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AƵůĂ Ϭϯ͗ MĂƚƌŝǌĞƐ͗ ĐŽŶĐĞŝƚŽ͕ ƟƉŽƐ ĞƐƉĞĐŝĂŝƐ͕ 
ŽƉĞƌĂĕƁĞƐ Ğ ŵĂƚƌŝǌ ŝŶǀĞƌƐĂ͘

SƵŵĄƌŝŽ

ϭ MĂƚƌŝǌĞƐ͗ ĚĞĮŶŝĕĆŽ Ğ ŽƉĞƌĂĕƁĞƐ ϰ

ϭ͘ϭ DĞĮŶŝĕĆŽ͗ Ž ƋƵĞ ǀĞŵ Ă ƐĞƌ ƵŵĂ ŵĂƚƌŝǌ͍ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϰ

ϭ͘Ϯ OƉĞƌĂĕƁĞƐ ĨƵŶĚĂŵĞŶƚĂŝƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϳ

Ϯ CůĂƐƐŝĮĐĂĕƁĞƐ ĚĞ ŵĂƚƌŝǌĞƐ Ğ ĐĄůĐƵůŽ ĚĞ ŵĂƚƌŝǌ ŝŶǀĞƌƐĂ ϭϵ

Ϯ͘ϭ CůĂƐƐŝĮĐĂĕƁĞƐ ĚĞ ŵĂƚƌŝǌĞƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϭϵ

Ϯ͘Ϯ MĂƚƌŝǌ ŝŶǀĞƌƐĂ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϯϯ

OůĄ ĞƐƟŵĂĚŽ ĂůƵŶŽ͘ É Ƶŵ ƉƌĂǌĞƌ ƚġͲůŽ ĐŽŶŽƐĐŽ ŶŽǀĂŵĞŶƚĞ ŶĞƐƚĞ ŶŽǀŽ ƚƌĂũĞƚŽ ƉĂƌĂ Ž ĂƉƌĞŶĚŝǌĂĚŽ
ĚĂ ŵĂƚĞŵĄƟĐĂ͊ SŽƵ Ž ƉƌŽĨĞƐƐŽƌ IƚĂůŽ MĂƌŝŶŚŽ͕ ĨŽƌŵĂĚŽ Ğŵ ŵĂƚĞŵĄƟĐĂ ƉĞůĂ UERJ͖ ĂƚƵŽ ŶŽ ĞŶƐŝŶŽ
ĚĞ ŵĂƚĞŵĄƟĐĂ Ğ İƐŝĐĂ ŶŽ ĞƐƚĂĚŽ ĚŽ RŝŽ ĚĞ JĂŶĞŝƌŽ ŚĄ ϭϮ ĂŶŽƐ ĐŽŵ ĞŶĨŽƋƵĞ Ğŵ ĐŽŶĐƵƌƐŽƐ ŵŝůŝƚĂƌĞƐ͘
MĞ ĞƐƉĞĐŝĂůŝǌĞŝ ŶĂ ƉƌŽĚƵĕĆŽ ĚĞ ŵĂƚĞƌŝĂŝƐ ĚŝĚĄƟĐŽƐ ĚĞŶƚƌŽ ĚŽ ŵĞƐŵŽ ĞŶĨŽƋƵĞ͘

HŽũĞ ĨĂůĂƌĞŵŽƐ ƐŽďƌĞŵĂƚƌŝǌĞƐ͘ EƐƐĞ Ġ Ž ŝŶşĐŝŽ ĚĞ Ƶŵ ƚƌŝŽ ĚĞŵĂƚĠƌŝĂƐ ƐƵƉĞƌ ŝŵƉŽƌƚĂŶƚĞƐ ƉĂƌĂ ǀŽĐġ͗
ŵĂƚƌŝǌĞƐ͕ ĚĞƚĞƌŵŝŶĂŶƚĞƐ Ğ ƐŝƐƚĞŵĂƐ ůŝŶĞĂƌĞƐ͘ MĂƚƌŝǌĞƐ͕ ŶĂ ǀĞƌĚĂĚĞ͕ ŶƵŶĐĂ ĐĂşƌĂŵ ĞǆĐůƵƐŝǀĂŵĞŶƚĞ ŶĂ
EáM͘ EƐƐĞ ƐĞƌĄ Ž ƉƌŝŵĞŝƌŽ ĞĚŝƚĂů Ğŵ ƋƵĞ ĐĂŝ ĞƐƐĞ ĞƐƉĞĐşĮĐŽ ĂƐƐƵŶƚŽ͘

PŽƌĠŵ͕ ĂƋƵŝ ŶŽƐ ƉƌĞƉĂƌĂŵŽƐ ƉĂƌĂ ƚƵĚŽ͘ QƵĞƌĞŵŽƐ ƋƵĞ ǀŽĐġ ĞƐƚĞũĂ ƉƌĞƉĂƌĂĚŽ ƉĂƌĂ ƋƵĂůƋƵĞƌ ĂƌͲ
ŵĂĚŝůŚĂ ƋƵĞ Ă ƉƌŽǀĂ ƉŽƐƐĂ ǀŝƌ Ă ƚĞ ƉƌŽƉŽƌ͘ E ĚĂş Ž ƉŽƌƋƵġ ĚĞ ĞƐƚĂƌŵŽƐ ĞƐƚƵĚĂŶĚŽŵĂƚƌŝǌĞƐ ŶĞƐƐĞ ŵŽͲ
ŵĞŶƚŽ͘ VĞƌĞŵŽƐ ŵƵŝƚĂƐ ƋƵĞƐƚƁĞƐ ĚĞ ĐŽŶĐƵƌƐŽƐ ƐŝŵŝůĂƌĞƐ͕ ƋƵĞ ĂĐƌĞĚŝƚĂŵŽƐ ƐĞƌĄ Ă ďĂƐĞ Ă ƐĞƌ ĐŽďƌĂĚĂ͘
EƐƚƵĚĞ ĐŽŵ ĂĮŶĐŽ ĞƐƐĞ ĐŽŶƚĞƷĚŽ ƉĂƌĂ ŶĆŽ ƐĞƌŵŽƐ ƉĞŐŽƐ ĚĞ ƐƵƌƉƌĞƐĂ ŶĂ ŚŽƌĂ ĚĂ ƉƌŽǀĂ͘ BĞůĞǌĂ͍

EƐƐĂ Ġ ƵŵĂ ĄƌĞĂ ĚĞ ĞƐƚƵĚŽƐ ĐŽŶŚĞĐŝĚĂ ĐŽŵŽ ÁůŐĞďƌĂ LŝŶĞĂƌ͘ É ĂƐƐŝŵ ĐŚĂŵĂĚĂ ƉŽƌ ŵĂŶƚĞƌ ĐŽŵŽ
ƉƌŝĐŶŝƉĂŝƐ ŽƉĞƌĂĕƁĞƐ Ă ĂĚŝĕĆŽ Ğ Ă ŵƵůƟƉůŝĐĂĕĆŽ͘ VĞƌĞŵŽƐ ƋƵĞ ƋƵĂƐĞ ƐĞŵƉƌĞ ŵĂŶƚĞƌĞŵŽƐ ĂƐ ŵĞƐŵĂƐ
ƉƌŽƉƌŝĞĚĂĚĞƐ ƋƵĞ ĐŽŶŚĞĐĞŵŽƐ ƐŽďƌĞ ŶƷŵĞƌŽƐ ƌĞĂŝƐ ;ƷŶŝĐĂ ĞǆĐĞĕĆŽ ƉĂƌĂ Ă ŵƵůƟƉůŝĐĂĕĆŽ ĚĞ ŵĂƚƌŝͲ
ǌĞƐ͕ Ƶŵ ƉŽƵĐŽ ŵĂŝƐ ĐŽŵƉůŝĐĂĚĂͿ͘ MĂƐ ĞƐƚĂƌĞŝ ĂƋƵŝ ĐŽŵ ǀŽĐġ ƉĂƌĂ ƋƵĞ Ă ĂƉƌĞŶĚŝǌĂŐĞŵ ƐĞũĂ ƐƵĂǀĞ Ğ
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ŝŶƚĞƌĞƐƐĂŶƚĞ ƉĂƌĂ ƚŽĚŽƐ͘
RĞƐŽůǀĂ ŶŽƐƐŽƐ ĞǆĞƌĐşĐŝŽƐ ĂŶƚĞƐ ĚĞ ǀĞƌ Ă ƐŽůƵĕĆŽ͘ MĂƐ ŶĆŽ ƚĞŶŚĂ ŵĞĚŽ ĚĞ ŽůŚĄͲůĂ͊ NĆŽ Ġ ĚĞƐŽŶƌĂ

