4) we have

iy _ [+ DR (0t 1) (2! (n+1)°(2n)!
uy  (2(n+1)(n))*  @n4+2)! al-nl (20)!(2n 4 1)(2n +2)
(n + 1)2 — l <1

T @n+)2n+2) 4

The series is convergent.
2 1
2.2 =

Solution. By the sufficient D’Alembert ratio test we have ™=

3 .3 3t 3 : :
= =5 — 2 > 1. The series diverges.
(it 1)7 27 PN ) 1) 5 > g

t\)|=

: 1 1 1
26. Evaluate the finite sum, 35 T3¢t - ts0.53
Hint. See the similar Problem 50.

Solution.

1
—+ = §+§+Z+§+6+.”%_§_6_”'

L++1_111111111
2.5 3.6 7 50-53 3

1 1 1 1
50 51 52 53

_11+1+1 1 1 1
T312'3 4 51 52 53

72,079
=— ~0.341876.
210,834
o 1
27. What do you think about the convergence of the series: ———?Can
Y £ Z( +1)(n+4)

you evaluate its partial sums directly using the problem above?

Hint. For any real ¢ and d such that ¢ # d L, = 1. [1 — 1] (Eq. 2.9)


http://dx.doi.org/10.1007/978-3-319-45686-7_2
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Solution.

i 1 RYENS S S S O 111
(n+1)(n+4) 312 34 5 6 “n+rl 5 6

n=1

1 1 1 1
n+l n+2 n+3 n+4

Therefore, the partial sum equals

g 1(1 n 1 L 1 1 1 1
"T312 3 4 n+2 n+3 n+4
We can see that its limit exists and can be evaluated as

11 1 1] 13
limSn_—{—+—+—}_—.

28. Evaluate the following sum S, = 1 +2* +3* + .. 4 »*.
Hint. See Probs. 47 and 48 and consider the differences of the fifth powers of
nand (n—1):n% — (n—1)° = 50* — 100> + 100> — 50 + 1.

Solution.

P-0=51*-10-1*+10-1>=-5-1+1
2 _1°=5.2*-10-22+10-22-5-2+1
3P -22=5.3-10-3+10-32-5-3+1

nd—(n—1)° =5n* — 100> +10n* —5n + 1

Add the left and right sides and use sigma notation to get

n = Sin4 — 102n:n3 + IOin2 — Sin + n. Solve for Sin“ and replace
n=1 n=1 n=1 n=1 n=1

known sums by their equivalent expressions to obtain

5

n
n* =n’ 41083 — 1082 + 55! — n = n(n* — 1) + 1083 — 1082 + 55}
n=1

=n(n+1)(n—1)(n* + 1) + 108> — 1082 + 5.
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Here Sl Z n= ult n+1 Z n __n(nt1)( 2n+1) Sg Z I M’ and
n=1
5S3 n(VHrl) (6]’[ + 9I’l +n— 1) n(n+1)(2n+lg(3n +3n— 1).
4 n(n+1)(2n+1)(3n2+3n—1)
Answer. S, = o )

29. The sequence, {a,}, is an arithmetic progression in which
az; = —13 and a; = 3. Find for what number of terms the sum of the series will
be smallest. Find this sum.

Hint. Find the first term and common difference then evaluate the sum of the first
n terms and find its minimum.

Solution.

a3 =a; +2d =—13
a;=a;+6d=3
d=4,a = -21
2a1 + (n—1)d

Sy =
2

= (2n—23)n =2n* — 23n

Since this parabola opens upward, then its minimum is at its vertex,
n =23/4 = 5.75. Rounding up we obtain n = 6 and min(S,) = —66.

Answer. —66

30. Decide whether Z ! converges or diverges.

Hint. See Section 3.1 and check Theorem 3.1.

Answer. Diverges

. . . . _ n(n+l1)
31. Using mathematical induction prove that Z n=-5-

n=1

32. There are two vessels containing a mixture of water and sand. In the first vessel
there is 1000 kg of the mixture and in the second 1960 kg of the mixture. Water was
added in both vessels. After that the percent content of sand in the first vessel was
reduced k times and in the 2"/times. It is known that k/ = 9 — k. Find the minimum
amount of water that could be added to both vessels together.

Hint. Use the inequality between an arithmetic and geometric means.

Answer. 3480 kg.


http://dx.doi.org/10.1007/978-3-319-45686-7_3
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33. Given the series,%+%+2%+ N

a. Evaluate the partial sum
b. Can you evaluate the infinite series sum?

Hint. See Problem 59.

Solution. We follow the same method we used for Problem 59. Denote
Sy = % + 2% + 2% + ...+ 5 Multiplying this by two and regrouping terms we obtain
28, =1+ % + 2% + ... + 5. Within this sum we recognize a geometric series and
the original sum minus its last term,

1_|_ 1_'_1 + i+£ + i+i + + L_A'_u
2 2 22 22 23 23 e 2}171 21171

Solving for the partial sum, S, =2 — ";—2 This series is convergent because if
n increases the second term will approach zero and the limit of partial sums will

approach 2, i.e., lim §, = 2.
n—oo

Answer. S, =2 — 3.

34. (MGU VMK June 2009 Entrance Exam) Positive numbers a and b are such that
the numbers a, x, and b form an arithmetic progression and the numbers a, y, b form
a geometric progression. Can the difference (x —y) take the following values:
(a) —2009, (b) 0, (c) 2009?

Hint. Use arithmetic and geometric mean properties.

Solution. From the condition of the problem we obtain the following relationships
for x and y:

a+b
>0
2 (5.3)
y:\/(E>O

Therefore, x — y > 0. Considering different cases we see that

a) x —y=—20009 is false;
b) x —y =0 can be true if and only if a = b, but if for any arithmetic sequence we
assume that the common difference is nonzero, then (b) is false.

Q) x—y= 2009_# — 2009 = vab
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From the system of Eq. 5.3 we obtain that

a+b=2%x
ab = y?

and this can be rewritten as

b 1 2
PR ~Vab =5 (Va-vb) 20, ify>0
2 2
b 1 2
x_y:%ju/a :§<\/E+ﬁ> >0, if y<0

This is another proof that cases (a) and (b) are impossible. On the other hand, case
(c) is possible. Let a> b, then (v/a— v/b)’ =2-2009 < v/a — Vb = v/Z- 2009

or in the equivalent form a = (\/l; +Vv2- 2009)2. This relationship means that for
any number b > 0, there can be found such a number a > 0 that x —y =20009.

35. The following sets of numbers are given

1

142
1+2+3
1+2+3+4

14+2+34...+n

Find the value of n if the sum of all numbers equals 286.
Hint. Notice that each row is the sum of an arithmetic series
Solution.

Method 1. Denote S as the total sum and use the formula for the sum of an
arithmetic  series, S=1+432.24 .34 244 4=l (n— 1)+
2. n. Factoring out ¥ and replacing k(k + 1) by k> + k, we have

S=={(P+1)+(2°+2)+ (3 +3)+...+ (" +n)}

" a 1(n(n+1)2n+1) nn+1
{Z””g”}—z{(HQ +>+<2+>}

n=1

N = N =

_nn+1)(n+2)
777286

n(n+1)(n+2)=1716 =11-12-13,s0n = 11.
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Method 2. The sum is the sum of # triangular numbers,
d Skk+1) 1[N, & nn+1)(n+2)

S = T, = —_ == k + k] =—2——>=1286.
2= sty ‘

k=

Therefore n=11.
Answer. n=11
36. Let x2 +y2 = a?, 22+ u?® = b? and prove that —ab < xz + yu < ab

Hint. Multiply the left and the right sides of both equations, then use the relation-
ship between the arithmetic and geometric means.

Proof.
(2 +y))(2% + u?) = a®b*
(22 + y2u?) + (i +y222) = a2
Rewriting the last expression in a different form:
[z + y*u? + 2xuyz] + {x*u® + y*2* — 2xyzu} = a*b* (5.4)

Since the expression inside the braces is x2u? + y2z% — 2xyzu = (xu — yz)> > 0, for
Eq. 5.4 to hold the expression inside brackets must be less than or equal to a*b*
X222+ v + 2xuyz = (xz + yu)* < a*b®. This can be also written as
—ab < xz + yu < ab, which completes the proof.

37. (Kaganov) Two progressions, one arithmetic and one geometric, have three
terms each. The first and the third terms of the progressions are equal. For which of
the progressions is the sum of the three terms bigger?

