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AƵůĂ EǆƚƌĂ͗ RĞƐŽůƵĕĆŽ ĚĞ ƋƵĞƐƚƁĞƐ ĚĞ ĐşƌĐƵůŽƐ͘

OůĄ͕ ŵĞƵ ũŽǀĞŵ ĂůƵŶŽ͘ CŽŵŽ ĞƐƚĆŽ ĂƐ ĐŽŝƐĂƐ͍ SĞŝ ƋƵĞ Ă ĞƐƐĂ ĂůƚƵƌĂ ǀŽĐġ ĚĞǀĞ ĞƐƚĂƌ ĐŽŵĞĕĂŶĚŽ Ă
ĐƌŝĂƌ ĂůŐƵŶƐ ƉŽƌŵĞŶŽƌĞƐŵĞŶƚĂŝƐ ĚĞ ĐĂŶƐĂĕŽ Ğ ƚĂůǀĞǌ ĂƚĠ ĚĞ ƉƌĞŽĐƵƉĂĕĆŽ͘ MĂƐ ŶĂĚĂŵĞŶŽƐ ĞƐƉĞƌĂĚŽ͕
ǀŝƐƚŽ ƋƵĞ ĞƐƐĞ ƌƵŵŽ ĚĞ ƉƌĞŽĐƵƉĂĕĆŽ ĚĞĮŶĞ Ž ŶŽƌƚĞ ĚŽ ƐĞƵ ĨƵƚƵƌŽ ƉƌſǆŝŵŽ͕ ĞŶƚĆŽ͕ ŶĂĚĂ ŵĞůŚŽƌ ƋƵĞ
ƐĞ ƉƌĞŽĐƵƉĂƌ Ƶŵ ƉŽƵĐŽ ĐŽŶƐŝŐŽ Ğ ĐŽŵ ƐĞƵƐ ŽďũĞƟǀŽƐ͘

MĂƐ Ğŵ ƌĞůĂĕĆŽ ĂŽƐ ƐĞƵƐ ĞƐƚƵĚŽƐ͕ ǀŽĐġ ĞƐƚĄ Ğŵ ďŽĂƐ ŵĆŽƐ͘ EƐƚĂŵŽƐ ƚŽĚŽƐ ŵƵŝƚŽ ĨĞůŝǌĞƐ Ğŵ ƚġͲůŽ
ĐŽŵŽĞƐƚƵĚĂŶƚĞ ĞŵƵŝƚŽŵĂŝƐ ĨĞůŝǌ ĂŝŶĚĂ ĚĞ ƉŽĚĞƌ ƚĞ ĞŶƚƌĞŐĂƌ ĞƐƐĞŵĂƚĞƌŝĂů ƌĞĐŚĞĂĚŽ ĐŽŵĂƐ ƋƵĞƐƚƁĞƐ
ĚĞ ĐşƌĐƵůŽƐ ĚŽ ůŝǀƌŽ ĞůĞƚƌƀŶŝĐŽ ĂŶƚĞƌŝŽƌ͕ ƚŽĚĂƐ ƌĞƐŽůǀŝĚĂƐ͊

EŶƚĆŽ͕ ŶĞƐƐĞ ůŝǀƌŽ ĞůĞƚƌƀŶŝĐŽ͕ ŶŽƐ ƉƌĞŽĐƵƉĂƌĞŵŽƐ ĐŽŵ Ă ĚŝƐĐŝƉůŝŶĂ ĚĞ ĐşƌĐƵůŽƐ͕ ƉŽƌĠŵ͕ ĐŽŵ Ƶŵ
ĞŶĨŽƋƵĞ ĚĞ ƌĞƐŽůƵĕĆŽ ĚĞ ƋƵĞƐƚƁĞƐ͘ VĂŵŽƐ ůĄ͕ ĞŶƚĆŽ͍
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DISPONŐVEL CONTEȸDO

Aula 00

Fundamentos da Geometria Plana: elementos primitivos, axiomas e postulados. Ângulos:
deinição, elementos, notaçǤes, unidades de medida, classiicação, ângulos consecutivos,
ângulos adjacentes, bissetriz de um ângulo, ângulos opostos pelo vértice, retas paralelas
cortadas por transversais. Triângulos: deinição, elementos, relaçǤes angulares, condição
de existāncia, classiicação, cevianas, pontos notáveis, base média, congruāncia.

Aula 01
Teorema de Tales, semelhança de triângulos e teorema das bissetrizes. RelaçǤes métri-
cas no triângulo retângulo. Polőgonos: deinição, elementos, nomenclatura, polőgonos
cƬncavos, polőgonos convexos, classiicação, relaçǤes angulares e nȹmero de diagonais.

Aula 02 Quadriláteros notáveis: deinição, elementos, relaçǤes angulares, classiicação, base média
e mediana de Euler.

Aula 03
Polőgonos regulares: Polőgonos regulares inscritos e polőgonos regulares circunscritos. Cir-
cunferāncia: deinição de circunferāncia e de cőrculo, elementos, posiçǤes relativas, ângulos
na circunferāncia, quadriláteros inscritőveis, teorema de Pitot,e potāncia de ponto.

Aula Extra Resolução de questǤes de cőrculos

Aula 04 Trigonometria: razǤes trigonométricas no triângulo retângulo, trigonometria num triân-
gulo qualquer (Lei dos senos e dos cossenos)

Aula 05 Circunferāncia trigonométrica, operaçǤes com arcos (adição, subtração e arco duplo) e
funçǤes trigonométricas.

Aula 06 REVISIONAL ESTRATÉGICO

Aula 07 Áreas de iguras planas.

Aula 08
Introdução à Geometria Espacial. Prismas: deinição, elementos, classiicação, planii-
cação, áreas, volume e casos especiais: cubos e paralelepőpedos. Cilindros: deinição,
elementos, classiicação, planiicação, áreas e volume.

Aula 09
Pirâmides: deinição, elementos, classiicação, relaçǤes métricas na pirâmide, áreas e
volume. Cones: deinição, elementos, classiicação, relação métricas no cone, áreas e
volume.

Aula 10 Esferas: deinição, elementos, secção esférica, área da superfőcie esférica e volume. Tron-
cos.

Aula 11 REVISIONAL ESTRATÉGICO
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���;EEARͲϮϬϬϮͿ QUESTÃO ϭ

NĂ ĮŐƵƌĂ͕ ƐĞŶĚŽ MN = xĐŵ͕ NP = 10Đŵ͕ PO = 5Đŵ Ğ OQ = (4x + 1)Đŵ͕ ĞŶƚĆŽ Ž ǀĂůŽƌ ĚŽ
ƐĞŐŵĞŶƚŽ ĚĞ ƌĞƚĂ PQ͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 29.
;ďͿ 35.
;ĐͿ 12.
;ĚͿ 34.

R͗ VĞũĂŵŽƐ Ă ĮŐƵƌĂ ĐŽŵ ŽƐ ĚĂĚŽƐ ĚŝƐƚƌŝďƵşĚŽƐ͗

P

N

M

Q

O

x

10

5

4x+ 1

UƟůŝǌĂŶĚŽ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

PN · PM = PO · PQ

10 · (10+ x) = 5 · (5+ 4x+ 1)

100+ 10x = 5 · (4x+ 6)

100+ 10x = 20x+ 30
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100− 30 = 20x− 10x

10x = 70

x = 7Đŵ.

CŽŵŽ ĞůĞ ƉĞĚĞ PQ͗

PQ = PO+OQ

= 5+ 4x+ 1

= 4x+ 6

= 4 · 7+ 6

= 28+ 6

= 34.