ĂůŐƵŵĂ͕ EǆĂƚĂƐ ƐĞ ĂƉƌĞŶĚĞ ĂƐƐŝŵ͘ EŶƚĆŽ ǀĂŵŽƐ ůĄ͊
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ͻ UŵĂ ĚĂƐ ĨŽƌŵĂƐ Ġ͕ ĐůĂƌŽ͕ Ă ĨŽƌŵĂ ĚĞ ƚĂďĞůĂ ƋƵĞ ĂĐĂďĂŵŽƐ ĚĞ ǀĞƌ͘ VĞũĂŵŽƐ ĂůŐƵŶƐ ĞǆĞŵƉůŽƐ

ĚĞƐƐĂ ƌĞƉƌĞƐĞŶƚĂĕĆŽ͗

(

1 3 5

7 11 13

)

͕









1 4 9 16

25 36 49 64

81 100 121 144









͘

ͻ OƵƚƌĂ ĨŽƌŵĂ ŵƵŝƚŽ ĐŽŵƵŵ Ġ ĂƋƵĞůĂ Ğŵ ƋƵĞ ĂƉĞŶĂƐ ĞƐĐƌĞǀĞŵŽƐ Ž ĨŽƌŵĂƚŽ ĚĂ ŵĂƚƌŝǌ͘ á ŵĂƚƌŝǌ
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











2 10

12 16

17 18

19 200













ƐĞƌŝĂ ƌĞƉƌĞƐĞŶƚĂĚĂ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ƐŝŵƉůĞƐŵĞŶƚĞ ĐŽŵŽA4×2͘ Eŵ ŐĞƌĂů Ă ŵĂƚƌŝǌ

Ġ ƌĞƉƌĞƐĞŶƚĂĚĂ ƉŽƌ Am×n͕ ŽŶĚĞ m Ġ Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ůŝŶŚĂƐ Ğ n Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ĐŽůƵŶĂƐ͘ NŽ
ĚĞĐŽƌƌĞƌ ĚĞ ŶŽƐƐŽŵĂƚĞƌŝĂů͕ ƐĞŵƉƌĞ ƋƵĞ ƵƟůŝǌĂƌŵŽƐ ĂƐ ůĞƚƌĂƐm Ğn ĞƐƚĂƌĞŵŽƐ ŶŽƐ ĐŽŵƵŶŝĐĂŶĚŽ
ĚĞ ĂĐŽƌĚŽ ĐŽŵ ĞƐƐĞ ĐſĚŝŐŽ͘

ͻ Eŵ ĂůŐƵŶƐ ĐĂƐŽƐ ǀĞƌĞŵŽƐ ƵŵĂ ŵĂƚƌŝǌ A ƐĞƌ ƌĞƉƌĞƐĞŶƚĂĚĂ ƉĞůŽ ƐşŵďŽůŽ A [aij]͘ MƵŝƚĂ ǀĞǌĞƐ
ǀĞƌĞŵŽƐ ƚĞǆƚŽƐ Ğ ƋƵĞƐƚƁĞƐ ĐŽůŽĐĂŶĚŽ Ă ŽƌĚĞŵ ĚĂ ŵĂƚƌŝǌ ĂďĂŝǆŽ ĚŽƐ ĐŽůĐŚĞƚĞƐ ĚĞƐƐĂ ŶŽƚĂĕĆŽ͗
[aij]m×n͘

ͻ UŵĂƷůƟŵĂ ĨŽƌŵĂĚĞ ƌĞƉƌĞƐĞŶƚĂƌŵŽƐŵĂƚƌŝǌ ĠƉŽƌ ƌĞŐƌĂ͘ áƉƌĞƐĞŶƚĂŵŽƐ ƌĞŐƌĂƐ ƉĂƌĂ Ă ĐŽŶƐƚƌƵĕĆŽ
ĚĞ ĐĂĚĂ ĞůĞŵĞŶƚŽ Ğ ĚĂş͕ ƉŽƌ ůſŐŝĐĂ͕ ĐŽŶƐƚƌſŝͲƐĞ Ă ŵĂƚƌŝǌ͘ VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͗

A3×3

{
i+ j͕ ƐĞ i j

i · j͕ ƐĞ i ̸ j

EƐƐĂ Ġ ƵŵĂ ŵĂƚƌŝǌ ƋƵĞ͕ ĚĂ ĨŽƌŵĂ ƉƌŽƉŽƐƚĂ͕ ĞƐƚĄ ƉĞƌĨĞŝƚĂŵĞŶƚĞ ĚĞĮŶŝĚĂ͘ CŽŵŽ ĐŽŶƐĞŐƵŝƌşĂŵŽƐ
ĞƐĐƌĞǀġͲůĂ ĚĞ ŵŽĚŽ ŶƵŵĠƌŝĐŽ͍

BŽŵ͕ ƉƌŝŵĞŝƌŽ͕ ǀĞŵŽƐ ƋƵĞ ƐĞ ƚƌĂƚĂ ĚĞ ƵŵĂ ŵĂƚƌŝǌ 3 × 3͕ ŝƐƚŽ Ġ͕ ƚĞŵ ƚƌġƐ ůŝŶŚĂƐ Ğ ƚƌġƐ ĐŽůƵŶĂƐ͘
EŶƚĆŽ͕ ƚĞŵ Ž ƐĞŐƵŝŶƚĞ ĨŽƌŵĂƚŽ͗

A









a11 a12 a13

a21 a22 a23

a31 a32 a33









VĞũĂ ƋƵĞ ƉĂƌĂ a11͕ a22 Ğ a33͕ ƚĞŵŽƐ Ž ĐĂƐŽ Ğŵ ƋƵĞ i j͘ EŶƚĆŽ͕ ǀĂůĞ ƋƵĞ a11 1 + 1 2͕
a22 2 + 2 4 Ğ a33 3 + 3 6͘ PĂƌĂ ƚŽĚŽƐ ŽƐ ŽƵƚƌŽƐ ĞůĞŵĞŶƚŽƐ͕ Ă ƌĞŐƌĂ ŶŽƐ Ěŝǌ ƋƵĞ i · j͘
EŶƚĆŽ͗
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AĚŝĕĆŽ Ğ ƐƵďƚƌĂĕĆŽ

DƵĂƐ ŵĂƚƌŝǌĞƐ ŶĞŵ ƐĞŵƉƌĞ ƉŽĚĞŵ ƐĞƌ ƐŽŵĂĚĂƐ͘ PĂƌĂ ƋƵĞ ƉŽƐƐĂŵ͕ Ġ ŶĞĐĞƐƐĄƌŝŽ ƋƵĞ ƉŽƐƐƵĂŵ ĂƐ
ŵĞƐŵĂƐ ŽƌĚĞŶƐ͘ EŶƚĆŽ͕ ƐĞ ƵŵĂ ŵĂƚƌŝǌ A ƚĞŵ ŽƌĚĞŵ m × n͕ ƉĂƌĂ ƋƵĞ ƉŽƐƐĂ ƐĞƌ ͞ƐŽŵĄǀĞů͟ Ă ƵŵĂ
ŽƵƚƌĂ ŵĂƚƌŝǌB Ġ ŶĞĐĞƐƐĄƌŝŽ ƋƵĞB ƚĂŵďĠŵ ƐĞũĂ ĚĂ ŽƌĚĞŵm×n͘ QƵĂŶĚŽ ŝƐƐŽ ĂĐŽŶƚĞĐĞ ĚŝǌĞŵŽƐ ƋƵĞ
ĂƐ ŵĂƚƌŝǌĞƐA Ğ B ƐĆŽ ĐŽŵƉĂơǀĞŝƐ ĐŽŵ Ă ĂĚŝĕĆŽϭ͘ VĞũĂŵŽƐ ĚƵĂƐ ŵĂƚƌŝǌĞƐ ĐŽŵƉĂơǀĞŝƐ ĐŽŵ Ă ĂĚŝĕĆŽ͗

A









1 2

4 6

8 10









, B









−1 −3

1 4

π 9









.