Solution. Consider two progressions:

Arithmetic ay,a; + d,a; + 2d and denote its sum as S,
Geometric a;, a;r, a1r2 and denote its sum as S,

2
By the condition @72 = a; + 2d we can find d = a ('2 1). Consider the ratio of

the second terms,

ay (1‘271)

a1+d_a1+T_r2+1>
ar o ar o T

1

because (r — 1)2 >0, r > 0. We have the cases:

1. if r =1, then S, = S,
2.ifr # 1, then §; > S,(r > 0) or S, < S,(r < 0).
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38. (Kaganov) Let the sum of the first m terms of an arithmetic progression equal
S, Prove that S3,, = 3(Sam — Sni)-

Hint. Consider the formula for the sums of the first m, 2m, and 3m terms of an
arithmetic series.

Solution.
Sm:2a1 + (m— 1>d~m
2
2 2m — 1
Spp =21t @ )d
2
2 3m —1)d
5y, = 2t @m=ld o
2
_2011+(3m—1)d _S3m
SZm Sm - 2 m = 3
39. For a geometric progression b,,,, = A, b,,_, = B evaluate b, b,,.

. B m
Answer. b,, = VAB, b, = 21 / <K) .

40. The sum of consecutive natural numbers from one to some number #n is a
three digit number N with all digits the same. How many numbers did we add?
Find N.

Solution. Any three-digit number with the same digits can be written as

N =xxx=111-x=100x + 10x + 1 - x. Since N is a result of adding » natural

numbers, then lzﬂ -n=111x, x= ”2<';+317> Because 37 is prime then either n or

n—+ 1 is multiple of 37. Therefore, n =36, x =6, and N = 666.
Answer. n=136; N = 666.

41. Find an arithmetic progression such that the sum of the first four terms is 26 the
sum of the last four terms is 110, and the sum of all terms is 187.

Answer. 2, 5, 8, 11, .. ., 23, 26, 29, 32

42. If x, y, z are terms of a geometric progression, prove that
(X+y+o)x—y+z) =2+ +2

Hint. Use a direct proof with terms: x, y = kx, z = k.

Solution.
(x + kx + kzx) (x — kx + kzx)

=2 4 (kx)* + (kzx)2
. BN B
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43. In an arithmetic progression the sum of the first three terms equals 15. If this
sum is divided by the product of the terms the result is 1/7. Find the progression.

Answer. 3, 5, and 7.

44. Prove that if numbers a° s b2, and ¢? are terms of an arithmetic progression then

11 1 . . .
e ave hra are also terms of an arithmetic progression.

Proof. By the condition ¢? — b*> = b*> — 4?. Consider the differences:

1 1 c—b
a+b at+c (b+a)la+c)
1 1 b—a

at+c btc (c+a)(b+c)
Equating these differences we obtain

b—a B c—Db
(c+b)a+c) (b+a)a+tc)
(b—a)(b+a)=(c+b)(c—b)

2 —b=b — 4

This completes the proof.

45. Prove that the sum of squares of the first » natural numbers cannot be equal to
the square of the sum of these natural numbers.

Hint. Prove it by contradiction

2
n n

Proof. Assume contradiction an = <Z n) ,n> 1, neN. Then expanding
n=1

n=1
these sums we obtain

n(n+1)2n+1) nd(n+1)>

6 22
2n+1_n2+n
32
32 —n—-2=0
L leVi+d
5 .

Therefore such a case does not exist.

46. The following sequence is given: 1, %, , g, .... Can some terms of this

sequence form an infinite geometric series with the sum of 1/5 or 1/7?
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Solution. Assume that such a sequence exists b = 2%; r= % k,meZ. Then the
i i e i — b 1. _ 1y = 1
sum of the infinite series is § = {2 = 1 = (1—5) = S

If k > m, then expression 2¢ — 25" is an even number and we do not consider
this case.

If k < m, then 2 — 27 ig a fraction and again will not be considered.

If k = m, then k — m = 0, then in order to satisfy the condition the expression
2F — 1 must be either 5 or 7.

If 2 — 1 = 5, then 2* = 6 there are no solutions.

If 28 — 1 =7, then 2" = 8 and k = 3.

Therefore, such an infinite series can be selected from the given sequence and
the terms are

L

8 64'512
1

Sw ==
7

Answer. Yes, it can. For example, 1/8, 1/64, 1/512... converges to 1/7. No subset
converges to 1/5.

47. Insert inside the number 49 another number 48 to obtain 4489. Next, we insert
the number 48 inside that new number, 4489, obtaining 444,889, and continue
inserting 48 inside that number, etc. Prove that all these numbers are perfect
squares.

Proof.

44..488..89 =9 +8-10+...+8-10F+4- 10" + ... +4. 102 =
10(10* — 1) A 104 (1044 — 1)

T 101
81+ 810" —80+4-10%" — 4. 104"
5 =
14410 4. 10%72 /1 42.104\>  /200..0 + 1) ,
5 :( 3 > :<f> = 66...67.

48. Find the sum: 7+ 774777+ 7777+ ...+ 77...777, where the last number
consists of n repetitions of digit 7.

Hint. See  Problem 49, The number can  be written as
7-(I4+114+ 11141111+ ... 4+ I11...111).

Solution. We can notice that 9=10—1, 99 =100 — 1, 999 = 1000 — 1, etc. If we
multiply and divide the given sum by 9 we can easily evaluate it using the formula
for geometric series
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S:g(IO—1—|—100—1+1000—1+10000—1+...+100...O—1)

~7(10410% + ...+ 10" — n)

9
7 [10(10" — 1) 7
= |—— =—|11...10
S 9{ 9 ”} 9| ——
n digits

49. For the sequence 3+8+15+4+244+35+...

a. Evaluate the sum of the first 200 terms of the series.
b. Find the sum of all members between 25™ and 50™.

Hint. Notice that the n™ term can be written as a product of two integers that differ
by 2, i.e., n(n+2).

Solution.
Part a.

200 200 200
1342443544645 T+...+> nn+2)=> n*+2) n
n=1 n=1 n=1

200 - 201 - 401 200 - 201
= 1.

= 2,726,900.
6 2

Part b.

50 50 50 24 24
NEEED DT ST D) 9
n=25 n=1 n=1 n=1 n=1

50-51-101 50-51 24-25-49 24 .25
= +2- — —2.

6 2 6 2

= 39,975.

50. Find the formula for the n™ term of the sequence given recursively by
apy1 =2a,+1, a0 =0, n>0.

Hint. Write down some of the members and recognize the pattern and then prove it
using mathematical induction or by using a generating function (longer way).

Answer. For the sequences 0, 1, 3,7, 15,31, ...,a,=2"—1, ag=0, n > 0.

51. Find the formula for the n™ term of the sequence given recursively by
py1 =2a,+n,a0=1,n>0

Hint. Using a generating function you can solve it similarly to the way we solved
Problem 155.
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Solution. Using ideas similar to those in Problem 155 we consider

Zanﬂx” = ZZ ax" + an” ap=1, n>0 and denote F(x)= Zanx”.

Equating the generating functions of the left and right sides we obtain

F(x)—1 X
———=2F(x) +
=

1 —2x+2x2 -1 2

N NN S SN (R Ty

Answer. For 1,2,5,12,27,58,121, ...a,=2""'—n—1,ay=0, n >0
52. Find the n™ term of the sequence given by the recursion, u,+| = 2u, + 1,1,
uy = 1, Uy = 2.

Solution. Consider the quadratic equation, r2—2r—1=0 with solutions:

ri=1—+2, r, =1+ /2. For the n term, u, :A(l — \/E)n—i— B(l + \/5)”.
Using the condition of the problem and substituting u; = 1, u, =2 into the
expression above, we obtain the system for A and B:

{1=A(1—ﬁ)+3(1+\5) @{(AqLB)—\/E(A—B)_I
2=4(1-v2) +B(1+2) 3(A+B) —2v2(A—B) =2

-1
= A:—
A+B=0 el
& 1
AmB=— Tl 1
_2\/5
1 n 1 n
n=—=(1-V2) +—(1+Vv2
. 2\/5( ) 2\/5( )
o (V) 1=V
n 2\/5 .
We can see that the formula is correct because
B CEa.) M (v
1= Vel =
VD) - (1-vD)' 342v2 322
o 22 T2 w2

53. Evaluate the infinite series, S = 1 + In2 + <1"2—2,>7 + (ln32!)3 + (hf!)z +...
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Solution. Comparing this series with the Maclaurin series (Section 3.2.2, Eq. 3.21)
for ¢°,x = In2, we can see that § = ¢"2 = 2.