���;EEARͲϮϬϬϮͿ QUESTÃO Ϯ

NĂ ĮŐƵƌĂ͕M ĞN ƐĆŽ ƉŽŶƚŽƐ ĚĞ ƚĂŶŐġŶĐŝĂ͘

SĞŶĚŽ ŽƐ ƌĂŝŽƐ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕ 14Đŵ Ğ 7Đŵ Ğ Ă ĚŝƐƚąŶĐŝĂ ĚŽƐ ĐĞŶƚƌŽƐ OO1 = 24Đŵ͕ ĞŶƚĆŽ Ž
ƐĞŐŵĞŶƚŽMN͕ Ğŵ Đŵ͕ ŵĞĚĞ

;ĂͿ
√
527

;ďͿ
√
380

;ĐͿ 3
√
15

;ĚͿ 12

R͗ EƐƐĂ Ġ ƵŵĂ ſƟŵĂ ƋƵĞƐƚĆŽ ƉĂƌĂ ƋƵĞ ĞƵ ĨĂĕĂ Ƶŵ ĐŽŵĞŶƚĄƌŝŽ ƉĂƌĂ ǀŽĐġ͕ ĞƐƚƵĚĂŶƚĞ͘
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EǆŝƐƚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ƋƵĞ ŵĂƚĂ ĞƐƐĂ ƋƵĞƐƚĆŽ ŝŵĞĚŝĂƚĂŵĞŶƚĞ͕ ƐĞ ĐŽŶƐƚƌƵşĚŽ͘ GĞƌĂůŵĞŶƚĞ͕
ƋƵĂŶĚŽ ƉĞƌĨŽƌŵŽ ĞƐƐĂ ĐŽŶƐƚƌƵĕĆŽ͕ ŵƵŝƚŽƐ ĂůƵŶŽƐ ĐŽŵĞĕĂŵ Ă ƐĞ ĂƵƚŽͲĂĮƌŵĂƌ ͞ĞƵ ŶƵŶĐĂ ƉĞŶƐĂƌŝĂ
ŶŝƐƐŽ͘͟ E ĂƋƵŝ Ġ Ƶŵ ſƟŵŽ ŵŽŵĞŶƚŽ ƉĂƌĂ ĚŝǌĞƌŵŽƐ Ž ƐĞŐƵŝŶƚĞ͗ ͞ĂŐŽƌĂ ǀŽĐġ ǀĂŝ ĐŽŶƐĞŐƵŝƌ͕ ƉŽƌƋƵĞ
ǀŽĐġ ũĄ ǀĂŝ ƚĞƌ ǀŝƐƚŽ Ă ĐŽŶƐƚƌƵĕĆŽ ĂŽ ŵĞŶŽƐ ƵŵĂ ǀĞǌ͊͟
IƐƐŽ ŶĆŽ ƋƵĞƌ ĚŝǌĞƌ͕ ũŽǀĞŵ͕ ƋƵĞ ǀŽĐġ ŶĆŽ ƉŽĚĞƌŝĂ ƚĞƌ Ă ĐƌŝĂƟǀŝĚĂĚĞ ĚĞ ĨĂǌĞƌ ĂƐ ƋƵĞƐƚĆŽ ĚĞ ƉƌŝŵĞŝƌĂ͘
NĆŽ Ġ ŝƐƐŽ͘ MĂƐ Ğŵ ŐĞƌĂů͕ ƚŽĚĂ Ğ ƋƵĂůƋƵĞƌ ŝŶƐƉŝƌĂĕĆŽ ŽƵ ĐƌŝĂƟǀŝĚĂĚĞ Ġ Ƶŵ ĐŽŶũƵŶƚŽ ĚĞ
ĐŽŶŚĞĐŝŵĞŶƚŽ ƉƌĠͲĂĚƋƵŝƌŝĚŽƐ ƵƟůŝǌĂĚŽƐ ŶƵŵĂ ŽƌĚĞŵ ŝŶƚĞůŝŐĞŶƚĞ͘ EŶƚĆŽ͕ ǀĞũĂŵŽƐ ĞƐƐĞ ƚƌŝąŶŐƵůŽ
ƌĞƚąŶŐƵůŽ ĞƐĐŽŶĚŝĚŽ͗

O

M

O1

N

N

14

7

7

x

VĞũĂ ƋƵĞ͕ ŶŽ ƚƌŝąŶŐƵůŽNOO1͗

OO2
1 = NO+NO2

1

242 = (14+ 7)2 + x2

242 = 212 + x2

576 = 441+ x2

x2 = 576− 441

x2 = 135

x =
√
135

x =
√
9 · 15

x = 3
√
15Đŵ.
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GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϬϮͿ QUESTÃO ϯ

á ƌĂǌĆŽ ĞŶƚƌĞ ŽƐ ĐŽŵƉƌŝŵĞŶƚŽƐ ĚĂƐ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ ĐŝƌĐƵŶƐĐƌŝƚĂ Ă ƵŵƋƵĂĚƌĂĚŽ Ğ ŝŶƐĐƌŝƚĂ ŶŽŵĞƐŵŽ
ƋƵĂĚƌĂĚŽ Ġ

;ĂͿ 2
;ďͿ

√
2

;ĐͿ 3
√
2

;ĚͿ 2
√
2

R͗ VĞũĂŵŽƐ͕ ĞŶƚĆŽ͕ Ă ĮŐƵƌĂ ƉƌŽƉŽƐƚĂ͗

45
◦

45
◦

r

r

R

VĞũĂ ƋƵĞ R Ġ Ă ĚŝĂŐŽŶĂů ĚĞ Ƶŵ ƋƵĂĚƌĂĚŽ ĚĞ ůĂĚŽ r͘ LŽŐŽ͕ R = r
√
2͘ OƵƚƌĂ ĨŽƌŵĂ ĚĞ ĐŽŶĐůƵŝƌ ŝƐƐŽ Ġ

ĂƉůŝĐĂƌ Ž TĞŽƌĞŵĂ ĚĞ PŝƚĄŐŽƌĂƐ ŶŽ ƚƌŝąŶŐƵůŽ ǀĞƌŵĞůŚŽ ;ŽƵ͕ ĂŝŶĚĂ͕ ƵƐĂƌ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƚƌŝąŶŐƵůŽ
ƌĞƚąŶŐƵůŽ͕ ĚĂĚŽ ƋƵĞ ĐŽŶŚĞĐĞŵŽƐ ƐĞƵƐ ąŶŐƵůŽƐ ĂŐƵĚŽƐ ŝŶƚĞƌŶŽƐ ĚĞ 45◦Ϳ͘ EůĞ ƉĞĚĞ Ă ƌĂǌĆŽ ĞŶƚƌĞ ŽƐ
ĐŽŵƉƌŝŵĞŶƚŽƐ ĚĂ ŵĂŝŽƌ Ğ Ă ŵĞŶŽƌ͗

2πR

2πr
=

R

r
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=
r
√
2

r

=
√
2.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϯͿ QUESTÃO ϰ

SĞ Ğŵ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ƵŵĂ ĐŽƌĚĂ ŵĞĚĞ 16
√
2Đŵ Ğ ĚŝƐƚĂ 6