áŵďĂƐ ĂƐŵĂƚƌŝǌĞƐ ĂĐŝŵĂ ƐĆŽ ĚĂ ŽƌĚĞŵ 3×2 Ğ͕ ƉŽƌƚĂŶƚŽ͕ ƐĆŽ ĐŽŵƉĂơǀĞŝƐ ĐŽŵ Ă ĂĚŝĕĆŽ͘ E ĐŽŵŽ ĨĂͲ
ǌĞŵŽƐ ƉĂƌĂ ƐŽŵĄͲůĂƐ͍ BĂƐƚĂ ĂĚŝĐŝŽŶĂƌ ĐĂĚĂ ĞůĞŵƚŶŽaij ĐŽŵ ƐĞƵ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞbij͘ PĂƌĂ ĂƐŵĂƚƌŝǌĞƐ
ƋƵĞ ĐƌŝĂŵŽƐ͕ Ă ƐŽŵĂ ĮĐĂƌŝĂ ĂƐƐŝŵ͗

A+ B









1 2

4 6

8 10









+









−1 −3

1 4

π 9

















1+ (−1) 2+ (−3)

4+ 1 6+ 4

8+ π 10+ 9

















0 −1

5 10

8+ π 19









.

á ŵĂƚƌŝǌ









0 −1

5 10

8+ π 19









Ġ͕ ĞŶƚĆŽ͕ Ă ŵĂƚƌŝǌͲƐŽŵĂ ĚĂƐ ŵĂƚƌŝǌĞƐA Ğ B͘

á ƐŽŵĂ ĚĞ ĚƵĂƐ ŵĂƚƌŝǌĞƐA Ğ B ƉŽƐƐƵŝ ĂƐ ƐĞŐƵŝŶƚĞƐ ƉƌŽƉƌŝĞĚĂĚĞƐ͗

ͻ FĞĐŚĂŵĞŶƚŽ͗ SĞ ĚƵĂƐ ŵĂƚƌŝǌĞƐA Ğ B ƐĆŽ ĚĂ ŽƌĚĞŵm×n͕ ŝƐƚŽ Ġ͕ ƐĆŽ ĐŽŵƉĂơǀĞŝƐ ĐŽŵ Ă ĂĚŝĕĆŽ͕
ĞŶƚĆŽ Ă ŵĂƚƌŝǌA+ B ƚĂŵďĠŵ ƐĞƌĄ ĚĂ ŽƌĚĞŵm× n͘

ͻ CŽŵƵƚĂƟǀĂ͗ A+ B B+A͘

ͻ AƐƐŽĐŝĂƟǀĂ͗ (A+ B) +C A+ (B+C)͘
ϭáůŐƵŶƐ ƚĞǆƚŽƐ ŶĆŽ ƵƟůŝǌĂŵ Ž ƚĞƌŵŽ ͞ĐŽŵƉĂơǀĞů͕͟ ƉƌĞĨĞƌĞŵ ƵƟůŝǌĂƌ Ž ƚĞƌŵŽ ͞ĐŽŶĨŽƌŵĄǀĞů͖͟ ĚŝƌşĂŵŽƐ ĞŶƚĆŽ ƋƵĞ ƚĂŝƐ ĚƵĂƐŵĂƚƌŝǌĞƐ ƐĆŽ ĐŽŶĨŽƌŵĄǀĞŝƐ ĐŽŵ Ă ĂĚŝĕĆŽ͘
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MƵůƟƉůŝĐĂĕĆŽ ƉŽƌ ĞƐĐĂůĂƌ

MƵůƟƉůŝĐĂƌ ƵŵĂ ŵĂƚƌŝǌ ƉŽƌ Ƶŵ ĞƐĐĂůĂƌ Ġ ŵƵůƟƉůŝĐĂƌ ƵŵĂ ŵĂƚƌŝǌ ƉŽƌ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͘ RĞƉƌĞƐĞŶƚĂͲ
ƌĞŵŽƐ ĞƐƐĞ ŶƷŵĞƌŽ ƉŽƌ λ ;ůĞƚƌĂ ŐƌĞŐĂ ͞ůĂŵďĚĂ͟Ϳ͘ EŶƚĆŽ ĚĂƋƵŝ Ğŵ ĚŝĂŶƚĞ͕ λ ∈ R͘ UƟůŝǌĂƌĞŝ ƚĂŵďĠŵ
ǀĂƌŝĂĕƁĞƐ ĚĞ λ ĐŽŵ şŶĚŝĐĞƐ͕ ĐŽŵŽ λ1͕ λ2͘ SĞƌĆŽ ŶƷŵĞƌŽƐ ƌĞĂŝƐ ĚĂŵĞƐŵĂ ĨŽƌŵĂ͘ VĞũĂŵŽƐ ĞŶƚĆŽ ĐŽŵŽ
ĨƵŶĐŝŽŶĂ Ž ƉƌŽĚƵƚŽ ĚĞ ƵŵĂ ŵĂƚƌŝǌ ƉŽƌ Ƶŵ ŶƷŵĞƌŽ ƌĞĂů͕ ŝƐƚŽ Ġ͕ ƉŽƌ Ƶŵ ĞƐĐĂůĂƌ͘

PĂƌĂ ŵƵůƟƉůŝĐĂƌŵŽƐ ƵŵĂ ŵĂƚƌŝǌ ƉŽƌ λ͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂƌ ĐĂĚĂ ĞůĞŵĞŶƚŽ ĚĂ ŵĂƚƌŝǌ ƉŽƌ λ͘ SŝŵƉůĞƐ
ĂƐƐŝŵ͘ VĞũĂŵŽƐ ƵŵĂ ƐŝƚƵĂĕĆŽ ĂƐƐŝŵ͗

2 ·

(

1 4 6

−1 8 18

) (

2 8 12

−2 16 36

)

.

á ĨŽƌŵĂ ĂůŐĠďƌŝĐĂ ĚĞ ĞƐĐƌĞǀĞƌŵŽƐ Ă ŵƵůƟƉůŝĐĂĕĆŽ ĚĞ ƵŵĂ ŵĂƚƌŝǌA ƉŽƌ Ƶŵ ĞƐĐĂůĂƌ aij Ġ͗

λ · [aij]m×n [λ · aij]m×n.

á ŵƵůƟƉůŝĐĂĕĆŽ ƉŽƌ ĞƐĐĂůĂƌ ĐŽŵƉŽƌƚĂ ĂƐ ƐĞŐƵŝŶƚĞƐ ƉƌŽƉƌŝĞĚĂĚĞƐ͗

ͻ AƐƐŽĐŝĂƟǀĂ͗ (λ1λ2)A λ1(λ2A)͘

ͻ DŝƐƚƌŝďƵƟǀŝĚĂĚĞ ĞƐĐĂůĂƌ͗ λ · (A+ B) λ ·A+ λ · B͘

ͻ DŝƐƚƌŝďƵƟǀŝĚĂĚĞ ŵĂƚƌŝĐŝĂů͗ (λ1 + λ2) ·A λ1 ·A+ λ2 ·A͘

ͻ PƌŽĚƵƚŽ ƉŽƌ −1͗ (−1) ·A −A͘

ͻ PƌŽĚƵƚŽ ƉŽƌ 0͗ 0 ·A ŵĂƚƌŝǌ ŶƵůĂ͘

ͻ PƌŽĚƵƚŽ ƉŽƌ 1͗ 1 ·A A͘

CŽŵ ŝƐƐŽ ĮĐĂ ĐůĂƌŽ ĞŶƚĆŽ ƋƵĞ Ă ƐƵďƚƌĂĕĆŽ ƋƵĞ ǀŝŵŽƐ ĂŐŽƌĂ ŚĄ ƉŽƵĐŽ͕ ŝƐƚŽ Ġ͕ Ă ŽƉĞƌĂĕĆŽA−B ŶĂĚĂ
ŵĂŝƐ Ġ ƋƵĞA+ (−B)͕ ŝƐƚŽ Ġ͕ Ă ƐŽŵĂ ĚĞA ƉĞůŽ ŽƉŽƐƚŽ ;ŽƵ ƐŝŵĠƚƌŝĐŽͿ ĚĞ B͘