Answer. §=2

54. (Kaganov) Let @; form an arithmetic progression such that

ay+a+...+a,=a
a%—!—af—k...—!—a%:bz

Find the progression.

Solution. Using properties of the arithmetic progression, we have the following true
equations:

a=a;+d

azy =ay +2d
ay,=a;+(n—1)d

Substituting these into the second equation of the problem, we have
b* =al + (a3 +2a\d + d*) + (a} + 4ayd + 4d°) + . ..
+<a? +2(n—1Dayd+ (n— 1)2d2)

:na%+2a1d(1+2+3+...+(n—1))+d2(1+4+9+...(n—1)2)

Using Eqgs. 1.29 and 1.30 to simplify the expressions inside the parentheses, we
obtain na’ + ajd(n — 1)n + d*n(n — 1)(2n — 1) or

6b*
7:6a§+6ald(n— 1) +d*(n—1)(2n —1) (5.5)

Next, we can rewrite the first equation of the problem as

2
2a; +d(n — 1) :7" (5.6)

Squaring both sides of Eq. 5.6, multiplying by 1.5, and with the use of Eq. 5.5, we
obtain the system:

6a®
64} + 6ard(n — 1) + 1.5d*(n — 1)* = —

2 2 6b°
6a; + 6a1d(n — 1) +d"(n—1)(2n — 1) =


http://dx.doi.org/10.1007/978-3-319-45686-7_3
http://dx.doi.org/10.1007/978-3-319-45686-7_3
http://dx.doi.org/10.1007/978-3-319-45686-7_1
http://dx.doi.org/10.1007/978-3-319-45686-7_1
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n

Solving the system, we have d*(n — 1)(1.5n — 1.5 —2n + 1) =© (“77 - bz). From

this we can find d and the first term of the progression:

P 12(bn—a2 n—a
n?(n—1)(n+1)

-1 —1) [3(b %)
al:g_n - (n a
n 2

55. Suppose that a, b, and ¢ are different primes greater than 3. Prove that they
cannot be consecutive terms of some arithmetic progression.

Hint. See Problem 94.

Solution. The statement is false because 47, 53, 59 are primes and consecutive
members of arithmetic progression with the difference d=6. It has been
conjectured that there exist arithmetic progressions of finite (but otherwise arbi-
trary) length, composed of consecutive prime numbers. Examples of such pro-
gressions consisting of three and four primes, respectively, are 5, 101, 197 (d =96)
and 251, 257,263, 269 (d =6).

56. Evaluate the following sum. § = 5o + 53+ 555 +--- + 7(,[73)(”712)(”71)’1
Hint. See Problem 56.

Solution. It can be shown that

1 _1 1 1
k(1) (k+2)(k+3) — 3 [k(k+1)(k+2) - (k+1)(k+2)(k+3)}
which yields

1 1 1 1
1-2:3.4 3[1-2:.3 2-3-4]
I 1]
2-3-4.5 3[2-3-4 3.4.5
11 1
3.4.5-6 3[3-4-5 4-5-6]
1 1] 1 1
(n—=3)(n—=2)(n—1)n 3_(n—3)(n—2)(n—1)(n—Z)(n—l)n]

Adding together the left and right sides of all equations we obtain

:% 1.;.3_(11—2);11—1)”} :%E_m]

We can see that if the number of terms will increase without bound then the sum
will go to 1/18.
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(o @]
57. Investigate if the series Z 2 convergent or divergent.

I‘ISIHI‘I

Hint. Using inequalities, try to find the boundary for the common term.

V32 \/n3+ > n
n?sinZn %mzn = e
o0
given series diverges as » n,%
n=1

Solution. . By Comparison Criterion (Theorem 3.3) , the

Answer. Diverges.

58. Investigate if the series Z “" ’”’ convergent or divergent.

Hint. Investigate series made of absolute values of the terms of the given series.

1

sinng| < I(lnlw = (m)" =¢", q < 1. Hence, the absolute values series

(In4)"
converges by Comparison Criterion. It is absolutely convergent. Therefore, the
given series converges.

Solution.

Answer. Series converges.

o0 o0

59. Investigate if the series > b, =Y. (—1)" (ni—zl), convergent or divergent.
n=1 n=1 '

Starting from what term, each consecutive term is smaller than the preceding term?

Hint. This is a Leibniz series.

o0 o0
Solution. Consider corresponding absolute value series, > a, = Y |by|, and using
n=1 n=1
the Leibniz Theorem, we have lima, = hm (”il), = 0. Next, we find out starting
n—00 —0
from what term of the series, the value of each following term is less than the value
of the previous term. Let us find the limit of the ratio of two consecutive terms:

e e i € T e
a, — ()3 T \n n+2 n n+2 T n+2°
then starting from the 7™ term of the series the important condition is fulfilled
and the given series converges as Leibniz series. Moreover, applying

the D’Alembert Ratio Test (Corollary 3.3) and because lim ””*‘ = 0 < 1, then the

n—oo

8 .
Because e < 1if n> 6,

alternating series is absolutely convergent.

Answer. Absolutely converges

60. Evaluate the sum of the series ) (—

n=1

1" m with accuracy of @ = 0.001.

Hint. See Problem 151.
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Solution. Consider the series made of absolute values of the terms of the given

series, such that |a,| :ﬁ and evaluate its third and fourth terms:

= _ _ 4
|as| = (1+%“ ==3:>0.001 and |a4| = (1+43) = 355 < 0.001. So three terms are
o0
i ~-_1l42 3 _ 14551
required : Z Ok 1+n*) N R 7T Tes0s

(n+1)5x2”
2n+1

o0
61. Find convergence radius of the series >

Hint. Use the Cauchy-Hadamard Formula.

Solution.

5(n+1)

o1y ((n+17)
R =T U g D g .
n—00 2n+1 n—00 (2]’[ + 1); n—00 2ntl

((2n + 1%) '

=1=R.

Here we used a standard fact that lim n = 1.

n—oo

Answer. R = 1.
62. Find a Taylor expansion as powers of x for f(x) = In (2“)

Hint. First simplify f{x) using the properties of logarithms, then use a power
expansions of known functions.

Solution.

Ffx)=In(2+x) —In(1 —x)
=12+ 1In(1 +§) ~In(1 - x)

n 1 n 00 n—1 n n
11’12+Z 211 . Z(_l) n(_l) &

which can be further simplified as f(x) = In2 + 3 (—=1)""" s+ > % . While the
n=1 n=1

first series converges at |x| < 2, the second series converges at |x| < 1, so the
obtained power series expansion for the given function will converge for |x| < 1.

I—x

Answer. f(x) = In(3£) =In2 + ) ()" st 2

3

63. Find a Taylor series expansion as powers of x for f(x) = 5—=—.

Hint. Factor the denominator and rewrite the function as a sum of two other
functions.
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Solution. After factoring the denominator, the given function can be written as

Flx) = 3 _ 3 1 n 1
x T 2—x—x (1-x)2+x) 1—-x 2+x

1 +1 1

S l-x 2 1_(_{)

(=1 :

00 . 00 -1 len

Zx +Z 2n+l :

n=0 n=0

The first series converges at |x| < 1 and the second at |x| < 2, hence this power
series for the given function is valid only for |x| < 1.

; o0 \ o0 (_1)nxn
Answer. f(x) = 5—— = Zx + Z o x| < 1.
n=0 n=0

64. Investigate the convergence of the series » ,127

n=1
Hint. Use the Cauchy Root Test (Theorem 3.6) or the D’Alembert Ratio Test
(Corollary 3.3).

Solution.
1) Using the Cauchy Root Test, we have
: W — i n/2" 2 i nfl__ 2 i
nllrgo va,= nhllgo =3 ’1151010 += 5 < 1, hence the series converges.
2) Using the D’Alembert ratio test, we have lim “;*‘ = % lim # = % < 1 there-
n—o0 n - n—oQ

fore the series converges.

Answer. The series converges.
S 1
. o . N
65. Is the series 221 sin, convergent or divergent?
=

1

00
Solution. Because sin;; ~ % then > sin% behaves the same way as the harmonic

n=1

o0
. l . .
series ) _ -, so it diverges.
n=1
Answer. It diverges.

o0
. EE i )
66. Does the series ; -/ converge or diverge?

o0
Solution. The series can be written as > -5 which is the Dirichlet series for
n=1

p= % > 1, hence it converges.