√
2Đŵ ĚŽ ĐĞŶƚƌŽ͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ ĚŽ

ƌĂŝŽ ĚĞƐƐĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 12
√
2

;ďͿ 10
√
2

;ĐͿ 8
√
2

;ĚͿ 6
√
2

R͗ á ĮŐƵƌĂ ĮĐĂ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

8
√

2 8
√

2

6
√

2
R

M N

P

VĞũĂ ƋƵĞ Ž ƉŽŶƚŽ P ĚŝƐƚĂ 6
√
2 ĚĂ ĐŽƌĚĂMN͕ ƋƵĞ ŵĞĚĞ 16

√
2͘ á ĚŝƐƚąŶĐŝĂ ĚĞ Ƶŵ ƉŽŶƚŽ Ă ƵŵĂ ĐŽƌĚĂ

ƚĞŵ ĚĞ ƐĞƌ ƉĞƌƉĞŶĚŝĐƵůĂƌ ă ĐŽƌĚĂ͘ E ƚŽĚĂ ƉĞƌƉĞŶĚŝĐƵůĂƌ Ă ƵŵĂ ĐŽƌĚĂ ďĂŝǆĂĚĂ ĚŽ ĐĞŶƚƌŽ ĚŽ ĐşƌĐƵůŽ
ƚĂŵďĠŵ ĚŝǀŝĚĞ Ă ĐŽƌĚĂ ĂŽ ŵĞŝŽ͊ EŶƚĆŽ ĂƋƵĞůĂ ĐŽƌĚĂ ĮĐŽƵ ĚŝǀŝĚŝĚĂ Ğŵ ŵĞƚĂĚĞƐ͕ ĐĂĚĂ ƵŵĂ ŵĞĚŝŶĚŽ
8
√
2Đŵ͘
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áƋƵĞůĞ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ǀĞƌŵĞůŚŽ Ġ Ƶŵ ƚƌŝąŶŐƵůŽ ƉŝƚĂŐſƌŝĐŽ ĚŽ ƟƉŽ 6, 8, 10͕ Ɛſ ƋƵĞ ĐŽŵ Ƶŵ ĨĂƚŽƌ
ĞǆƚƌĂ

√
2͘ EŶƚĆŽ͕ ƚƌĂƚĂͲƐĞ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ 6

√
2, 8

√
2, 10

√
2͘ LŽŐŽ R = 10

√
2͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϯͿ QUESTÃO ϱ

Eŵ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĞƐƚĆŽ ŝŶƐĐƌŝƚŽƐ Ƶŵ ƚƌŝąŶŐƵůŽ ĞƋƺŝůĄƚĞƌŽ Ğ Ƶŵ ŚĞǆĄŐŽŶŽ ƌĞŐƵůĂƌ͘ O ĂƉſƚĞŵĂ
ĚŽ ƚƌŝąŶŐƵůŽ ƐŽŵĂĚŽ ĐŽŵ Ž ĂƉſƚĞŵĂ ĚŽ ŚĞǆĄŐŽŶŽ ĚĄ 12(

√
3 + 1)Đŵ͘ O ůĂĚŽ ĚŽ ƚƌŝąŶŐƵůŽ͕ Ğŵ Đŵ͕

ŵĞĚĞ

;ĂͿ 12
√
3

;ďͿ 16
√
3

;ĐͿ 20
√
3

;ĚͿ 24
√
3

R͗ FĂĕĂŵŽƐ ĐĂĚĂ ƵŵĂ ĚĂƐ ĮŐƵƌĂƐ ƐĞƉĂƌĂĚĂŵĞŶƚĞ͘ PƌŝŵĞŝƌŽ͕ Ž ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ͗

30◦

R

m3

L L

L

2

QƵĞƌĞŵŽƐ ĐĂůĐƵůĂƌ L͘ MĂƐ͕ ƉĂƌĂ ŝƐƐŽ͕ ƉƌĞĐŝƐĂŵŽƐ ĐĂůĐƵůĂƌ R͘ UƐĂŶĚŽ ƚƌŝŐŽŶŽŵĞƚƌŝĂ͗

ƐĞŶ30◦ = m3

R
1

2
=

m3

R

m3 =
R

2
.

ϴ
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áŐŽƌĂ ǀĂŵŽƐ ĂŽ ŚĞǆĄŐŽŶŽ͗

60
◦

m6

R

UƐĂŶĚŽ ŶŽǀĂŵĞŶƚĞ ƚƌŝŐŽŶŽŵĞƚƌŝĂ͗

ƐĞŶ60◦ = m6

R√
3

2
=

m6

R

m6 =
R
√
3

2
.

EůĞ Ěŝǌ ƋƵĞ Ă ƐŽŵĂ ĚŽƐ ĂƉſƚĞŵĂƐ Ġ 12(
√
3+ 1)͕ ůŽŐŽ͗

m3 +m6 = 12(
√
3+ 1)

R

2
+

R
√
3

2
= 12(

√
3+ 1)

R+ R
√
3

2
= 12(

√
3+ 1)

R+ R
√
3 = 24(

√
3+ 1)

R(
√
3+ 1) = 24(

√
3+ 1)

R = 24.

DĂş͕ ǀŽůƚĂŶĚŽ Ă ƵƐĂƌ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƉƌŝŵĞŝƌŽ ƚƌŝąŶŐƵůŽ͕ ƉŽĚĞƌĞŵŽƐ ĐĂůĐƵůĂƌ Ž ǀĂůŽƌ ĚĞ L͗

ĐŽƐ 30◦ =
L
2

R√
3

2
=

L

2R

ϵ
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L = R
√
3

L = 24
√
3.

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϯͿ QUESTÃO ϲ

DŽ ƉŽŶƚŽ P͕ ƐŝƚƵĂĚŽ Ă 10Đŵ ĚŽ ĐĞŶƚƌŽO ĚĞ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ ŝŐƵĂů Ă 8Đŵ͕ ƚƌĂĕĂͲƐĞ ƵŵĂ
ƐĞĐĂŶƚĞ PB ƉĂƐƐĂŶĚŽ ƉŽƌ A ƚĂů ƋƵĞ PA = AB͕ ƐĞŶĚŽ A Ğ B ƉŽŶƚŽƐ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͘ á ŵĞĚŝĚĂ ĚĞ
PB͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 3
√
2

;ďͿ 6
√
2

;ĐͿ 8
;ĚͿ 6

R͗ OďƐĞƌǀĞŵŽƐ Ă ĮŐƵƌĂ͗

P

O

A

B

x

x

2
8 8

C
D

VĞũĂ ƋƵĞ ĐŽŵŽ POŵĞĚĞ 10 Ğ COŵĞĚĞ 8͕ Ɛſ ƉŽĚĞŵŽƐ ƚĞƌ PC = 2͘ DĂş͕ ƉŽƌ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ
;ĚƵĂƐ ƐĞĐĂŶƚĞƐ ĐŽƌƚĂŶĚŽ Ž ĐşƌĐƵůŽͿ͗

PA · PB = PC · PB

x · (x+ x) = 2 · (2+ 16)

2x2 = 2 · 18

ϭϬ
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x2 = 18

x = 3
√
2.

TŽŵĞ ĐƵŝĚĂĚŽ ĂƋƵŝ͕ ĞƐƚƵĚĂŶƚĞ͘ O ƉƌŽďůĞŵĂ ƉĞĚĞ PB͘ VĞũĂ ƋƵĞ͕ ĐŽŵŽ Ă ĮŐƵƌĂ ŝůƵƐƚƌĂ͕ PB = 2x͖ ůŽŐŽ͕
PB = 6

√
2Đŵ͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϯͿ QUESTÃO ϳ

NĂ ĮŐƵƌĂ͕ ĂƐ ĐŽƌĚĂƐAB Ğ CD ƐĆŽ ƉĂƌĂůĞůĂƐ͘

EC Ġ Ƶŵ ĚŝąŵĞƚƌŽ Ğ P Ġ Ž ƉŽŶƚŽ ŵĠĚŝŽ ĚĂ ĐŽƌĚĂ AD͘ áƐ ŵĞĚŝĚĂƐ͕ Ğŵ ŐƌĂƵƐ͕ ĚŽƐ ąŶŐƵůŽƐ AR̂C Ğ
PÂR ƐĆŽ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕ 4x− 14◦ Ğ 5x− 13◦͘ áƐ ŵĞĚŝĚĂƐ ĚŽƐ ąŶŐƵůŽƐ ĚŽ ƚƌŝąŶŐƵůŽ PCD ƐĆŽ