VĂŵŽƐ ĂŐŽƌĂ ă ŵƵůƟƉůŝĐĂĕĆŽ ĚĞ ŵĂƚƌŝǌĞƐ͘ áƋƵŝ͕ ƉƌĞĐŝƐĂƌĞŵŽƐ ĚĞ ďĂƐƚĂŶƚĞ ĐĂůŵĂ͘ NĆŽ Ġ Ă ĐŽŝƐĂ
ŵĂŝƐ ƐŝŵƉůĞƐ ĚŽ ŵƵŶĚŽ͘

MƵůƟƉůŝĐĂĕĆŽ ĚĞ ŵĂƚƌŝǌĞƐ

CŽŵĞĕĂƌĞŝ ĐŽŵ Ƶŵ ĞǆĞŵƉůŽ ƐŝŵƉůĞƐ͕ ƵŵĂ ƐŝƚƵĂĕĆŽ ƉƌŽďůĞŵĂ͘
IŵĂŐŝŶĞ ƋƵĞ ƵŵĂ ĞŵƉƌĞƐĂ ƉŽƐƐƵĂ ĚƵĂƐ ĐŽŶĨĞŝƚĂƌŝĂƐ ĐŚĂŵĂĚĂƐ
ĚĞA Ğ B͕ ƋƵĞ ĨĂďƌŝĐĂŵ ƚƌġƐ ƟƉŽƐ ĚĞ ďŽůŽƐ ĐŚĂŵĂĚŽƐ ĚĞ ϭ͕ Ϯ Ğ
ϯ͘ áƐ ǀĞŶĚĂƐ ĚĞ ďŽůŽƐ ĚĞƐƚĂƐ ĐŽŶĨĞŝƚĂƌŝĂƐ͕ ƉŽƌ ƐĞŵĂŶĂ͕ ĞƐƚĆŽ
ĂƉƌĞƐĞŶƚĂĚĂƐ ŶĂ ƚĂďĞůĂ ƋƵĞ ƐĞŐƵĞ͗
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CŽŶĨĞŝƚĂƌŝĂ BŽůŽ ƟƉŽ ϭ BŽůŽ ƟƉŽ Ϯ BŽůŽ ƟƉŽ ϯ
A 50 ƵŶŝĚĂĚĞƐ 30 ƵŶŝĚĂĚĞƐ 25 ƵŶŝĚĂĚĞƐ
B 20 ƵŶŝĚĂĚĞƐ 20 ƵŶŝĚĂĚĞƐ 40 ƵŶŝĚĂĚĞƐ

PĂƌĂ Ă ĨĂďƌŝĐĂĕĆŽ ĚĞƐƚĞƐ ďŽůŽƐ͕ ƐĆŽ ŶĞĐĞƐƐĄƌŝŽƐ ŵĂƚĞƌŝĂŝƐ ĐŽŶĨŽƌŵĞ Ă ƐĞŐƵŝŶƚĞ ƚĂďĞůĂ͗

BŽůŽ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
TŝƉŽ ϭ 500Ő 200Ő 500ŵL 150Ő 4

TŝƉŽ Ϯ 400Ő 100Ő 300ŵL 250Ő 5

TŝƉŽ ϯ 450Ő 150Ő 600ŵL 0Ő 6

QƵĞ ƋƵĂŶƟĚĂĚĞ ĚĞƐƚĞƐ ŵĂƚĞƌŝĂŝƐ ĐĂĚĂ ĐŽŶĨĞŝƚĂƌŝĂ ĚĞǀĞƌĄ ƌĞĐĞďĞƌ ƐĞŵĂŶĂůŵĞŶƚĞ ƉĂƌĂ ĂƚĞŶĚĞƌ ăƐ
ĚĞŵĂŶĚĂƐ͍

E Ăş͍ VŽĐġ ĐŽŶƐĞŐƵĞ ƌĞƐŽůǀĞƌ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ͍ ƚĞŶƚĞ ƌĞƐŽůǀġͲůŽ͕ ĂŶͲ
ƚĞƐ ĚĞ ĐŽŶƟŶƵĂƌŵŽƐ͘ VŽƵ ĚĂƌ ƵŵĂ ĂũƵĚĂ ƉĂƌĂ ǀŽĐġ͘ ƚĞŶƚĞ ƉƌĞĞŶĐŚĞƌ
Ă ƚĂďĞůĂ ĂďĂŝǆŽ ĚĞ ĂĐŽƌĚŽ ĐŽŵ ĂƐ ƌĞƐƉŽƐƚĂƐ ƋƵĞ ĨŽƌ ĞŶĐŽŶƚƌĂŶĚŽ͘ VŽƵ
ĚĞŝǆĄͲůĂ Ğŵ ďƌĂŶĐŽ ƉĂƌĂ ŝƌ ƚĞ ĂũƵĚĂŶĚŽ͘ MĂƐ ŽůŚĂ͗ Ġ ƉƌĂ ƚĞŶƚĂƌŵĞƐŵŽ͘
FĂƌĄ ƚŽĚĂ Ă ĚŝĨĞƌĞŶĕĂ ƐĞ ũĄ ƟǀĞƌ ƚĞŶƚĂĚŽ ƉƌĞĞŶĐŚġͲůĂ͘ E ƐĞ ŶĆŽ ĐŽŶƐĞͲ

ŐƵŝƌ͕ ŶĆŽ ƚĞŵ ƉƌŽďůĞŵĂ͘ ďĂƐƚĂ ƚĞŶƚĂƌ͘

CŽŶĨĞŝƚĂƌŝĂ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
A

B

VŽƵ ĐŽŵĞĕĂƌ͕ ŶŽ ƉƌſǆŝŵŽ ƉĂƌĄŐƌĂĨŽ͕ Ă ƐŽůƵĕĆŽ ĚĞƐƐĞ ƉƌŽďůĞŵĂ͘ SĞ ĂŝŶĚĂ ĞƐƟǀĞƌ ƚĞŶƚĂŶĚŽ ŽƵ ŶĞŵ
ĐŽŵĞĕŽƵ͕ ƉĂƌĞ ĂŐŽƌĂ ŵĞƐŵŽ͕ ƚĞŶƚĞ͕ Ğ Ɛſ ĚĞƉŽŝƐ ƌĞƚŽƌŶĞ ă ůĞŝƚƵƌĂ͘ BŽŵ͕ ǀĂŵŽƐ ĞŶƚĆŽ ă ƐŽůƵĕĆŽ͘

VĂŵŽƐ ĞŶƚĞŶĚĞƌ Ž ƋƵĞ ĞƐƚĂŵŽƐ ƚĞŶƚĂŶĚŽ ĐĂůĐƵůĂƌ͘ VĂŵŽƐ ƚĞŶƚĂƌ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ŝŶŝĐŝĂůŵĞŶƚĞ͕ ĚĞƐͲ
ĐŽďƌŝƌ ƋƵĂŶƚŽƐ ŐƌĂŵĂƐ ĚĞ ĨĂƌŝŶŚĂ Ă ĐŽŶĨĞŝƚĂƌŝĂ A ƌĞĐĞďĞƵ͘ HĄ ƚƌġƐ ƟƉŽƐ ĚĞ ďŽůŽƐ ĐŽŶĨĞŝƚĂĚŽƐ ƉŽƌ A͗
ƟƉŽ ϭ͕ ƟƉŽ Ϯ Ğ ƟƉŽ ϯ͘ FŽƌĂŵ 50 ƵŶŝĚĂĚĞƐ ĚŽ ďŽůŽ ƟƉŽ ϭ͕ ƋƵĞ ĐŽŶƐŽŵĞ 500Ő ĚĞ ĨĂƌŝŶŚĂ͖ 30 ƵŶŝĚĂĚĞƐ
ĚŽ ďŽůŽ ƟƉŽ Ϯ͕ ƋƵĞ ĐŽŶƐŽŵĞ 400Ő ĚĞ ĨĂƌŝŶŚĂ͖ Ğ 25 ƵŶŝĚĂĚĞƐ ĚĞ ďŽůŽ ƟƉŽ ϯ͕ ƋƵĞ ĐŽŶƐŽŵĞ 450Ő ĚĞ
ĨĂƌŝŶŚĂ͘ EŶƚĆŽ͕ Ž ƚŽƚĂů ĚĞ ĨĂƌŝŶŚĂ ĐŽŶƐƵŵŝĚŽ ƉĞůĂ ĐŽŶĨĞŝƚĂƌŝĂ A ƐĞƌĄ͗