Answer. The series converges.
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67. Using a Taylor series expansion as powers of x, evaluate the integral

0.1
| cos (100x?)dx with accuracy of a = 0.001.
0

Hint. See Problem 150.
Solution. Using the power series (Eq. 3.25),

% (_1)'2n
cost= Z%, t€ (—o0, 00), ﬁ cos (100x?)
n=0 '

X 1\'10dn,4n
_ Zw, XGR,JCOS (100x2) dx

n=0 (2}1)' J

oo 1(_])n104nx4n 00 (_1)n104nx4n+1 0.1
= Z Jﬁ dx = ZW

n=0 (2n)! o (2n)!l(4n+1) |,

00 (71),1

10- (2n)!(4n + 1)

n=0

Because we have an alternating series, if we take (n — 1) terms for the approxima-
tion of the integral the absolute value of the error of such estimation will be less
than the following n" term of the series. Thus the following inequality must be

satisfied |error| < |a,| = W

1
10(4n+1)(2n
evaluating the first several terms of the expansion,

1
- —0.1>0.00l
AT >
1 1
- = —>0.00l
“T10-(5)2 100
1 1
4y = - <0.001

10-(4-2+1)-4 2160

Given the error of 0.001, we rewrite it as

< 0.001. Instead of solving this inequality in general, we begin by

Because the value of the third term is smaller than 0.001, we need to approximate

1
the integral by only the first two terms. Finally, [ cos(100x*)dx =
0

CU 0.1 —0.01 =0.09.

10(4n+1)(2n)! 4n+l (2n)!

Answer. 0.09

68. Find the first four terms of the Taylor’s series expansion of f(x) = x* by powers

of x > 0 centered at xo = 1.
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Hint. Use the fact that f(x) = x* = ™, x > 0.

Solution. Let us find the first three derivatives of the function

(%) = e (1 + Inx)

"

1
f )= e*”""'(l +2Inx +In’ x + )
X

X X x2

m 1 2 21 1
f()c)—e"'l'“‘<1Jr3lnx+3ln2x+1n3x+nerJr nx )
x

and evaluate their values at x=1 obtaining that  f(1) =1,

f'(1) =1, f (1) =2, f'(1) = 2. Substituting these into the Taylor’s series, we
2 3

getf(x) =x*=1+ (x— 1)—!—%4—2(}{%—!—...

Answer.l+(x—1)+#+@+_”

69. Find the n'" term of the sequence 1, 6, 19, 44, 85, 146. ..

n(2n2+1)
3

Answer. a, =

70. Find the n'™ term of the sequence 1, 5, 15, 35, 70, 126, 210, ...

Answer. a, = w.

71. Evaluate the sum of the first »n terms of the series,
1-442-74+3-10+4-13+...

Solution. It is easy to see that the '™ term can be written as a product of the number
of the term, n, and the corresponding number that divided by 3 gives a remainder of
1, B3n+1). You can visualize the second factor of each term as consecutive terms
of an arithmetic progression with the first term of 4 and common difference of 3.

Then the n" partial sum is Y. n(3n+1)=3>n*+> n= er
n=1 n=1

n=1

—"("ZH) =n(n+1)>%

Answer. n(n + 1)°.
72. Using mathematical induction prove that (1 +x)" > 1+ nx, x > —1, neN.
Proof.

1. The statement is true for n = 1..
2. Assume that it is true for n = k, i.e.

(1+x)">1+kx (5.7)

3. Let us demonstrate that the statement is also true for n =k + 1 and that
14+ > 1+ (k+ x.
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Multiplying both sides of Eq. 5.7 by (1 + x) > 0 we obtain the following true
inequality that can be further simplified because kx> > 0.
(1+x) (1 +x) > (14 kx)(1 +x)
=1+hkr+x+k®>1+(k+1)x
The statement is proven.

73. Prove that for the Fibonacci sequence satisfying ap=a; =1,
a, = ap—1 + a,—», n > 2, that for any natural n, the following statements are true:

M:

2
. ay = dap - dp—1
k=1

o
M:

Ar—1 = Ay

~
Il
=

Hint. Use mathematical induction.

74. Prove that the recurrent sequence {a,}: a1 =3, ap =35, dpi2 = 3a,+1 — 2ay
can be defined by a, = 2" — 1.

Hint. Evaluate several terms and then use mathematical induction as we did in
Problem 74 of the book.

75. Prove that any term of the sequence a, = n® + 35 is divisible by 6.
Hint. Use mathematical induction.
76. Prove that the number 6 divides each term of the sequence a, = n° + 17n.

Hint. Use mathematical induction or a direct proof by rewriting the common term
of the sequence.

Solution. n* —n + 18n = (n — 1)n(n + 1) + 18n. Now the common term consists
of two terms, the first is always divisible by 6 as a product of three consecutive
integers and the second term is also always divisible by 6.

77. Prove that any term of the sequence @, = 4" + 15n — 1 is divisible by 9.

Hint. Use mathematical induction.

3
3

.- 6
78. Prove that nX::l OICESCES)
Hint. See Problem 68.
79. Evaluate the sum of the first 100 triangular numbers.

Answer. 171,700.
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80. For what real values of a and b will the sequence xo =a, x; =1+b - xp, ...,
Xpr1 = 1 4+ b - x, converge?
Solution. By induction we can establish that

b —1
=(1+b+b+b+... 40" ) +a-b' = ;o et
1 1
=——+4b"- —.
5" ( - b)
This sequence converges to 1le
There are two cases:

1.Ifb#1, a= #b then the sequence is convergent for any real b # 1, beR.

2. Ifa€R, |b| < 1.

81. Find the formula for the n'" term of the Lucas sequence, 1, 3,4, 7, 11, 18, 29, 47,
76,. . ..

Hint. Note that L, =L, +L,».
Answer. L, = (#g) + (%g)

82. Given S, = 1 + g5+ J=+ =+ .. —&—\/Lﬁ,proveZ(\/n—i—l—l)<S,,<2\/r_z.
Is the corresponding infinite series convergent or divergent?

Hint. Using a difference of squares formula to show that

_ 1 1
\/k+1*\//;fm<2—\/z.

Proof. Applying the inequality to each term of the series, we have
2Vk+1—-2vVk <L 7 < 2Vk —2vk —1. Let us add these inequalities for all

n terms of the partial sum,
n B n n L n _ n —
Zk;\/k—i—l 2k§ﬁ<k§ﬁ<2k§ﬁ 2}; Vik—1. Because

SVk+tT=vn+ 1+ Vik—1=>Vk+1->Y Vk=vn+1-1. And
k=1 k=1 k=1 k=1

finally, 2vn+1-2<>" # = S, < 2+/n. The statement is proven.
=1

Next, let us decide if the infinite series is convergent of divergent. Clearly if

o0
1 L g 1 1 : :
5 1; T diverges, then 1+ BtHtT also diverges and vise versa. Denote
o0 o0 o0 o0
1;1 Uy = kX: L\/- and kX:l Vi = kZ:l \/I?+i/k+_1' Obviously up = 217 >

1
TaveT = Ve VkeN.
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As we demonstrated by solving Problem 60 of Chapter 2, for the partial sum of
n n
. _ l _ _ . . .
the second series kZ::1 Ve = ];7\//;+ oI Vn + 1 — 1. This partial sum increases
without bound so the corresponding infinite series is divergent. Therefore, using
n

n
Theorem 3.5, because Y ux > > v, we can state that it is also divergent.
k=1 k=1

83.Prove thatf = 5+ =+ g7+ +---
Hint. Check Probs. 50 and 140.

Proof. The quantities inside each denominator differ by two, then the infinite sum
on the right can be written as % (1 —%+%—%+é—ﬁ+...) :%f:%. Inside

the parentheses we recognize the infinite series representation for arctan 1.

84. Find approximate value of /3.

1
Solution. Let 3=2-(1-1)° and apply Eq. 327 for x=1/4,
VE=20-f4-4d kB b ) =2-d-d-dh--
85. Given a finite arithmetic progression of 100 terms with the first term 3 and

common difference 4, how many terms are multiples of 11? Find them.