;ĂͿ 42◦͕ 57◦͕ 81◦

;ďͿ 45◦͕ 45◦͕ 90◦

;ĐͿ 46◦͕ 45◦͕ 90◦

;ĚͿ 52◦͕ 38◦͕ 90◦

R͗ EƐƐĂ Ġ ƵŵĂ ƋƵĞƐƚĆŽ ƉƵƌĂŵĞŶƚĞ ĂŶŐƵůĂƌ͘ IƐƐŽ ĨĂǌ ĚĞůĂ ƵŵĂ ƋƵĞƐƚĆŽ ƌĂǌŽĂǀĞůŵĞŶƚĞ ĚŝİĐŝů͘ VĂŵŽƐ
ƵƟůŝǌĂƌ ĂƋƵŝ ĂůŐƵŶƐ ĐŽŶĐĞŝƚŽƐ ƌĞůĂĐŝŽŶĂĚŽƐ Ă ĐŽƌĚĂƐ͘ VĞũĂŵŽƐ ƵŵĂ ďŽĂ ĨŽƌŵĂ ĚĞ ƌĞƐŽůǀĞƌŵŽƐ ĞƐƐĞ
ĞǆĞƌĐşĐŝŽ͘ PƌŝŵĞŝƌŽ͕ ă ĮŐƵƌĂ͗

ϭϭ
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k k

E

B

A

C

D

P

R

VŽƵ ũƵƐƟĮĐĂƌ ĂƋƵĞůĞ ƉĞƌƉĞŶĚŝĐƵůĂƌŝƐŵŽ ĞŶƚƌĞ EC ĞAD ƋƵĞ ũĄ ĐŽůŽƋƵĞŝ ŶĂ ĮŐƵƌĂ͘ IƐƐŽ ĂĐŽŶƚĞĐĞ
ƉŽƌƋƵĞ ƋƵĂŶĚŽ Ƶŵ ĚŝąŵĞƚƌŽ ĚŝǀŝĚĞ ƵŵĂ ĐŽƌĚĂ ƉĞůĂ ŵĞƚĂĚĞ͕ ŶƵŵ ŵĞƐŵŽ ĐşƌĐƵůŽ͕ ĞƐƐĞ ĚŝąŵĞƚƌŽ
ƚĂŵďĠŵ ƐĞƌĄ ƉĞƌƉĞŶĚŝĐƵůĂƌ ă ĐŽƌĚĂ͘
OƌĂ͕ ĞŶƚĆŽ͕ ƐŽŵĂŶĚŽ ŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĚŽ ƚƌŝąŶŐƵůŽ PAR͗

4x− 14◦ + 5x− 13◦ + 90◦ = 180◦

9x− 27◦ = 90◦

9x = 90◦ + 27◦

x = 10◦ + 3◦

x = 13◦.

CŽŶŚĞĐĞŵŽƐ ĞŶƚĆŽ ŽƐ ƐĞŐƵŝŶƚĞƐ ąŶŐƵůŽƐ͗

∠ARC = 4 · 13◦ − 14◦

= 52◦ − 14◦

= 38◦.

áŝŶĚĂ͗

∠PAR = 5 · 13◦ − 13◦

= 65◦ − 13◦

= 52◦.

ϭϮ
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NŽƐƐŽ ĐşƌĐƵůŽ ĮĐĂ͕ ĞŶƚĆŽ͕ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

k k

E

B

A

C

D

P

R

52◦
38◦

α

β

CŽŵŽAB Ġ ƉĂƌĂůĞůŽ Ă CD͕ ƚĞŵŽƐ ƋƵĞ α Ğ 52◦͕ ĂƐƐŝŵ ĐŽŵŽ β Ğ 38◦ ƐĆŽ ąŶŐƵůŽƐ ĂůƚĞƌŶŽƐ ŝŶƚĞƌŶŽƐ
;ĐŽŶƐĞŐƵĞ ǀĞƌ ŝƐƐŽ͕ ũŽǀĞŵ͍Ϳ͘ DĂş͕ ƚĞŵŽƐ ƋƵĞ͕ ĮŶĂůŵĞŶƚĞ͕ α = 52◦ Ğ β = 38◦͘ OƐ ąŶŐƵůŽƐ ĚŽ
ƚƌŝąŶŐƵůŽ PCD ƐĆŽ͕ ĞŶƚĆŽ͕ 52◦͕ 38◦ Ğ 90◦͘

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϯͿ QUESTÃO ϴ

NĂ ĮŐƵƌĂ ĂďĂŝǆŽ͕AB = 8Đŵ͕ BC = 10Đŵ͕AD = 4Đŵ Ğ Ž ƉŽŶƚŽO Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͘

O ƉĞƌşŵĞƚƌŽ ĚŽ ƚƌŝąŶŐƵůŽAOC Ġ͕ Ğŵ Đŵ͕

;ĂͿ 45
;ďͿ 48
;ĐͿ 50
;ĚͿ 54

ϭϯ
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R͗ OďƐĞƌǀĞŵŽƐ Ă ĮŐƵƌĂ ĐŽŵ ĂƐ ŝŶĨŽƌŵĂĕƁĞƐ ĚĂĚĂƐ͗

E
O D A

B

C

R R 4

8

10

R

áƉůŝĐĂŶĚŽ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ ăƐ ƐĞĐĂŶƚĞƐ͗

AD ·AE = AB ·AC

4 · (4+ 2R) = 8 · (10+ 8)

16+ 8R = 8 · 18

8R = 8 · 18− 16

R = 18− 2

R = 16Đŵ.

DĂş͕ Ž ƚƌŝąŶŐƵůŽAOC ƉĂƐƐĂ Ă ƚĞƌ ĂƐ ƐĞŐƵŝŶƚĞƐ ŵĞĚŝĚĂƐ͗

O A

C

20

16

18

PŽƌƚĂŶƚŽ͕ ƐĞƵ ƉĞƌşŵĞƚƌŽ ƐĞƌĄ͗

2p = 16+ 18+ 20

2p = 54Đŵ.

GĂďĂƌŝƚŽ͗ D

ϭϰ
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���;EEARͲϮϬϬϯͿ QUESTÃO ϵ

NĂ ĮŐƵƌĂ͕ ĂƐ ĐŽƌĚĂƐ ƐĆŽ ĚĂĚĂƐ Ğŵ Đŵ͘

SĞAI = 4x+ 1͕ IB = x͕DI = x+ 1 Ğ IC = 3x͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ ĚĂ ĐŽƌĚĂAB Ġ͕ Ğŵ Đŵ͕

;ĂͿ 9
;ďͿ 10
;ĐͿ 11
;ĚͿ 19

R͗ PŽƌ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

IA · IB = IC · ID

(4x+ 1) · x = 3x · (x+ 1)

CŽƌƚĂŶĚŽ x ĚŽƐ ĚŽŝƐ ŵĞŵďƌŽƐ͗

4x+ 1 = 3 · (x+ 1)

4x+ 1 = 3x+ 3

4x− 3x = 3− 1

x = 2Đŵ.

CĂůĐƵůĂŶĚŽ AB͕ ĞŶƚĆŽ͗

AB = IA+ IB

= 4x+ 1+ x

= 5x+ 1

= 5 · 2+ 1

= 11Đŵ.