50 · 500︸ ︷︷ ︸
50 ƵŶŝĚĂĚĞƐ ĐŽŵ 500Ő ĐĂĚĂ

+ 30 · 400︸ ︷︷ ︸
30 ƵŶŝĚĂĚĞƐ ĐŽŵ 400Ő ĐĂĚĂ

+ 25 · 450︸ ︷︷ ︸
25 ƵŶŝĚĂĚĞƐ ĐŽŵ 450Ő ĐĂĚĂ

48250Ő︸ ︷︷ ︸
TŽƚĂů ĚĞ ĨĂƌŝŶŚĂ ƉƌŽĚƵǌŝĚĂ ƉŽƌA

͘
BŽŵ͕ ĞŶƚĆŽ ũĄ ĐŽŶƐĞŐƵŝŵŽƐ ĐŽŵƉůĞƚĂƌ Ƶŵ ĚŽƐ ĞƐƉĂĕŽƐ ĚĂ ƚĂďĞůĂ͕ ĐŽƌƌĞƚŽ͍ SĞƌŝĂ Ž ĐĂƐŽ͗
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CŽŶĨĞŝƚĂƌŝĂ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
A 48250

B

PĞƌĐĞďĂ ĞŶƚĆŽ ƋƵĂů ĨŽŝ Ă ŽƉĞƌĂĕĆŽ ƋƵĞ ĮǌĞŵŽƐ ƉĂƌĂ ĞŶĐŽŶƚƌĂƌŵŽƐ ĞƐƐĞ ǀĂůŽƌ͗ ƉĞŐĂŵŽƐ ĐĂĚĂ ĞůĞͲ
ŵĞŶƚŽ ĚĂ ƉƌŝŵĞŝƌĂ ůŝŶŚĂ ĚĂ ƉƌŝŵĞŝƌĂ ƚĂďĞůĂ Ğ ŵƵůƟƉůŝĐĂŵŽƐ ƉĞůĂ ƉƌŝŵĞŝƌĂ ĐŽůƵŶĂ ĚĂ ƐĞŐƵŶĚĂ ƚĂďĞůĂ͘

PĂƌĂ ĨĂĐŝůŝƚĂƌŵŽƐ ĂƐ ĐŽŝƐĂƐ͕ ƚƌĂŶƐĨŽƌŵĂƌĞŝ ĐĂĚĂ ƵŵĂ ĚĞƐƐĂƐ ƚĂďĞůĂƐ Ğŵ ŵĂƚƌŝǌĞƐ͕ ĂƐƐŝŵ ĐŽŵŽ ĮǌĞͲ
ŵŽƐ ŶŽ ŝŶşĐŝŽ ĚĞƐƐĞ ĐĂƉşƚƵůŽ͘ FĂĕĂŵŽƐ ŝƐƐŽ ĞŶƚĆŽ͗

CŽŶĨĞŝƚĂƌŝĂ BŽůŽ ƟƉŽ ϭ BŽůŽ ƟƉŽ Ϯ BŽůŽ ƟƉŽ ϯ
A 50 ƵŶŝĚĂĚĞƐ 30 ƵŶŝĚĂĚĞƐ 25 ƵŶŝĚĂĚĞƐ
B 20 ƵŶŝĚĂĚĞƐ 20 ƵŶŝĚĂĚĞƐ 40 ƵŶŝĚĂĚĞƐ

→ X

(

50 30 25

20 20 40

)

CƌŝĂŵŽƐ ĞŶƚĆŽ Ă ŵĂƚƌŝǌ X͕ ƋƵĞ Ġ Ă ŵĂƚƌŝǌ ƋƵĞ ŶŽƐ Ěŝǌ ĂƐ ƵŶŝĚĂĚĞƐ ĚĞ ƉƌŽĚƵĕĆŽ͘ áŐŽƌĂ ĐƌŝĂƌĞŵŽƐ Ă
ŵĂƚƌŝǌ Y͕ ĐŽŵ Ă ƋƵĂŶƟĚĂĚĞ ĞƐƉĞĐşĮĐĂ ĚĞ ĐĂĚĂ ƉƌŽĚƵƚŽ͗

BŽůŽ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
TŝƉŽ ϭ 500Ő 200Ő 500ŵL 150Ő 4

TŝƉŽ Ϯ 400Ő 100Ő 300ŵL 250Ő 5

TŝƉŽ ϯ 450Ő 150Ő 600ŵL 0Ő 6

→ Y









500 200 500 150 4

400 100 300 250 5

450 150 600 0 6









EŝƐ ƵŵĂ ǀŝƐĆŽ ŵĞůŚŽƌ ĚĞ ƋƵĞ ůŝŶŚĂ Ğ ƋƵĞ ĐŽůƵŶĂ ŵƵůƟƉůŝĐĂŵŽƐ ƉĂƌĂ ŽďƚĞƌŵŽƐ Ž ƌĞƐƵůƚĂĚŽ 48250͗

50 30 25

20 20 40









500 200 500 150 4

400 100 300 250 5

450 150 600 0 6

















PĞƌĐĞďĂ ĞŶƚĆŽ ƋƵĞ ƐĞ ƋƵŝƐĠƐƐĞŵŽƐ͕ ĂŐŽƌĂ͕ ĚĞƐĐŽďƌŝƌ Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ĂĕƷĐĂƌ ĐŽŶƐƵŵŝĚĂ ƉĞůĂ ĐŽŶͲ
ĨĞŝƚĂƌŝĂA͕ ďĂƐƚĂƌŝĂ ŵƵůƟƉůŝĐĂƌŵŽƐ Ă ŵĞƐŵĂ ůŝŶŚĂ ƉĞůĂ ĐŽůƵŶĂ ƐĞŐƵŝŶƚĞ͗

50 30 25

20 20 40









500 200 500 150 4

400 100 300 250 5

450 150 600 0 6

















VĞũĂ ŵĂŝƐ ĞƐƐĞ ĐĄůĐƵůŽ͕ ƉĂƌĂ ĮǆĂƌŵŽƐ ďĂƐƚĂŶƚĞ Ž ĐŽŶƚĞƷĚŽ͗

50 · 200︸ ︷︷ ︸
50 ƵŶŝĚĂĚĞƐ ĐŽŵ 200Ő ĐĂĚĂ

+ 30 · 100︸ ︷︷ ︸
30 ƵŶŝĚĂĚĞƐ ĐŽŵ 100Ő ĐĂĚĂ

+ 25 · 150︸ ︷︷ ︸
25 ƵŶŝĚĂĚĞƐ ĐŽŵ 150Ő ĐĂĚĂ

16750Ő︸ ︷︷ ︸
TŽƚĂů ĚĞ ĂĕƷĐĂƌ ƉƌŽĚƵǌŝĚŽ ƉŽƌA

͘
CŽŵƉůĞƚĂŵŽƐ ĞŶƚĆŽ ŵĂŝƐ Ƶŵ ĞůĞŵĞŶƚŽ ĚĂ ƚĂďĞůĂ ĮŶĂů͗
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CŽŶĨĞŝƚĂƌŝĂ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
A 48250 16750

B

á ŽƉĞƌĂĕĆŽ ƋƵĞ ĞƐƚĂŵŽƐ ĨĂǌĞŶĚŽ Ġ ũƵƐƚĂŵĞŶƚĞ Ă ĨŽƌŵĂ ĚĞŵƵůƟƉůŝĐĂƌŵŽƐŵĂƚƌŝǌĞƐ͘ MƵůƟƉůŝĐĂŵŽƐ
ĐĂĚĂ ůŝŶŚĂ ĚĂ ŵĂƚƌŝǌ X ƉĞůĂƐ ĐŽůƵŶĂƐ ĚĂ ŵĂƚƌŝǌ Y͘