Solution. Because 11 is the 3™ term of the given progression, the m™ multiple of
11 will have a position n =3 + (m — 1) - 11 = 11m — 8, which must be less than
100, then

11m — 8 < 100
11m < 108
108

< || =9
"< [

There are nine multiples of 11 among the 100 terms of the arithmetic progression.
Each multiple of 11 is in a new arithmetic progression

by=3+(1lm—8—1)-4
by = 44m — 33 = 11(4m — 3)

The numbers are 11, 55, 99, 143, 187, 231, 275, 319, 363.
Answer. Nine multiples of 11 that are 11, 55, 99, 143, 187, 231, 275, 319, 363.

86. Give an example of an arithmetic progression with 100 integer terms such that
any two selected terms are relatively prime?

Hint. See Problem 95.
Answer. a; = 1+ 99! d = 99!
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87. Given a sequence of n consecutive natural numbers, prove that only one of its
terms is divisible by 7.

Proof. Let a,a+1,a+2,..., a+n—1 is the required sequence. Any two
numbers of this sequence cannot simultaneously be divisible by n because their
difference is always less than n and hence cannot be divisible by n. Assume that
a=n-q+r, where 0 <r <n. If r=0, the first term of such a sequence is
divisible by n. If » > 1, then a+n—r is a term of the given sequence and
a+n—r=n-q+r+n—r=n(q+1). Therefore, a + n — r is divisible by n.

88. Use mathematical induction to prove that the Fibonacci numbers satisfy
fl +f2+f3+"'+f2nfl :f2n'

Proof.

l.Ifn=1 =f, =f, (1 =1)is true.
2. Assume that the statement is true forn =k, i.e..f| +f> +fs+ ... +fu_1 = 0
3. Let us demonstrate that the statement is true for n=k+1 and that

fi+f s+ awey—1 =g
Indeed,
fitlfatfi+ ot fuya =+t )
= ‘ka +fousr =Farso ‘ =fa20e11)-

As shown in the box we used the property of Fibonacci recurrence. Therefore, the
statement is proven.

89. Show that no term of an infinite arithmetic progression a, = 30n + 7 can be
written as a sum or difference of two prime numbers.

Solution. The given progression consists of only odd integers so if we assume that
some of its terms can be written as the sum or difference of two primes, one of them
must be 2. First, assume that a term can be represented by the sum of two primes,

a,=30n+7=2+p
30n+5=p
S5(6n+1)=p.

Clearly, p is not prime.
Now assume that a term can be written as a difference of two primes:

a,=30n+7=p—-2
30n+9=p
3(10n+3) =p.
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Again we obtain the contradiction because this p is also not prime. Therefore, no
term of the given infinite progression can be written as a sum of difference of two
primes.

90. Prove that for every positive integer n, that 3(15 +2543 4. 4+ n5) is
divisible by (1° +2° + 3% + ...+ n?).

Hint. Look at Probs. 47 and 48.

Proof.

Method 1. Consider the difference of the sixth powers of two consecutive numbers.
Next take the sum from 1 to n from the left and the right sides, using the fact that

énﬁ—i(n—l)ézlﬁ

n=1

n® — (n—1)% = 6n° — 15n* +20n* — 1502 + 6n — 1

n® = 6Zn:n5 - 152":’14 + 202":”3 — 15i:n2 + 62":’1 —n
n=1 n=1 n=1 n=1 n=1

We solve this for 3 Z n> which must be proven to be divisible by Z n3. Since all

n=1 n=1
summations are from 1 to n, for simplicity we omit the indices of summation; also
we do not expand the sum of the first n cubes:

S+n—6 15 ¢ ?
32,15:” +n Zn—l—z(Zn —|—Zn>102n3

Using the summation formulas it can be shown that the following is true:

15(3ot+ o) =" )(2’7+2)(3n2+3n+4)

+n—3nn+1)=nn+1)n*—n*+n*—-n-2)

s nn+Dn(n+1)-(2n* +2n+9) 3
3211 = ) —IOZn

Factors of the first term can be recognized as the sum of the first n cubes,
Sond = " "H) , so the following is valid:

32 n’ = (2n* 4 2n + 9)2113 - 102113

The statement is proven.
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Method 2. Use mathematical induction.

(1)

4,4 4,4
91.Evaluatethesum473+§f7+§+...+ |

+ ...
Solution. We know that this series is convergent. In order to find its sum, let us

00 (_ 1 )n 2+l
consider the following power series: Z —_—
‘= 2n+1

this series represents the Maclaurin series for y = arctanx. Hence at x = 1, we
obtain that

. We know that for all |x| < 1,

1 1 1 1 (-1)" = (=1)"
4(1———&———?4—5—1—...—&— —|—...>:4-;2n+1:4arctan1:ﬂ.

Answer. «

h

92. Determine the n™ term of the series and evaluate the infinite sum,

I+34+5+5+5+...
Hint. Multiply or divide the series by 2. See also Probs. 59, 63 or 88.

n

7T - Assume

n h .
——. sothe n" term is a, =

oo
Solution. This series can be written as Z
n=1
that the requested sum of the infinite series is S, S = 1 + % + 21’ + % + 2i4 +...,and
divide both sides by 2 to obtain half of the requested sum,
§=31+2+%+5+35+.. . Subtracting the left and right sides of two sums

and using the formula for the sum of infinite geometric progression, we obtain:

Ss_1+21+32+43+54+
2 2 2 22 22 23 23 24 24
S 1 1 1 1
el -t —=Ff—t..=——=2
5 +2+22+23+ 1_1

2
S=4.

Answer. S =4.
93. Evaluate the sum:
3 5 8 n F,
1.2 1-3 25 3-8 513 7 F,_-Fo.i’
where F,, the nth Fibonacci number.
Hint. Rewrite each fraction as difference of two other fractions.
_ 1 1

Fn _ 1
FrFn — R T F and the given sum

Solution. Since F, . ; = F,_; + F,, then
can be rewritten as follows
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S—1 l+1 lJrl 1+1 1+1 1Jr n 1 1 n 1
N 2 32 5 3 8 5 13 7 F,4 Fno F,;3
1 1 1 1 1 1 1
=2 — —
Fn—l Fn—2 Fn Fn—l Fn+l Fn Fn+l
_ 1 1
Answer.S—Z—F—”—Fn+l
94. Given infinite series%—i—%—i—z%—i—z%—i—i—i—i—%—&—]z—f ... Find the n'" term of the

series and evaluate its sum.

Hint. Note that the denominators of each fraction are powers of 2. Divide or
multiply by 2.

Solution. The numerators are represented by Fibonacci numbers: 1, 1, 2, 3, 5, 8,
13, etc. and the denominators are powers of 2. Similarly to what we did in the
previous problem, let us denote the requested sum by S,

S_1+1+2+3+5+8+13+
12 22 3 g4 g5 g0 T

Divide both sides by 2,

S_1,1.2 3 5 8 13,
202 2203 g4 g5 g6 o7

Next, subtract the first and the second sums :

S—§—1—|—1_1+2_1+3_2+5_3+8_5+13_8+
2_ 2 22 23 24 25 26

S—1+1+1+2+3+5+
2 22 023 24 5 g0 T

S

4
We notice that the series to the right of 1 is the series divided by 4, i.e., S/4 so
S _ s —
Answer. 4.

95. Find the sum, § = 12+ 4>+ 72 + 10> + ... + (3n + 1)*.

Hint. The sum can be written as 1+ 5. 3n4+1)" =1+ 5 (92 +6n+1) =1

n=1 n=1

+9 3" n?+ 6 n+ nand then use Eqgs. 1.29 and 1.30.

n=1 n=1
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(n+1)(6n>+9n+2
Answer. § = %

96. Evaluate 1-1!4+2-2!+3 -3/ 4 ... 42017 - 2017!

Hint. Notice that (n+ 1)n! —n!=n-n! = (n+ 1)! — nl = n - nl. Replace each
term of the finite series using this formula and cancel opposite terms.

Solution. 2! —1! + 3! — 2! +4! — 31 + 5! — 4! + ... 4+ 2018! — 2017! = 2018! — 1.
Answer. 2018! — 1.
97. Evaluate the infinite sum: {5+ 2= + oo + 3 + - - -

Hint. Note that the numbers within each denominator differ by 2 and rewrite each
fraction as a difference of two corresponding fractions.

. . 1,1 1,1 1 _1lx_
Solution. We obtain § (1 —§+1 143+  )=1.2=2

Answer. g

98. Find the sum of the first 500 natural numbers with 3 as the last digit.

Solution. All natural numbers with last digit 3 can be written as 10n 4 3, so the sum
499
of the first 500 of such numbers will be 3+ > (10n+3) =3

n=1

500 + 10499500 — 1 249, 000.