ϭϱ
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GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϬϯͿ QUESTÃO ϭϬ

Eŵ Ƶŵ ƚƌŝąŶŐƵůŽABC͕ Ă ďŝƐƐĞƚƌŝǌ ĚŽ ąŶŐƵůŽA ĞŶĐŽŶƚƌĂ BC ĞŵD͕ Ğ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĐŝƌĐƵŶƐĐƌŝƚĂ͕
Ğŵ E͘ SĞŶĚŽAE = 9Đŵ ĞDE = 4Đŵ͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ EB͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 6
;ďͿ 5
;ĐͿ 2

√
5

;ĚͿ 3
√
2

R͗ EŝƚĂ͕ ĞƐƐĂ Ġ Ƶŵ ͞ƐŽĐŽ ŶŽ ĞƐƚƀŵĂŐŽ͘͟ QƵĞƐƚĆŽ ĚŝİĐŝů͕ ƋƵĞ ĚĞŵŽŶƐƚƌĂ ĐŽŵŽ ƋƵĞƐƚƁĞƐ ƋƵĞ
ĞŶǀŽůǀĞŵ Ă ƉƵƌĞǌĂ ĚĂ ƐĞŵĞůŚĂŶĕĂ ƉŽĚĞŵ ǀŝƌ Ă ƐĞƌ ĞǆƚƌĞŵĂŵĞŶƚĞ ƚƌĂŝĕŽĞŝƌĂƐ͘ VĞũĂŵŽƐ Ă ĮŐƵƌĂ͗

A

B

C

D

E

α
α

4

5

x

x

VĞũĂ ƋƵĞ͕ ĚĞ ĨĂƚŽ͕ Ă ďŝƐƐĞƚƌŝǌ ĚŽ ąŶŐƵůŽ Â ŝŶƚĞƌƐĞĐƚĂ BC ĞŵD Ğ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĐŝƌĐƵŶƐĐƌŝƚĂ ĂŽ
ƚƌŝąŶŐƵůŽ Ğŵ E͘
CŽŵŽ ŽƐ ąŶŐƵůŽƐ ∠BAE Ğ ∠CAE ƐĆŽ ŝŐƵĂŝƐ͕ ŽƐ ĂƌĐŽƐ B̂E Ğ ĈE ƚĂŵďĠŵ Ž ƐĆŽ͘ DĞƐƐĂ ĨŽƌŵĂ͕
ĚĞƚĞƌŵŝŶĂŵ ąŶŐƵůŽƐ ŝŐƵĂŝƐ͕ ŽƵ ƐĞũĂ͕ BE = CE ;ĚĂş Ž ƉŽƌƋƵġ ĚĞ ĞƵ ƚġͲůŽƐ ĐŚĂŵĂĚŽ ĚĞ xͿ͘
VĞũĂ ƋƵĞ ŽƐ ąŶŐƵůŽƐ ∠CAE Ğ ∠CBE ƐĆŽ ŝŐƵĂŝƐ͕ ƉŽŝƐ ƐĆŽ ĂŵďŽƐ ŝŶƐĐƌŝƚŽƐ ĚŽ ĂƌĐŽ ĈE͘
áŶĂůŽŐĂŵĞŶƚĞ͕ ƚĞŵŽƐ ∠BAE ≡ ∠BCE͘ NŽƐƐĂ ĮŐƵƌĂ ĮĐĂ ĂƐƐŝŵ͕ ĞŶƚĆŽ͗

ϭϲ
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A

B

C

D

E

α α

4

5

x

x
α

α

β

EƐƐĂ Ġ͕ ŝŶĐůƵƐŝǀĞ͕ ƵŵĂ ŽƵƚƌĂ ŵĂŶĞŝƌĂ ĚĞ ŵŽƐƚƌĂƌŵŽƐ ƋƵĞ Ž ƚƌŝąŶŐƵůŽ BCE Ġ ŝƐſƐĐĞůĞƐ͕ ŵŽƐƚƌĂŶĚŽ
ƋƵĞ ĚŽŝƐ ĚĞ ƐĞƵƐ ąŶŐƵůŽƐ ƐĆŽ ŝŐƵĂŝƐ Ă α ;ĚĞŝͲŵĞ Ă ůŝďĞƌĚĂĚĞ ĚĞ ĐŚĂŵĂƌ Ž ąŶŐƵůŽ ∠AEC = βͿ͘
áŐŽƌĂ͕ ŽďƐĞƌǀĞ ŽƐ ƚƌŝąŶŐƵůŽƐAEC Ğ CED͗

C

D

E A

C

E

α αβ β

x

4

x

9

VĞũĂ ƋƵĞ ĞůĞƐ ƐĆŽ ƐĞŵĞůŚĂŶƚĞƐ͕ ƉŽŝƐ ƚġŵ ƐĞƵƐ ąŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞŵĞŶƚĞ ŝŐƵĂŝƐ͘ LŽŐŽ͗

4

x
=

x

9

x2 = 36

x = 6Đŵ.

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϯͿ QUESTÃO ϭϭ

Uŵ ĂƌĐŽ ŵĞĚĞ 0, 105ƌĂĚ͘ SƵĂ ŵĞĚŝĚĂ Ğŵ ŐƌĂƵƐ Ġ͕ ĂƉƌŽǆŝŵĂĚĂŵĞŶƚĞ͕ ŝŐƵĂů Ă

ϭϳ
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;ĂͿ 5
;ďͿ 6
;ĐͿ 50
;ĚͿ 60

R͗ PĂƌĂ ƉĂƐƐĂƌŵŽƐ ĚĞ ƌĂĚŝĂŶŽƐ ƉĂƌĂ ŐƌĂƵƐ͕ ƉŽĚĞŵŽƐ ĨĂǌĞƌ ƵŵĂ ƌĞŐƌĂ ĚĞ ƚƌġƐ͕ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

GƌĂƵƐ RĂĚŝĂŶŽƐ
180◦ π ≈ 3, 14

α 0, 105

MƵůƟƉůŝĐĂŶĚŽ Ğŵ ĐƌƵǌ͗

180◦

α
=

3, 14

0, 105

3, 14α = 0, 105 · 180◦

α =
18, 9◦

3, 14

α ≈ 6◦.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϰͿ QUESTÃO ϭϮ

OďƐĞƌǀĂŶĚŽͲƐĞ Ă ĮŐƵƌĂ Ğ ĐŽŶƐŝĚĞƌĂŶĚŽͲƐĞ ƋƵĞ ĂƐ ŵĞĚŝĚĂƐ ƐĆŽ ĚĂĚĂƐ Ğŵ Đŵ͕ ƉŽĚĞͲƐĞ ĂĮƌŵĂƌ ƋƵĞ
Ă ŵĞĚŝĚĂ͕ Ğŵ Đŵ͕ ĚŽ ƌĂŝŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ĐĞŶƚƌŽO Ġ

;ĂͿ 11͘
;ďͿ 12͘
;ĐͿ 13͘
;ĚͿ 14͘

ϭϴ
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R͗ EƐƐĂ ƋƵĞƐƚĆŽ ĮĐĂ ƚƌĂŶƋƵŝůĂ ƐĞ ǀŽĐġ ŽůŚĂƌ ĂƉĞŶĂƐ ƉĂƌĂ ƉĂƌƚĞƐ ĞƐƉĞĐşĮĐĂƐ ĚĂ ĮŐƵƌĂ͘ PƌŝŵĞŝƌŽ͕
ĞƐƋƵĞĕĂŵŽͲŶŽƐ ĚĂƐ ĐŽƌĚĂƐ ŝŶƚĞƌŝŽƌĞƐ ĂŽ ĐşƌĐƵůŽ Ğ ĚĞŵŽƐ ĂƚĞŶĕĆŽ ĂƉĞŶĂƐ ăƐ ƌĞƚĂƐ ƐĞĐĂŶƚĞƐ͗

11

5

4

x

áƉůŝĐĂŶĚŽ Ă ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

5 · (5+ 11) = 4 · (4+ x)

5 · 16 = 16+ 4x

80 = 16+ 4x

4x = 80− 16

x = 20− 4

x = 16.