É ĐůĂƌŽ ƋƵĞ ŶĆŽ ĐŽŶƟŶƵĂƌĞŝ ĨĂǌĞŶĚŽ ŝƐƐŽ ƉĂƌĂ ĐĂĚĂ ĞůĞŵĞŶƚŽ͕ ŵĂƐ ĨĂƌĞŵŽƐ Ă ƐĞŐƵŝƌ Ƶŵ ƌĞƐƵŵŽ ĚĞ
ƚŽĚŽƐ ŽƐ ĐĄůĐƵůŽƐ ƌĞƐƚĂŶƚĞƐ͘ PƌĞĞŶĐŚĞƌĞŝ Ž ƌĞƐƚĂŶƚĞ ĚĂ ƚĂďĞůĂ ĐŽŵ ǀĂƌŝĄǀĞŝƐ ŐĞƌĂŝƐ ĚĞ ŵĂƚƌŝǌĞƐ͗

CŽŶĨĞŝƚĂƌŝĂ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
A 48250 16750 c13 c14 c15

B c21 c22 c23 c24 c25

JĄ ĞŶĐŽŶƚƌĂŵŽƐ ƋƵĞ c11 48250 Ğ c12͘ ĞŶĐŽŶƚƌĂƌĞŵŽƐ ĂŐŽƌĂ Ž ƌĞƐƚĂŶƚĞ ĚŽƐ ĞůĞŵĞŶƚŽƐ͗

c13 50 · 500+ 30 · 300+ 25 · 600 49000.

c14 50 · 150+ 30 · 250+ 25 · 0 15000.

c15 50 · 4+ 30 · 5+ 25 · 6 500.

c21 20 · 500+ 20 · 400+ 40 · 450 36000.

c22 20 · 200+ 20 · 100+ 40 · 150 12000.

c23 20 · 500+ 20 · 300+ 40 · 600 40000.

c24 20 · 150+ 20 · 250+ 40 · 0 8000.

c25 20 · 4+ 20 · 5+ 40 · 6 420.

á ƚĂďĞůĂ ĮŶĂů ĮĐĂ͕ ĞŶƚĆŽ͗

CŽŶĨĞŝƚĂƌŝĂ FĂƌŝŶŚĂ AĐƷĐĂƌ LĞŝƚĞ MĂŶƚĞŝŐĂ OǀŽƐ
A 48250 16750 49000 15000 500

B 36000 12000 40000 8000 420

DŝǌĞŵŽƐ ĞŶƚĆŽ ƋƵĞ͗

(

50 30 25

20 20 40

)

·









500 200 500 150 4

400 100 300 250 5

450 150 600 0 6









(

48250 16750 49000 15000 500

36000 12000 40000 8000 420

)

.

VĞũĂ ĞŶƚĆŽ ƋƵĞ Ă ŵƵůƟƉůŝĐĂĕĆŽ ĚĂƐ ůŝŶŚĂƐ ĚĂ ŵĂƚƌŝǌ X ĐŽŵ ĂƐ ĐŽůƵŶĂƐ ĚĂ ŵĂƚƌŝǌ Y ƌĞƐƵůƚŽƵ ŝŵĞͲ
ĚŝĂƚĂŵĞŶƚĞ ŶŽ ƉƌŽĐƵƌĂĚŽ͗ ĂƐ ƋƵĂŶƟĚĂĚĞƐ ĚĞ ĐĂĚĂ ƉƌŽĚƵƚŽ͘ DĂş Ă ŵŽƟǀĂĕĆŽ ĚŽ ƉŽƌƋƵġ ĚĞĮŶŝŵŽƐ Ă
ŵƵůƟƉůŝĐĂĕĆŽ ĚĞŵĂƚƌŝǌĞƐ ĚĞƐƐĂ ĨŽƌŵĂ ƚĆŽ ĐƵƌŝŽƐĂ͘ TƌĞŝŶĂƌĞŵŽƐ ďĂƐƚĂŶƚĞ ĞƐƐĂ ĨŽƌŵĂ ĚĞŵƵůƟƉůŝĐĂĕĆŽ
ŶŽƐ ĞǆĞƌĐşĐŝŽƐ͘
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R͗ NĆŽ ƐĂďĞŵŽƐ Ă ŽƌĚĞŵ ĚĂ ŵĂƚƌŝǌ B ĂŝŶĚĂ͘ DŝŐĂŵŽƐ ƋƵĞ ƐĞũĂm× n͘ EŶƚĆŽ͕ ǀĞŵŽƐ ƋƵĞ͗

(

2 3

−5 −2

)

︸ ︷︷ ︸
2×2

· B︸︷︷︸
m×n

(

18

−23

)

︸ ︷︷ ︸
2×1

PĂƌĂ ƋƵĞ Ă ŵƵůƟƉůŝĐĂĕĆŽ ƐĞũĂ ƉŽƐƐşǀĞů͕ Ġ ŶĞĐĞƐƐĄƌŝŽ ƋƵĞ Ž ŶƷŵĞƌŽ ĚĞ ĐŽůƵŶĂƐ ĚĞ B ƐĞũĂ ŝŐƵĂů ĂŽ
ŶƷŵĞƌŽ ĚĞ ůŝŶŚĂƐ ĚĂ ŵĂƚƌŝǌ 2× 2͘ EŶƚĆŽm 2͘ VŝƐƚŽ ƋƵĞ Ă ŵĂƚƌŝǌ ƌĞƐƵůƚĂŶƚĞ ĨŽŝ ĚĂ ŽƌĚĞŵ 2× 1͕
ƚĞŵŽƐ ƋƵĞ n 1͘ EŶƚĆŽ B Ġ ĚĂ ŽƌĚĞŵ 2× 1͘ áŐŽƌĂ͕ ĨĂĕĂŵŽƐ ŽƐ ĐĄůĐƵůŽƐ ƉĂƌĂ ĞŶĐŽŶƚƌĄͲůĂ͗

(

2 3

−5 −2

)

·

(

x

y

) (

18

−23

)

(

2x+ 3y

−5x− 2y

) (

18

−23

)

.

áůŝŶŚĂŶĚŽ Ž ƐŝƐƚĞŵĂ͗

{
2x+ 3y 18

−5x− 2y −23

MƵůƟƉůŝĐĂŶĚŽ Ă ƉƌŝŵĞŝƌĂ ĞƋƵĂĕĆŽ ƉŽƌ 2 Ğ Ă ƐĞŐƵŶĚĂ ƉŽƌ 3͗

{
4x+ 6y 36

−15x− 6y −69

SŽŵĂŶĚŽ ĂƐ ĚƵĂƐ ĞƋƵĂĕƁĞƐ͕ ƚĞŵŽƐ͗

4x− 15x 36− 69

−11x −33

x 3.

DĂş͕ ƐƵďƐƟƚƵŝŶĚŽ ŶĂ ƉƌŝŵĞŝƌĂ ĞƋƵĂĕĆŽ ĚŽ ƐŝƐƚĞŵĂ͗

2x+ 3y 18

2 · 3+ 3y 18

6+ 3y 18

3y 12

y 4.
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B ·A

(

1 12

4 9

)

·

(

2 3

1 4

)

(

1 · 2+ 12 · 1 1 · 3+ 12 · 4
4 · 2+ 9 · 1 4 · 3+ 9·

)

(

14 51

17 48

)

.

VĞũĂ ƋƵĞA · B B ·A͕ Ğ͕ ƉŽƌƚĂŶƚŽ͕ ĞƐƐĞ ƉĂƌ ĚĞ ŵĂƚƌŝǌĞƐ Ġ ĐŽŵƵƚĂƟǀŽ͘

MĂƚƌŝǌĞƐ ĂŶƟĐŽŵƵƚĂƟǀĂƐ

SĆŽ ŵĂƚƌŝǌĞƐA Ğ B ƚĂŝƐ ƋƵĞA · B −B ·A͘

MĂƚƌŝǌĞƐ ŝŶǀŽůƵƟǀĂƐ

UŵĂ ŵĂƚƌŝǌ ƐĞƌĄ ĚŝƚĂ ŝŶǀŽůƵƟǀĂ ƋƵĂŶĚŽ A2 I͕ ŝƐƚŽ Ġ͕ ƋƵĂŶĚŽ Ž ƐĞƵ ƋƵĂĚƌĂĚŽ ĨŽŝ ŝŐƵĂů ă ŵĂƚƌŝǌ
ŝĚĞŶƟĚĂĚĞ͘ VĞũĂ ĂďĂŝǆŽ Ƶŵ ĞǆĞŵƉůŽ͘

SĞũĂA

(

4 −1

15 −4

)

͘ CĂůĐƵůĞŵŽƐA2͗

A2

(

4 −1

15 −4

)

·

(

4 −1

15 −4

)

(

4 · 4+ (−1) · 15 4 · (−1) + (−1) · (−4)

15 · 4+ (−4) · 15 15 · (−1) + (−4) · (−4)

)

(

1 0

0 1

)

.