99. Prove that the triangular numbers T(k + n) = T(k) 4+ T(n) + nk for all natural
numbers n and k.

Hint. Use the formula for a triangular number.

Proof. Using the formula for a triangular number (Eq. 1.27), we rewrite the left side
as

T(k+n):(k+”)(kz+”+1):k(k;rl)+n(n2+1)+nk;kn

=T(k)+T(n)+ kn.

1
100. Prove that [x'dx=1—5+5—-L+ ...
0

Hint. Use logarithms and Eq. 321, ie, a'= (M) =¢r =1+

(xInx)"

) 2
% +...+ =5y~ +.... Next, integrate the series from 0 to 1 and use

xInx +

the fact that [x"(Inx)"dx = ((n:rll) ;’,;Tl +C
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Proof.

1 1
thdx= J(Z (xl;l!x) )dx: 1 +Z%: 1 +Z <_1)n+l
0 0 n=1

n=1 n=1 n'(n+1)

w(il)nJﬁl 1 1 1
=D =l mtnat

n=1

n*+n—2"

101. Evaluate the infinite sum »_ -1
n=2

Hint. Factor the denominator as (n — 1)(n + 2).

Solution. Because the quantities within each denominator differ by 3, by shifting
the summation index, we can rewrite the given series as

n=2 2

1 N RN | 1 1 1 11
=_. N D) =2 (1o)==

3 <;n n4n> 3 ( +2+3> 18

Answer. 11/18.

102. A debt of $2000 in one year is to be repaid by a payment due two years from
now and a final payment of $1000 three years from now. If the interest rate is 4 %
compounded annually, what is the payment due in two years?

Solution. Let x be the unknown payment. Using the ideas presented in Chapter 4
and after sketching the diagram of the situation, we can equate the present values in
both scenarios:

2000 - 1.047' = x-1.0472 4+ 1000 - 1.0473
x =1.04%(2000 - 1.04™" — 1000 - 1.0477) ~ $1118.46

Answer. The payment is $1118.46.

103. Given the sequence 1, 4, 10, 19, 31, 46, 64, . .. find its n™ term and the sum of
the first n terms.

Hint. Consider the series made out of differences of the consecutive terms: 3, 6,
9,12, 15, 18,... This is an arithmetic progression. Hence the solution is similar to
Problem 32.

Solution. Because the first difference forms an arithmetic progression with first
term 3 and common difference also 3, then in general it can be written as
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a—a=d
d3—a2:2d

a, —az = 3d

an—ap1=a1+d(1+2+3+...n—1)

-1
e a 200

n

SoS, =Y <a1 + M) = na; + w. Substituting the values of the first
n=1

term and common difference, we obtain the formulas for the given sequence,

ay=a,+d- "(” D _ w and S, = na +w:’ﬁ%. In order to
check the formulas we can sum the first four terms: 1 +4 + 10 + 19 = 34 and
verify that the sum is equal to that of our formula, S4 = & *4 =34

2 3
Answer. a, = 3= 5, — i

104. Given an arithmetic progression with the first term a; and common difference
d, denote by S, the sum of the first n terms of the series. Evaluate
F(”) =Su13 +3Su1 — Sp — 3810,

Hint. Instead of expressing each partial sum using the formula for an arithmetic
progression, think about what it means, i.e., “What is S,43 ?7 It is
Sy + aps1 + anio + a,13. Replacing each sum properly, we obtain S,z =S, +
Api1 + api2 +angs 38041 =38, +3an1 =S5, =8, ; =38u2 =
—3S, — 3a,+1 — 3a,1>. Adding the left sides of all equations and the right sides,
we have F(n) = a,+1 — 2a,12 + a,43 = 0.

Answer. F(n)=0.

Remark. The reason why the answer is 0 is because for any arithmetic progression
a middle term is an arithmetic mean of its left and right neighbors.

+___

105. Investigate the convergence of the series, & w5t T e + T

102 104

Solution. The series terms change sign but not alternately (+—+or—+ —)sowe
cannot apply Leibniz’s Theorem for alternating series. Consider the corresponding

Aan

o0 o0
absolute value series, ) |u,| = > [3*|. By inspecting the numerators, {|a,|} = 1,

n=1 n=1
7, 13, 19, 25, 31, ... we can see that they represent an arithmetic progression
with the first term and common difference of a; = 1, d = 6, respectively. On the
other hand, the denominator sequence is a geometric progression with the first term
and common ratio b; = 10, r = 10. The common term of the absolute value series

atnld _ 6”0,15. Applying the D’Alembert Ratio Test

can be written as |u,| = = 5
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(Corollary 3.3) to > |u,| = >_
n=1 n=1
< 1. Therefore, the given series is absolutely convergent.

et | — fjm @l 10—

, we obtain lim -
n—o00o 10

n—oo

ay
by n

Answer. The series absolutely converges.

o0
106. Investigate the convergence of the series » (71)"+1arcsinﬁ.

n=1

Solution. This series is an alternating series that satisfies the Leibniz Theorem

(Theorem 3.9),  |unt1| < |us|  because ﬁ < % VneN.  Moreover,

lim |u,| = lim (arcsinﬁ) = 0 and the necessary condition is satisfied. Because
n—oo

n—oo

o0
. 1 1 . 1 . . .
aresin 5= ~ 5=, 11— 00 (see formulas) and the series Zl T is divergent, the given
n=1

o0
series » (—l)"Jrlarcsin\}v%7 is conditionally (not absolutely) convergent.
n=1

Answer. The series is conditionally convergent.

X
X
2t ——x—
2+

2+

107.(1985 USSR Mathematics Olympiad) Solve the equation

.
14+x

Hint. See Problem 90.

Solution. Adding the number 2 to both sides of the equation, we be able to rewrite
its left hand side by the recursive formula, a, 1 = 2 + 2= with the initial condition
a; = 1+ /1 +x. The characteristic equation 7> —2r —x =0 has two roots:

ri=14++v1+4+x,r=1—+1+4+x Because r; =1+ +/1+x, this sequence is
constant and the solution to the given equation can be found from solving

1 + +/1 + x = 3. The only solution to this equation is x = 2.
Answer. x =2

108. Given an arithmetic progression, {a,} , with S; as the sum of the first £ terms of
the progression, it is known that S, = m, S,, = n. Evaluate the common difference
of the arithmetic progression.

Hint. Use the formula for a partial sum of an arithmetic progression and solve a
system of two equations.

Solution. Suppose that the first term and common difference of the progression are
ai, d, respectively. We have the system,
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2a1 4+ (m—1)d 2n

5 -m:n(:) Zal—&—(m—l)dzz
_ 2
n

Subtracting the left and the right sides of the equations of the system and using the

difference of squares formula, we obtain d = —2(7;1"1).

2
Answer. d = 2+
nm

109. The functions — sinx, 4sinx - cot2x, cosx are the k', (k+1), and (k + 2)
terms of an arithmetic progression, respectively. Find all values of x and  if the 7™
term of this progression is 1/5.

Solution. The middle term of the three consecutive terms of an arithmetic progres-
sion must be the arithmetic mean of two neighbors, i.e., it must satisfy the equation,
4sinxcot2x = w, simplifying which, we have 4tan’x — tanx —3 = 0 so
there are two possibilities:

3
1) tanx = 1 2) tanx = 1
3
X = —arc:tanz1 + 27k

X=—+7an nkeZ.
X=r— a.rctanZJr 2k

U _ 41 _ _ 1
Case 1. sinx = cosx—:lz—z, cot2x =0 = d—q:ﬁ.

Using the value of the 7t term, we have

1 6
az 5 a + ClH:\/z
li 6
a=—-+—.
1 =3 N
Let us find the value of &:
Clk:al-‘r(k—l)d
. 1
ay = —sinx = F——
k N

From this we obtain 5(k —8) = ++/2, which has no solutions in the integers.
Therefore, case 1 is not applicable.
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Case 2. We evaluate that if

x= —arctan§—|—27m:> sinx = —E, cot2x = —,
4 5 24
1 2 2 k-1 3
I=fpa="5%="735"7 ~ 7
k=11.

Additionally, for the second possible value of x = 7 — arctan% + 2zn we obtain the
following

sin cot2 !
X == X = —=0
24
1 4 4 k-1 3
10T %7570 "5
= 15.