DĞƐĐŽďĞƌƚŽ Ž ǀĂůŽƌ ĚĞ x͕ ĂŐŽƌĂ ůĞǀĂŵŽƐ Ğŵ ĐŽŶƚĂ ĂƉĞŶĂƐ ĂƐ ĐŽƌĚĂƐ ŝŶƚĞƌŶĂƐ ĂŽ ĐşƌĐƵůŽ͗

12

4

2

y

áƉůŝĐĂŶĚŽ ŶŽǀĂŵĞŶƚĞ Ă ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

y · 2 = 12 · 4

ϭϵ
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y = 24

MĂƐ ǀĞũĂ ƋƵĞ y+ 2 Ġ Ă ŵĞĚŝĚĂ ĚŽ ĚŝąŵĞƚƌŽ ĚĞƐƐĞ ĐşƌĐƵůŽ͘ LŽŐŽ Ž ĚŝąŵĞƚƌŽ ĚĞƐƐĞ ĐşƌĐƵůŽ Ġ
24+ 2 = 26Đŵ Ğ͕ ĐŽŵ ŝƐƐŽ͕ ĞƐƐĞ ĐşƌĐƵůŽ ƚĞŵ ƌĂŝŽ 13Đŵ͘

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϬϰͿ QUESTÃO ϭϯ

á ŵĞĚŝĚĂ͕ Ğŵ ŵ͕ ĚŽ ĂƉſƚĞŵĂ ĚŽ ŚĞǆĄŐŽŶŽ ƌĞŐƵůĂƌ ŝŶƐĐƌŝƚŽ ŶƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĐƵũŽ ƌĂŝŽ ŵĞĚĞ
4
√
2ŵ Ġ

;ĂͿ 4
√
3͘

;ďͿ 2
√
2͘

;ĐͿ 4
√
6͘

;ĚͿ 2
√
6͘

R͗ IŶƐĐƌĞǀĞŶĚŽ Ž ŚĞǆĄŐŽŶŽ ŶŽ ĐşƌĐƵůŽ͗

60◦

m6

4
√

2

áƉůŝĐĂŶĚŽ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ ǀĞƌŵĞůŚŽ ĨŽƌŵĂĚŽ͗

ƐĞŶ60◦ = m6

4
√
2

ϮϬ
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√
3

2
=

m6

4
√
2

2m6 = 4
√
2 ·

√
3

2m6 = 4
√
6

m6 = 2
√
6ŵ.

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϰͿ QUESTÃO ϭϰ

SŽďƌĞ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ ŶƵŵ ŵĞƐŵŽ ƐĞŶƟĚŽ ĚĞ ƉĞƌĐƵƌƐŽ͕ ŵĂƌĐĂŵͲƐĞ ŽƐ ĂƌĐŽƐ M̄N = 80◦͕
N̂P = 110◦ Ğ P̂Q = 120◦͘ O ŵĂŝŽƌ ĚŽƐ ąŶŐƵůŽƐ ĨŽƌŵĂĚŽƐ ƉĞůĂƐ ĚŝĂŐŽŶĂŝƐ ĚŽ ƋƵĂĚƌŝůĄƚĞƌŽ MNPQ

ŵĞĚĞ

;ĂͿ 10◦͘
;ďͿ 105◦͘
;ĐͿ 100◦͘
;ĚͿ 80◦͘

R͗ VĞũĂŵŽƐ Ă ĮŐƵƌĂ ĨŽƌŵĂĚĂ͗

P

Q

M

N

80◦110◦

120◦

50◦

α β

Ϯϭ
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JĄ ĂĚŝĐŝŽŶĞŝ ă ĮŐƵƌĂ Ž ĨĂƚŽ ĚĞ ƋƵĞ Ž ŵĞŶŽƌ ĂƌĐŽ M̄QŵĞĚĞ 50◦͘ ŝƐƐŽ ĂĐŽŶƚĞĐĞ ƉŽƌƋƵĞ Ă ƐŽŵĂ ĚŽƐ
ŽƵƚƌŽƐ Ġ͗ 80◦ + 110◦ + 120◦ = 310◦͘ DĂş͕ Ă ŵĞĚŝĚĂ ĚŽ ŵĞŶŽƌ ĂƌĐŽ M̄N ĚĞǀĞ ƐĞƌ Ž ƌĞƉůĞŵĞŶƚŽ ĚĞ
310◦͕ ŝƐƚŽ Ġ͕ 50◦͘
DĂş ƉŽĚĞŵŽƐ ĐĂůĐƵůĂƌ Ž ąŶŐƵůŽ α͕ ƋƵĞ Ġ Ž ąŶŐƵůŽ ĞǆĐġŶƚƌŝĐŽ ŝŶƚĞƌŶŽ͘ LĞŵďƌĞͲƐĞ ƋƵĞ ĞůĞ ǀĂůĞ Ă
ŵĠĚŝĂ ĂƌŝƚŵĠƟĐĂ ĚŽƐ ĂƌĐŽƐ ƋƵĞ ĚĞƚĞƌŵŝŶĂŵ ƋƵĞ͕ ŶĞƐƐĂ ĮŐƵƌĂ͕ ƐĞƌŝĂŵ ŽƐ ŵĞŶŽƌĞƐ ĂƌĐŽƐ N̂P Ğ Q̄M͗

α =
N̂P + Q̄M

2

α =
110◦ + 50◦

2

α = 80◦.

O ąŶŐƵůŽ β Ġ ŵĂŝŽƌ ƋƵĞ α ;ƚƌĂƚĂͲƐĞ ĚŽ ƐƵƉůĞŵĞŶƚŽ ĚĞ αͿ͖ ůŽŐŽ͕ Ž ŵĂŝŽƌ ąŶŐƵůŽ ĨŽƌŵĂĚŽ ƉĞůĂƐ
ĚŝĂŐŽŶĂŝƐ ĚŽ ƋƵĂĚƌŝůĄƚĞƌŽMNPQ Ġ͗

β = 180◦ − α

= 180◦ − 80◦

= 100◦.

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϬϰͿ QUESTÃO ϭϱ

Eŵ Ƶŵ ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ ĚĞ 12
√
3ŵ ĚĞ ƉĞƌşŵĞƚƌŽ͕ Ă ƐŽŵĂ ĚĂƐ ŵĞĚŝĚĂƐ ĚŽƐ ƌĂŝŽƐ ĚĂƐ ĐŝƌĐƵŶĨĞͲ

ƌġŶĐŝĂƐ ŝŶƐĐƌŝƚĂ Ğ ĐŝƌĐƵŶƐĐƌŝƚĂ Ă ĞƐƐĞ ƚƌŝąŶŐƵůŽ͕ Ğŵ ŵ͕ Ġ

;ĂͿ 5͘
;ďͿ 6͘
;ĐͿ 7͘
;ĚͿ 8͘

R͗ HĄ ĚƵĂƐ ĨŽƌŵĂƐ ĚĞ ĨĂǌĞƌŵŽƐ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ͘ FĂĕĂŵŽƐ͕ ŝŶŝĐŝĂůŵĞŶƚĞ͕ ĚĂ ĨŽƌŵĂ ŵĂŝƐ ůŽŶŐĂ͘
LŝĚĞŵŽƐ ƉƌŝŵĞŝƌŽ ĐŽŵ Ž ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ ŝŶƐĐƌŝƚŽ ŶĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͗

ϮϮ
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30
◦

R

4
√

3 4
√

3

2
√

3

VĞũĂ ƋƵĞ ƉŽĚĞŵŽƐ ĚĞĚƵǌŝƌ ƋƵĞ Ž ůĂĚŽ ĚŽ ƚƌŝąŶŐƵůŽ Ġ 4
√
3 ĚŝǀŝĚŝŶĚŽ Ž ƉĞƌşŵĞƚƌŽ ŝŶĨŽƌŵĂĚŽ ƉŽƌ 3

;ƉŽĚĞŵŽƐ ĨĂǌĞƌ ŝƐƐŽ ƉŽƌƋƵĞ͕ ĐůĂƌŽ͕ ŽƐ ƚƌġƐ ůĂĚŽƐ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ ƐĆŽ ŝŐƵĂŝƐͿ͘ áƉůŝĐĂŶĚŽ
ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƚƌŝąŶŐƵůŽ ǀĞƌŵĞůŚŽ͗

ĐŽƐ 30◦ = 2
√
3

R√
3

2
=

2
√
3

R

R
√
3 = 4

√
3

R = 4ŵ.