MĂƚƌŝǌ ŶŝůƉŽƚĞŶƚĞ

UŵĂ ŵĂƚƌŝǌ ƐĞƌĄ ĚŝƚĂ ŶŝůƉŽƚĞŶƚĞ ƋƵĂŶĚŽ Ap 0 ƉĂƌĂ ĂůŐƵŵ p ŶĂƚƵƌĂů͕ ŽŶĚĞ 0 Ġ ƵŵĂ ŵĂƚƌŝǌ ŶƵůĂ͘ O
ŵĞŶŽƌ p ƉĂƌĂ Ž ƋƵĂů ŝƐƐŽ ĂĐŽŶƚĞĐĞ Ġ ĐŚĂŵĂĚŽ ĚĞ şŶĚŝĐĞ ĚĂ ŵĂƚƌŝǌ ŶŝůƉŽƚĞŶƚĞ͘ VĞũĂŵŽƐ Ƶŵ ĞǆĞŵƉůŽ͘

SĞũĂA









1 1 3

5 2 6

−2 −1 −3









͘ NĆŽ ĞĨĞƚƵĂƌĞŝ ĂƋƵŝ͕ ŵĂƐ ƉŽĚĞͲƐĞ ǀĞƌŝĮĐĂƌ ƋƵĞ͗
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���;EEARͲϮϬϬϭͿ QUESTÃO ϰ

NĂ ƌĞƐŽůƵĕĆŽ ĚĂ ĞƋƵĂĕĆŽ ŵĂƚƌŝĐŝĂů









1 −1 0

4 −1 1

0 −3 0









·









x

y

z

















1

2

0









͕ Ž ǀĂůŽƌ ĚĞ x+ y+ z Ġ

;ĂͿ −2

;ďͿ 1
;ĐͿ −1

;ĚͿ 0

R͗ PĞŐĂŵŽƐ ŝŶŝĐŝĂůŵĞŶƚĞ Ă ƉƌŝŵĞŝƌĂ ůŝŶŚĂ ĚĂ ŵĂƚƌŝǌ ă ĞƐƋƵĞƌĚĂ Ğ ŵƵůƟƉůŝĐĂŵŽͲŶĂ ƉĞůĂ ƉƌŝŵĞŝƌĂ
ĐŽůƵŶĂ ĚĂ ŵĂƚƌŝǌ ă ĚŝƌĞŝƚĂ ;ǀĞũĂ ƋƵĞ ĞƐƐĂ ĐŽůƵŶĂ Ġ ƷŶŝĐĂ͕ ǀŝƐƚŽ ƋƵĞ ƐĞ ƚƌĂƚĂ ĚĞ ƵŵĂ ŵĂƚƌŝǌͲĐŽůƵŶĂͿ͗

á ƉƌŝŵĞŝƌĂ ůŝŶŚĂ ƐĞ ƚŽƌŶĂ ĞŶƚĆŽ͗









1 · x+ (−1) · y+ 0 · z
















x− y








CůĂƌŽ ĞŶƚĆŽ ƋƵĞ Ă ƐĞŐƵŶĚĂ ůŝŶŚĂ ƐĞƌĄ ĨŽƌŵĂĚĂ ƉĞůŽ ƉƌŽĚƵƚŽ ĚĂ ƉƌŝŵĞŝƌĂ ůŝŶŚĂ ĚĂ ŵĂƚƌŝǌ ă ĞƐƋƵĞƌĚĂ
ĐŽŵ Ă ƉƌŝŵĞŝƌĂ ĐŽůƵŶĂ ĚĂ ŵĂƚƌŝǌ ă ĚŝƌĞŝƚĂ͕ ĂƐƐŝŵ ĐŽŵŽ Ă ƚĞƌĐĞŝƌĂ ůŝŶŚĂ͗
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���;EEARͲϮϬϬϮͿ QUESTÃO ϱ

O ƉĂƌ (x, y)͕ ƐŽůƵĕĆŽ ĚĂ ĞƋƵĂĕĆŽ ŵĂƚƌŝĐŝĂů

(

x −4

x2 y

)

·

(

x 2

y 1

) (

13 2x− 4

x3 + y2 8

)

Ġ

;ĂͿ (6,±
√
3)

;ďͿ (±
√
5,−2)

;ĐͿ

(

±
√

1

2
,−5

)

;ĚͿ
(

−
7

3
,
4

5

)

R͗ FĂĕĂŵŽƐ ŽƐ ĐĄůĐƵůŽƐ͗

(

x −4

x2 y

)

·

(

x 2

y 1

) (

x · x+ (−4) · y x · 2+ (−4) · 1
x2 · x+ y · y x2 · 2+ y · 1

)

(

x2 − 4y 2x− 4

x3 + y2 2x2 + y

)

O ƉƌŽďůĞŵĂ ŶŽƐ Ěŝǌ Ž ƌĞƐƵůƚĂĚŽ ĚĞƐƐĞ ƉƌŽĚƵƚŽ͘ CŽŵƉĂƌĞŵŽƐ ĐŽŵ ĞƐƐĞ ƌĞƐƵůƚĂĚŽ͗

(

x2 − 4y 2x− 4

x3 + y2 2x2 + y

) (

13 2x− 4

x3 + y2 8

)

.

PŽƌ ĐŽŵƉĂƌĂĕĆŽ ŽďƚĞŵŽƐ ƋƵĞ͗

{
x2 − 4y 13

2x2 + y 8

MƵůƟƉůŝĐĂŶĚŽ Ă ƉƌŝŵĞŝƌĂ ĞƋƵĂĕĆŽ ƚŽĚĂ ƉŽƌ −2͕ ƚĞŵŽƐ͗

{
−2x2 + 8y −26

2x2 + y 8

SŽŵĂŶĚŽ ĂƐ ĚƵĂƐ ĞƋƵĂĕƁĞƐ͗

9y −26+ 8

9y −18

y −2.
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���;ESPCEXͲϮϬϬϭͿ QUESTÃO ϯϮ

UŵĂ ĨĄďƌŝĐĂ ĚĞ ĚŽĐĞƐ ƉƌŽĚƵǌ ďŽŵďŽŶƐ ĚĞ ŶŽǌĞƐ͕ ĐŽĐŽ Ğ ŵŽƌĂŶŐŽ͕ ƋƵĞ ƐĆŽ ǀĞŶĚŝĚŽƐ ĂĐŽŶĚŝĐŝŽŶĂͲ
ĚŽƐ Ğŵ ĐĂŝǆĂƐ ŐƌĂŶĚĞƐ ŽƵ ƉĞƋƵĞŶĂƐ͘ á ƚĂďĞůĂ ϭ ĂďĂŝǆŽ ĨŽƌŶĞĐĞ Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ďŽŵďŽŶƐ ĚĞ ĐĂĚĂ
ƟƉŽ ƋƵĞ ĐŽŵƉƁĞ ĂƐ ĐĂŝǆĂƐ ŐƌĂŶĚĞƐ Ğ ƉĞƋƵĞŶĂƐ͕ Ğ Ă ƚĂďĞůĂ Ϯ ĨŽƌŶĞĐĞ Ă ƋƵĂŶƟĚĂĚĞ ĚĞ ĐĂŝǆĂƐ ĚĞ ĐĂĚĂ
ƟƉŽ ƉƌŽĚƵǌŝĚĂƐ Ğŵ ĐĂĚĂ ŵġƐ ĚŽ ϭΣ ƚƌŝŵĞƐƚƌĞ ĚĞ Ƶŵ ĚĞƚĞƌŵŝŶĂĚŽ ĂŶŽ͘