3 2 1
X = arctanz+2ﬂn, nez, k=11 (al = ~3 d= —>
Answer. 3 4 !
x:ﬂfarctanZJann, nez, k=15 (alg, d= >

110. Find Maclaurin series for y = ¢,

Hint. Use the method of undetermined coefficients (Problem 133).

Solution. Let us find the derivative of the given function and then express the
function in terms of its derivative:
1
1 +x2
y=(1+22)y

/ arctanx

y =e

Next, we rewrite the functions as a power series and also in terms of its derivative:

y:ao+a1x+a2x2+...+anx”+...
y=(14+x*)(a; + 2ax + 3azx> + ... + na,x" ' + (n + a1 X" +...)
Equating the coefficients of x raised to the same power, we obtain the following true
relationships:
ay = aop
2612 = da)
1-ay+3a3=ay
2a, +4as = a3

(n—Day—1 + (n+ 1)an1 = ay,
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Using the initial condition and the formula above we can obtain coefficients of the
power series:
x=0-"0 = | = gy =y(0) =1,
1 1 7 5 1 29

a2:§, 03:*8, 04:*ﬁ, aszm:ﬂ, aézm,n-
a, — (n—1)a,_
an+1:%-

Finally, we have the requested Maclaurin series,

2 1 7 1 29
— pdrctany _ L3 4 o 76
y=e TS Tt Tt RE7rai

Answer. y = ¢ = | —|—x—|—x —gx3 —24x —|—24x + 12494 6 4.

111. Using power series, solve the differential equation
¥ =xcosy, y(1) =%, y/(1) =0.

Solution. We look for a solution in the form,

fUMX*U+fYU@*1f+fYU@*1f

T 2 T

y=f(1)+

Evaluating several derivatives, we have

y =xcosy
y (1)=1-cosy(1)=1
y" = cosy +xsiny -y

(=1
y# = —siny -y —y siny —xy" siny —xy cosy -y’
yH(1)=—1...

Finally, we obtain the Taylor series solution to the given differential equation,

R x—17 x-17 @-1*
y—§+0~(x71)+ o + TR +...

- 1)2 _1\3 1\
Answer.yz%—koz,l) —|—(x3!1> —<X4,1) +....

o0
112. How many terms of the infinite series Z % are needed in order to evaluate it

with accuracy of 1073?
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Solution. This famous series converges to % and was first evaluated by Euler.

However, we want to approximate the sum of the infinite series so we use the

. We can

Cauchy integral property for the remainder r, =S — S, < [ %X = W
n—1

see that the remainder is less than 1/1000 if we approximate the sum by eight terms,

11 1 1 _ 1
3(8,1)3*3-343*m<m- Hence n =28. Sg—lJr + + toota=

1.08178. Note that % ~ 1.082323234.

Answer. We need 8 terms.

113. Evaluate the infinite sum Z

n=1

nz+3n

Solution. If we factor the denominator, we can see that the two quantities differ by
3 and we can rewrite the common term of the series as the difference of two
fractional expression multiplied by 1/3,

g -+ L1
" nn+3) 3\n n+3)

o0 o0
The given sum now can be rewritten as Z =3 (Z 1% rHl_3> . Using the
1 n=1 n=1

n=

o0 [o.¢]
shifting summation index property, n~1k3 1
n=1 n= 4

si(Sh S1- 21 =t de) =R,

Answer. 11/18.

, we can simplify this difference

114. Find integer solutions to (x> +x + 1) + (x> +2x +3) + (> +3x +5) + ... +
(x +20x + 39) = 510.

Solution. You can recognize this as the sum of an arithmetic progression where
the first term, common difference and 20" term are: a=x>4+x+1,d=x+2,
ax = x> +x+ 1+ 19(x + 2) = x* + 20x + 39. The formula for the sum of the first
20 terms of such a progression is a quadratic equation,

x4+ x4+ 14 x> +20x + 39
2
22 +2lx—11=0
—21+ V217 4+4-2-11 21423
4 4

-20 =510

X =

1

=—-11€Z, x==
X X 3
a; =111, d = -9.

where we selected only the integer solution.
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Answer. x = —11

115. A piece of charcoal from a tree killed by the volcanic eruption that formed the
caldera of Crater Lake in the state of Oregon measured a radioactivity of 7.0 dpm/
g C. Assume that the steady state radioactivity of carbon-14 in the living tree is
16.0 dpm/g C (16 counts per second). How long ago did the eruption occur?

Solution. We calculate the age of the charcoal using the equation, N(f) = Ny (%)W,
which can be rewritten also as
N t
In (—°> = ——In2
N 12

“(¥)

In2

t=1tip

Substituting £ = 5730, No = 16, N =7, we obtain an approximate age,
t= 5730ﬁ ~ 6834 years.

m2 =~

Answer. The volcanic eruption occurred approximately 6834 years ago.

116. Find the difference of two distinct positive numbers if their arithmetic mean is
3+/3 and geometric mean is \/§

Solution. Denote the numbers by x, y, x >y > 0. next, we have

X+y 2
2 73\/§:>(x—y)2:(x+y)2—4xy: (2-3\/5) —4-2=100.

Xy =2

Because the numbers are positive, their difference is 10.
Answer. 10.

117. Estimate the value of irrational number ¢ and estimate the error of the
estimation.

Solution. Consider the Maclaurin series for e, ie.,
e =1 +x+'§—2!—|—§—?—|— "’%"’ ..., XER. Replacing x by 1 and cutting off the
infinite series at the »n™ term, we obtain the approximation for
e;e~1+41+31+%+... 4L Foreach value of n, the estimation will be different.

Let us consider the remainder
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1 1 1
R, = -+ +
(n+1)! n—|—2) (n—|—3)

1 1
1+ + + ...
n+1'< n+2 (n+2)(n+3) (m+2)(n+3)(n+4) )
1+ L1
1 1 11
ORI} SRR B B U DI

The quantity inside the parentheses is always less than the sum of the decreasing
infinite geometric progression Hence, the remainder of the approximation satisfies
the inequality R, < n,n If we estimate the value of e by taking only four terms of the
infinite series, the error of such estimation will be

R4<L:i>i

4.4 967 100
1 11 1
100 <™ <55~ 600 = 1000

Approximation of e by four terms would give us 2.67 and by five terms 2.71.
118. Evaluate the infinite sum § = —3x% + 3x* — 510 + 3848 4.

. . . . . . . X (=1)"(2n2+1
Hint. The given series can be written using sigma notation as Z ()(g# X2,

n=1

Solution. We can rewrite the series as the sum of two series,

N )" 2” +1) w_ o~ CD N (=D)"2nn
S E ey et Tl om

n=1 n=1 n=1

You can see that the first series is the Maclaurin series for cos x. Next, we focus on
the second series,

"2nl

o0 (o) n
Z 2n—1 L 2n—1 = xS0,

n=1 1

Let us find this function! Notice that f(0) = 0 and consider the integral,
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nx2n—1

( = (=D xR (-1) X
P@m_E:mmhfnfi'E:@nfm T pme
0

n=1 n=1

Hence, after differentiation we obtain the function as f(x) = —% sinx — 3 cos.x.
Finally, the given sum is equal to S = cosx — % sinx — 5 cos x.

Answer. S = —1 sinx + (1 —%) cosux.

119. Find the n™ term of the infinite series and evaluate the infinite sum,

0 1 1 1+0+2+6+13+25+
1 2 4 8 16 32 64 128 256

Solution. It seems reasonable to look for the »™ term in the form
U, = Z—’”’, b, =2""', neN, a, =7 Consider the sequence of the numerators:
0,—-1, -1, —1, 0, 2, 6, 13, 25, .... Next, subtract two consecutive terms
(find the first difference as we did in solving Prob. 32)
-1, 0, 0, 1, 2, 4, 7, 12, .... This is the Fibonacci sequence minus 1! Let us
again subtract pairs of consecutive terms and find the second sequence of differ-
ences: 1,0, 1, 1, 2, 3, 5, ... which is also a Fibonacci type sequence. Hence, the

given series can be written as

1-1 1-2 2-3 3-4 5-5 8-6 13-7 218
+ + + + +

1 2 T Ty 2! 2 26 2
34—-9 55-10 89—11
+ 58 + 29 + 210 +...
1 1 2 3 5 8 13 21 34 55 89 F,
= ?+?+?+?+?+2—5+F+7+F+?+2ﬁ+...+?+...