áŐŽƌĂ͕ ůŝĚĞŵŽƐ ĐŽŵ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ŝŶƐĐƌŝƚĂ ŶŽ ƚƌŝąŶŐƵůŽ͗

30
◦

r

4
√

3 4
√

3

2
√

3

áƉůŝĐĂŶĚŽ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƚƌŝąŶŐƵůŽ ǀĞƌŵĞůŚŽ͗

ƐĞŶ30◦ = r

2
√
3

Ϯϯ
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√
3

3
=

r

2
√
3

3r =
√
3 · 2

√
3

3r = 3 · 2

r = 2ŵ.

á ƐŽŵĂ ĞŶƚƌĞ ŽƐ ĚŽŝƐ ƌĂŝŽƐ ĮĐĂ͕ ĞŶƚĆŽ͕ ŝŐƵĂů Ă͗ 4+ 2 = 6ŵ͘
EƐƐĂ Ġ Ă ƉƌŝŵĞŝƌĂ ĨŽƌŵĂ ĚĞ ƌĞƐŽůǀĞƌŵŽƐ ĞƐƐĞ ĞǆĞƌĐşĐŝŽ͘ á ƐĞŐƵŶĚĂ ĨŽƌŵĂ ƉŽĚĞƌŝĂ ƐĞƌ ĨĞŝƚĂ ĚĂ
ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͘ OďƐĞƌǀĞ ĂƐ ĚƵĂƐ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ ŶƵŵĂ ŵĞƐŵĂ ĮŐƵƌĂ͗

30
◦

r

4
√

3 4
√

3

2
√

3

R

PŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞ ĞƐƐĞƐ ĐşƌĐƵůŽƐ ƐĆŽ ĐŽŶĐġŶƚƌŝĐŽƐ ;ƚġŵ ŵĞƐŵŽƐ ĐĞŶƚƌŽƐ͕ ŝƐƚŽ Ġ͕ ĐĞŶƚƌŽƐ
ĐŽŝŶĐŝĚĞŶƚĞƐͿ ƉŽƌƋƵĞ Ğŵ Ƶŵ ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ͕ ŽƐ ƋƵĂƚƌŽ ƉŽŶƚŽƐ ŶŽƚĄǀĞŝƐ ƐĆŽ ĐŽŝŶĐŝĚĞŶƚĞƐ͘
PŽĚĞŵŽƐ ǀĞƌ ŶĂ ĮŐƵƌĂ ĂĐŝŵĂ ƋƵĞ ĨŽƌŵĂŵŽƐ͕ ƐŽŵĂŶĚŽ R Ğ r͕ Ă ĂůƚƵƌĂ ĚŽ ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ͘ á
ĂůƚƵƌĂ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ ƋƵĂůƋƵĞƌ ĚĞ ůĂĚŽ L ƉŽĚĞ ƐĞƌ ĐĂůĐƵůĂĚĂ ƉĞůĂ ĨſƌŵƵůĂ Ă ƐĞŐƵŝƌ͗

h =
L
√
3

2

CŽŵŽ Ž ůĂĚŽ ĚĞƐƐĞ ƚƌŝąŶŐƵůŽ Ġ L = 4
√
3͕ ƚĞŵŽƐ͗

R+ r = h

=
4
√
3 ·

√
3

2

= 6ŵ.

GĂďĂƌŝƚŽ͗ B

Ϯϰ
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���;EEARͲϮϬϬϰͿ QUESTÃO ϭϲ

NĂ ĮŐƵƌĂ͕ O Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕MÔN = 62◦͕ Ğ PR̂Q = 65◦͘

O ąŶŐƵůŽMÂNŵĞĚĞ

;ĂͿ 34◦͘
;ďͿ 36◦͘
;ĐͿ 38◦͘
;ĚͿ 40◦͘

R͗ OďƐĞƌǀĞŵŽƐ Ă ĮŐƵƌĂ ĐŽŵ ŽƐ ąŶŐƵůŽƐ ƌĞƉƌĞƐĞŶƚĂĚŽƐ͗

M

P

Q

R

N

O
A

62◦

65◦

α

130◦

62◦

VĞũĂ ƋƵĞ Ž ŵĞŶŽƌ ĂƌĐŽ P̂QŵĞĚĞ Ž ĚŽďƌŽ ĚŽ ąŶŐƵůŽ ∠PRQ͕ ƉŽŝƐ ĞƐƚĞ Ġ Ƶŵ ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ĚĂƋƵĞůĞ
ĂƌĐŽ͘ LŽŐŽ͕ Ă ŵĞĚŝĚĂ ĚŽ ŵĞŶŽƌ ĂƌĐŽ P̂Q Ġ ĚĞ 130◦͘ O ĂƌĐŽ M̄Nϭ ŵĞĚĞ ĞǆĂƚĂŵĞŶƚĞ 62◦͕ ǀŝƐƚŽ ƋƵĞ ƚĂů

ϭNĆŽ ǀŽƵ ŵĂŝƐ ƵƟůŝǌĂƌ Ž ƚĞƌŵŽŵĞŶŽƌ ĂƌĐŽ͕ Ă ƉĂƌƟƌ ĚĞƐƐĞ ƉŽŶƚŽ ĨĂůĂƌĞŝ ĂƉĞŶĂƐ ĂƌĐŽ͕ ĚĞŝǆĂŶĚŽ ƐĞŵƉƌĞ ƐƵďĞŶƚĞŶĚŝĚŽ ƋƵĞ ƚƌĂƚĂƌͲƐĞͲĄ ƐĞŵƉƌĞ ĚŽ ŵĞŶŽƌ͘ QƵĂŶĚŽ
ĨŽƌ ŶĞĐĞƐƐĄƌŝŽ ĚĞŝǆĂƌ ĐůĂƌŽ ƋƵĞ ƐĞ ƚƌĂƚĂ ĚŽ ŵĂŝŽƌ͕ ĨĂůĂƌĞŝ ŝƐƐŽ ŶŽ ƉƌſƉƌŝŽ ƚĞǆƚŽ ĚĂ ƚĞŽƌŝĂ͕ ƚƵĚŽ ďĞŵ͕ ũŽǀĞŵ͍

Ϯϱ
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ĂƌĐŽ ƚĞŵ Ž ąŶŐƵůŽ ∠MON = 62 ĐŽŵŽ ąŶŐƵůŽ ĐĞŶƚƌĂů ;Ğ ƐĞ ůĞŵďƌĞ ƐĞŵƉƌĞ ĚĞ ƋƵĞ Ă ŵĞĚŝĚĂ ĚĞ Ƶŵ
ĂƌĐŽ Ġ ƐĞŵƉƌĞ ŝŐƵĂů ă ŵĞĚŝĚĂ ĚĞ ƐĞƵ ąŶŐƵůŽ ĐĞŶƚƌĂůͿ͘
DĂş͕ ĐŽŵŽ Ž ąŶŐƵůŽ α Ġ Ƶŵ ąŶŐƵůŽ ĞǆĐġŶƚƌŝĐŽ ĞǆƚĞƌŶŽ͕ ƚĞŵŽƐ ƋƵĞ͗

α =
P̂Q− M̄N

2

α =
130◦ − 62◦

2

α =
68◦

2

α = 34◦.