TABELA ϭ
PĞƋƵĞŶĂ GƌĂŶĚĞ

NŽǌĞƐ 2 5

CŽĐŽ 4 8

MŽƌĂŶŐŽ 3 7

TABELA Ϯ
JAN FEV MAR

PĞƋƵĞŶĂ 150 220 130

GƌĂŶĚĞ 120 150 180

SĞ ĂƐƐŽĐŝĂƌŵŽƐ ĂƐŵĂƚƌŝǌĞƐA









2 5

4 8

3 7









ĞB

[

150 220 130

120 150 180

]

ăƐ ƚĂďĞůĂƐ ϭ Ğ Ϯ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕

Ž ƉƌŽĚƵƚŽA · B ĨŽƌŶĞĐĞƌĄ

;ĂͿ Ă ƉƌŽĚƵĕĆŽ ŵĠĚŝĂ ĚĞ ďŽŵďŽŶƐ ƉŽƌ ĐĂŝǆĂ ĨĂďƌŝĐĂĚĂ͘
;ďͿ Ă ƉƌŽĚƵĕĆŽ ƚŽƚĂů ĚĞ ďŽŵďŽŶƐ ƉŽƌ ĐĂŝǆĂ ĨĂďƌŝĐĂĚĂ͘
;ĐͿ ŶƷŵĞƌŽ ĚĞ ĐĂŝǆĂƐ ĨĂďƌŝĐĂĚĂƐ ŶŽ ƚƌŝŵĞƐƚƌĞ͘
;ĚͿ Ğŵ ĐĂĚĂ ĐŽůƵŶĂ Ă ƉƌŽĚƵĕĆŽ ƚƌŝŵĞƐƚƌĂů ĚĞ Ƶŵ ƟƉŽ ĚĞ ďŽŵďŽŵ͘
;ĞͿ Ă ƉƌŽĚƵĕĆŽ ŵĞŶƐĂů ĚĞ ĐĂĚĂ ƟƉŽ ĚĞ ďŽŵďŽŵ͘

R͗ FĂĕĂŵŽƐ Ž ƉƌŽĚƵƚŽ ƐƵŐĞƌŝĚŽ ƉĂƌĂ ƚĞŶƚĂƌŵŽƐ ĞŶƚĞŶĚġͲůŽ͗

A · B









2 5

4 8

3 7









·

[

150 220 130

120 150 180

]









2 · 150+ 5 · 120 2 · 220+ 5 · 150 2 · 130+ 5 · 180
4 · 150+ 8 · 120 4 · 220+ 8 · 150 4 · 130+ 8 · 180
3 · 150+ 7 · 120 3 · 220+ 7 · 150 3 · 130+ 7 · 180








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R͗ á ƋƵĞƐƚĆŽ ƉĂƌĞĐĞ ƐĞƌ ŵĂŝƐ ĐŽŵƉůŝĐĂĚĂ ĚŽ ƋƵĞ ĚĞ ĨĂƚŽ Ġ͘ PƌŝŵĞŝƌŽ͕ ǀĞũĂ ƋƵĞ abcdef ĞƐƚĄ
ĚĞĮŶŝĚŽ͕ ƉŽŝƐ ĞůĞ ŶŽƐ ĚĞƵ Ž ŶƷŵĞƌŽ ĚĂ ĐŽŶƚĂ͗ 356281͕ ŝƐƚŽ Ġ͕ a 3͕ b 5͕ c 6͕ d 2͕ e 8 Ğ
f 1͘
EĨĞƚƵĂŶĚŽ Ă ŽƉĞƌĂĕĆŽ ĚĂ ĨŽƌŵĂ ƋƵĞ Ă ƋƵĞƐƚĆŽ ƉƌŽƉƀƐ͕ ƚĞŵŽƐ͗









1 −2 1

0 1 0

0 2 −1









·









x

y

z

















(a− b)

(c− d)

(e− f)

















1 · x+ (−2) · y+ 1 · z
0 · x+ 1 · y+ 0 · z

0 · x+ 2 · y+ (−1) · z

















3− 5

6− 2

8− 1

















x− 2y+ z

y

2y− z

















−2

4

7









VĞũĂ ĞŶƚĆŽ ĚĞ ĐĂƌĂ ƋƵĞ y 4͘ VĞũĂ ƚĂŵďĠŵ ƋƵĞ͗

2y− z 7

2 · 4− z 7

8− z 7

−z 7− 8

−z −1

z 1.

E ĚĂş͕ ĮŶĂůŵĞŶƚĞ͗
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Ϯ͘Ϯ ÍÄ�®�� R�Ã®ÝÝ®6Ê

áĚŝĕĆŽͬƐƵďƚƌĂĕĆŽ ĚĞ ŵĂƚƌŝǌĞƐ͕ ϴ

CŽůƵŶĂ͕ ϰ

DĞůƚĂ ĚĞ KƌŽŶĞĐŬĞƌ͕ Ϯϰ
DŝĂŐŽŶĂů ƉƌŝŶĐŝƉĂů͕ ϮϬ
DŝĂŐŽŶĂů ƐĞĐƵŶĚĄƌŝĂ͕ ϮϬ

LŝŶŚĂ͕ ϰ

MĂƚƌŝǌ͕ ϰ
MĂƚƌŝǌ ĂŶƟƐƐŝŵĠƚƌŝĐĂ͕ ϯϬ
MĂƚƌŝǌ ĐŽůƵŶĂ͕ Ϯϲ
MĂƚƌŝǌ ĚŝĂŐŽŶĂů͕ ϮϮ
MĂƚƌŝǌ ĞƐĐĂůĂƌ͕ Ϯϯ
MĂƚƌŝǌ ŝĚĞŶƟĚĂĚĞ͕ Ϯϯ
MĂƚƌŝǌ ŝŶǀŽůƵƟǀĂ͕ ϯϭ
MĂƚƌŝǌ ůŝŶŚĂ͕ Ϯϲ
MĂƚƌŝǌ ŶŝůƉŽƚĞŶƚĞ͕ ϯϭ
MĂƚƌŝǌ ŶƵůĂ͕ ϯϬ
MĂƚƌŝǌ ŶĆŽͲƐŝŶŐƵůĂƌ͕ ϯϰ
MĂƚƌŝǌ ŽƌƚŽŐŽŶĂů͕ ϯϱ
MĂƚƌŝǌ ƋƵĂĚƌĂĚĂ͕ ϮϬ
MĂƚƌŝǌ ƌĞƚĂŶŐƵůĂƌ͕ ϭϵ
MĂƚƌŝǌ ƐŝŵĠƚƌŝĐĂ͕ Ϯϵ
MĂƚƌŝǌ ƐŝŶŐƵůĂƌ͕ ϯϰ
MĂƚƌŝǌ ƚƌĂŶƐƉŽƐƚĂ͕ Ϯϳ
MĂƚƌŝǌ ƚƌŝĂŶŐƵůĂƌ ŝŶĨĞƌŝŽƌ͕ Ϯϱ
MĂƚƌŝǌ ƚƌŝĂŶŐƵůĂƌ ƐƵƉĞƌŝŽƌ͕ Ϯϲ
MĂƚƌŝǌĞƐ ĂŶƟĐŽŵƵƚĂƟǀĂƐ͕ ϯϭ
MĂƚƌŝǌĞƐ ĐŽŵƵƚĂƟǀĂƐ͕ ϯϬ
MƵůƟƉůŝĐĂĕĆŽ ĚĞ ŵĂƚƌŝǌ ƉŽƌ ĞƐĐĂůĂƌ͕ ϭϬ
MƵůƟƉůŝĐĂĕĆŽ ĚĞ ŵĂƚƌŝǌĞƐ͕ ϭϬ

OƌĚĞŵ ĚĞ ŵĂƚƌŝǌ ƋƵĂĚƌĂĚĂ͕ Ϯϭ
OƌĚĞŵ ĚĞ ƵŵĂ ŵĂƚƌŝǌ͕ ϲ

PŽƚġŶĐŝĂ ĚĞ ŵĂƚƌŝǌĞƐ͕ Ϯϵ

TƌĂĕŽ͕ Ϯϭ
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