Statmtytatatytaty oot tom

7 l+2 3 4 5 6 7 8 9 10 11 n n
1 2 22 23 24 25 26 27 28 29 210 e e

=0.

Here F, is the n™ Fibonacci number. Let us explain how we obtain the answer.
Evaluating each sum inside parentheses separately, denote the first sum by
_1.1,2,3, 5,8 13,20 , 3 , 5 , 8

S _1,1,2,3 .5, 8 13 21 , 34 55 :
obtaln§:§+Z+g+l—6+3—2+6—4+m+ﬁ+m+m+.... Subtracting S and
S/2 we obtain a new expression for  S/2: $=5-3=

1,1,2 3,5 8 13, 21 34 i
I+3+gtictsntaTmstaet 33t 10a T -+ On the other hand, dividing
the first sum by four we obtain $= +i4+E+F+S g tant
% + % + .... We notice that this is the sum for S/2 minus one, which can be
written as 1 —|—§:§ = S=4
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Similarly, we can evaluate the sum inside second parentheses

2 3 4 5 6 7 8 9 10 11
c=1 +§+?+?+?+§+?+7+?+?+W+...
3 4 5 6 7 8 9 10 11 12
25:4+§+?+?+?+§+¥+7+?+?+F+
1

1 1 1 1 2
6—26—6—3+§+27+?+?+...—3+171—3+1—4.
2

Here we rewrote the second sum in a different form and applied the formula for the
sum of infinite geometric progression. Finally, the difference of two identical

quantities is zero (S —o =4 — 4 = 0).

b | btc 1,11 .
120. Prove that agibz + bziil + Cgigz <gtptes abc>0.

Proof. Using the inequality between the arithmetic and geometric means, we obtain
the following chain of true inequalities:

_r .t
@+ b* ~ 2ab
1 1

242 >2h = —5 < —
cc+b” =2 215 = 2ch
1

a’ +c¢? ~ 2ac

at+b>>2ab =

@+ >2ac =

and each of these inequalities can produce the following inequalities:

a-+b at+b 1 1

a2 +b> " 2ab  2b 2a
c+b <c+b_1 1

2 2b 2b 2¢
a+c <a+c_1 1

a’+c?~ 2ac 20+2a

Adding the left and right sides,

a+b b+c c—l—a<2+2+2_1+1+1
a2+b P+ 2+a®"2a 2 2¢c a b ¢’

which completes the proof.



Appendix 1
MAPLE Program for Fibonacci Application

> restart:with(LREtools):
> eq:=R(n+2)=R(n+1)+R(n);

eq =R(n+2)=R(n+1)+R(n)

and solved for R(n) subject to the two initial conditions R(0) =0 and R(1) =N

> sol:=rsolve({eq,R(0)=0,R(1)=N},R(n));
1 1 1 7 1 1 1 "
sol =—+/5N|—+ —+/5 — — N5 | ———=—+/5
" 5\/— (2 2\/—) 5 \/—(2 2\/—j
> number:=factor(sol);

number::%N\/g ((% + %\/gj”— (% — %\/gjnj

> N:=1; n:=24;

N =1
n:=24
> unassign(’n’):
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272
> Rabbit_pairs:=radnormal (number) ;
o 1,1 g 11 j
Rabbit s:=—1/5 — + =5 — | =———=—+/5
alﬂms\f((z L) - (3 -4 5)
1..24, labels=["n", "R"]

> REplot (eq,R(n), {R(0)=0,R(1)=1},
thickness=3);

tickmarks=[3,3], color=green,

——

40,000 |
]
| |
[
'Il!|

R |
20,000 F
|
/
4
r N :
20




Appendix 2
Method of Differences

Consider a sequence {a,}, ai, a» as, a,,... and another sequence,
{b,}, b1, by, b3, by, . . ., such that the following relationships are valid:

ar —ay = b
az —ax = by
a4—a3:b3

ay —dap—1 = bnfl
Any1 — Ay = by

If we add the left and right sides of all equations and denote by S,, the n™ partial sum
of sequence {b,} we obtain the formula,

n
S,, = E bk =dp+1 —Aay.
k=1

This formula gives us a straightforward method of finding the n"™ term of a sequence
with integer terms when other methods do not work or perhaps demand too much
creativity. Usually one has to subtract the consecutive terms of the obtained
difference sequences until a difference sequence contains only the same numbers.
Some ideas are demonstrated in the following problems.

Problem A1l Given the sequence 1, 5, 15, 35, 70, 126, 210, ... find its nth
term and the sum of the first n terms.

Solution. Consider the series made out of differences of the consecutive terms:

4, 10, 20, 35, 56, 84,... , then a new sequence made out of the difference the
consecutive terms of the new sequence 6, 10, 15, 21, 28, .... Finally, the last
© Springer International Publishing Switzerland 2016 273
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sequence made of the difference of the consecutive terms of 4,5, 6, 7, ... This is an
arithmetic progression with the first term 4 and common difference 1. In general,
the solution is similar to Problem 32 or to the homework problem. Let us consider
the following sequences:

{a;} 1, 5, 15, 35, 70, 126, 210, ...
{b;} 4, 10, 20, 35, 56, 84, ...
{c:} 6, 10, 15, 21, 28,...

{d} 4, 5 6, 7.

{e1} L, 1, 1.

in general it can be written as

c—c1=d
C3 — (2 :dz
Cq4 —C3 :d3

Chn —Cp—1 = dnfla

n—1
which is equivalent to ¢, = ¢ + Z d,.
n=1
Because the last difference sequence {d;} forms an arithmetic progression with
the first term 4 and common difference of 1, then its n™ term can be written as d,
=4+ (n—-1)-1=n+3 and the sum of the first n—1 terms will be

S, | = 72'4“'2’—2)'1 “(n—1)= <”+6)2<”_') = ”2+§”—6. Therefore,

2 _ 2 2 3
Cp=6+" +gn 6 __ n +gn+6 _ (n+ )2("+

). This formula as we can see works just

fine since ¢; = w =6, ¢, = % =10, ¢3 = w =15, etc.

Going up we can now find the second sequence from the top (the first difference)
b2 — b] = (]
b3 — bz = ()

b47b3:C3

bn - bnfl = Cp—1
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which is equivalent to

n _bl+zcn_4+zn +5I’l+6

n=1

:4+%<(n—1) 6(2n—1)+5n(n2— 1)—|—6(n—1)>
. (n=1)(n*+7n+18) (n+1)(n+2)(n+3)
=4t 6 - 6

Finally,

—a1+zb —1+§ n+2(n+3)

n—1 n—1 n—1

1 11

= 1+82n3+2n2+32n+(}1— 1)
n=1 n=1 n=1

1 (=172 (n—=1)n(2n—=1) 11(n—1n n*+6n> + 11n*+6n
=n+—- + + =

6 4 6 12 24
_nn+1)(n+2)(n+3)
- 24

We can see that each term of the given sequence can be evaluated using this formula

1.2:3-4 2:3.4-5 5.6-7-8

a) = 24 I B ] 3 24

Problem 37 Find the formula for the n™ term of the sequence 1, 4,
10, 20, 35, 56, 84, 120, . .. (See Chapter 1 for geometric interpretation of this
problem.)

Solution. We can subtract consecutive terms until the difference of the consecu-
tive terms become the same

{a;} 1, 4, 10, 20, 35, 56, 84, 120, ...

{bi} 3, 6, 10, 15, 21, 28, 36, ...

{c:;} 3, 4, 5 6, 7, 8,...

{d;} 1, 1, 1, 1, 1,...

Moving from the last row up, we obtain that
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n—1
a, =a; + an

n=1

n—1
b, =b; + E Cn
n=1
n—1 n—1

a=a+b(n—1)+ Z(ch)
n=1 k=1

The sum inside the parentheses is the (n— 1) partial sum of the arithmetic
progression {c;} with the first term 3 and common difference of 1.

2-34n-2 4(n—1) n*+3n+2
S,H:L(n—l) N hn:3+(n+ J(n—=1) n*+3n+
2 2 2
1 & 1 ((n=1)n(2n—1) _n(n—1)
=14=- 2 2)=1+=- 2(n—1
a=1+3 ;(n +3n+2) =145 ( < +3=5 42— 1)
—1 1)(n+2
1" an— 1) 4 on 4 12y D E2)

12

1)(nt2
Answer. a, = %.
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