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϱͿ QUESTÃO ϭϳ

NĂ ĮŐƵƌĂ͕AB Ġ ĚŝąŵĞƚƌŽ͘ SĞ Ž ĂƌĐŽ ĂŐƵĚŽACŵĞĚĞ 70◦ ͕ Ă ŵĞĚŝĚĂ ĚŽ ąŶŐƵůŽ CÂB Ġ

;ĂͿ 50◦͘
;ďͿ 55◦͘
;ĐͿ 60◦͘
;ĚͿ 65◦͘

R͗ FĂĕĂŵŽƐ ĞƐƐĂ ƋƵĞƐƚĆŽ ĚĞ ĚƵĂƐ ĨŽƌŵĂƐ͘ PƌŝŵĞŝƌŽ͕ ŽďƐĞƌǀĞŵŽƐ Ă ĮŐƵƌĂ ĂďĂŝǆŽ͕ ŽŶĚĞ ũĄ Įǌ
ĂůŐƵŵĂƐ ĐŽŶĐůƵƐƁĞƐ ĂĐĞƌĐĂ ĚĂ ĮŐƵƌĂ ĚĂĚĂ͗

Ϯϲ
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B

A

C

α

70
◦

35
◦

O

VĞũĂ ƋƵĞ Ž ąŶŐƵůŽ ∠CBA Ġ Ƶŵ ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ĚŽ ĂƌĐŽ ÃC͘ LŽŐŽ͕ ĐŽŵŽ Ž ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ŵĞĚĞ Ă
ŵĞƚĂĚĞ ĚĂ ŵĞĚŝĚĂ ĚŽ ĂƌĐŽ͕ ƚĞŵŽƐ ƋƵĞ ∠CBA = 35◦͘ PĞƌĐĞďĂ ƚĂŵďĠŵ ƋƵĞ Ž ąŶŐƵůŽ ∠ACBŵĞĚĞ
90◦͘ IƐƐŽ ƉŽĚĞ ƐĞƌ ũƵƐƟĮĐĂĚŽ ĚĞ ĚƵĂƐ ŵĂŶĞŝƌĂƐ ĚŝĨĞƌĞŶƚĞƐ͘ UŵĂ ĚĞůĂƐ Ġ ƵƟůŝǌĂƌŵŽƐ Ž ĨĂƚŽ ĚĞ ƋƵĞ
ƐĞŵƉƌĞ ƋƵĞ Ƶŵ ƚƌŝąŶŐƵůŽ ĞŶĐŽŶƚƌĂƌͲƐĞ ŝŶƐĐƌŝƚŽ Ğŵ Ƶŵ ĐşƌĐƵůŽ ĚĞ ƚĂů ĨŽƌŵĂ ƋƵĞ Ƶŵ ĚĞ ƐĞƵƐ ůĂĚŽ ƐĞũĂ
ĚŝąŵĞƚƌŽ͕ Ž ąŶŐƵůŽ ŽƉŽƐƚŽ ăƋƵĞůĞ ĚŝąŵĞƚƌŽ ƐĞŵƉƌĞ ƐĞƌĄ ƌĞƚŽ͘
UŵĂ ŽƵƚƌĂ ĨŽƌŵĂ ĚĞ ĐŽŶĐůƵŝƌŵŽƐ ŝƐƐŽ Ġ ƉĞƌĐĞďĞƌŵŽƐ ƋƵĞ Ž ąŶŐƵůŽ ∠ACBŵĞĚĞ Ă ŵĞƚĂĚĞ ĚŽ
ąŶŐƵůŽ ∠AOB͕ ƋƵĞ ŵĞĚĞ 180◦ ;ƚƌĂƚĂͲƐĞ ĚĞ Ƶŵ ąŶŐƵůŽ ƌĂƐŽͿ͘ EŶƚĆŽ ∠ACBŵĞĚĞ Ă ŵĞƚĂĚĞ ĚĞ 180◦͕
ƋƵĞ Ġ 90◦͘
DĂş Ž ƚƌŝąŶŐƵůŽ ABC Ġ ƌĞƚąŶŐƵůŽ Ğ͕ ĚĂĚŽ ƋƵĞ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ Ġ 180◦͕
ƉŽĚĞŵŽƐ ĐŽŶĐůƵŝƌ ƋƵĞ α = 55◦͘
UŵĂ ŽƵƚƌĂ ĨŽƌŵĂ ĚĞ ĨĂǌĞƌŵŽƐ ĞƐƐĂ ƋƵĞƐƚĆŽ ƐĞƌŝĂ ƉĞŶƐĂƌ ĂƐƐŝŵ͘ OďƐĞƌǀĞ ŶŽǀĂŵĞŶƚĞ Ă ŶŽƐƐĂ ĮŐƵƌĂ͗

B

A

C

α

70
◦

O

110
◦

VĞũĂ ƋƵĞ Ž ĂƌĐŽ B̂C ƚĞŵ ĚĞ ŵĞĚŝƌ Ž ƐƵƉůĞŵĞŶƚŽ ĚĞ ÃC͕ ƉŽŝƐ ÂB Ġ Ƶŵ ƐĞŵŝĐşƌĐƵůŽ͘ ůŽŐŽ͕ B̂CŵĞĚĞ

Ϯϳ
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110◦͘ CŽŵŽ α Ġ Ž ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ĚĞ B̂C͕ ƚĞŵŽƐ ƋƵĞ α =
110◦

2
= 55◦͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϱͿ QUESTÃO ϭϴ

PŽƌ Ƶŵ ƉŽŶƚŽ P͕ ĚŝƐƚĂŶƚĞ 18Đŵ ĚŽ ĐĞŶƚƌŽ ĚĞ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ 12Đŵ͕ ĐŽŶĚƵǌͲƐĞ Ƶŵ
͞ƐĞŐŵĞŶƚŽ ƐĞĐĂŶƚĞ͟ ƋƵĞ ĚĞƚĞƌŵŝŶĂ ŶĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ƵŵĂ ĐŽƌĚĂ ĚĞ 8Đŵ͘ á ŵĞĚŝĚĂ ĚĂ ƉĂƌƚĞ ĞǆƚĞƌŝŽƌ
ĚĞƐƐĞ ƐĞŐŵĞŶƚŽ͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 18͘
;ďͿ 10͘
;ĐͿ 8͘
;ĚͿ 6͘

R͗ VĞũĂŵŽƐ Ă ĮŐƵƌĂ ƉƌŽƉŽƐƚĂ͗

P

A

B

CD O

12 12 6

8

x

áƉůŝĐĂŶĚŽ Ă ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

x · (x+ 8) = 6 · (6+ 24)

x · (x+ 8) = 180.

VĞũĂ ƋƵĞ x = 10 ƌĞƐŽůǀĞ Ž ĞǆĞƌĐşĐŝŽ͘ MĂƐ ĐĂƐŽ ŶĆŽ ĐŽŶƐĞŐƵşƐƐĞŵŽƐ͕ ƉŽĚĞƌşĂŵŽƐ ĐŽŶƟŶƵĂƌ ĂƐ ĐŽŶƚĂƐ͗

x2 + 8x = 180

Ϯϴ
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x2 + 8x− 180 = 0.

CĂůĐƵůĂŶĚŽ ∆͗

∆ = b2 − 4ac

= 82 − 4 · 1 · (−180)

= 64+ 720

= 784.

DĂş͕ ƚĞŵŽƐ͗

x =
−b±

√
∆

2a

=
−8±

√
784

2 · 1

=
−8± 28

2

= −4± 14.

DĂş ŽďƚĞŵŽƐ ĚƵĂƐ ƌĂşǌĞƐ͕ x = −28 ;ŶĆŽ ĐŽŶǀĠŵͿ͕ Ğ x = 10͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϱͿ QUESTÃO ϭϵ

NƵŵ ƚƌŝąŶŐƵůŽABC͕ BC = 10Đŵ ĞAB̂C = 60◦͘ SĞ ĞƐƐĞ ƚƌŝąŶŐƵůŽ ĞƐƚĄ ŝŶƐĐƌŝƚŽ ŶƵŵĂ ƐĞŵŝĐŝƌĐƵŶͲ
ĨĞƌġŶĐŝĂ Ğ BC Ġ ƐĞƵ ŵĞŶŽƌ ůĂĚŽ͕ ĞŶƚĆŽ Ž ƌĂŝŽ ĚĞƐƐĂ ƐĞŵŝĐŝƌĐƵŶĨĞƌġŶĐŝĂ ŵĞĚĞ͕ Ğŵ Đŵ͕

;ĂͿ 5͘
;ďͿ 10͘
;ĐͿ 10

√
2͘

;ĚͿ 10
√
3͘

R͗ DĞƐĞŶŚĂŶĚŽ Ă ĮŐƵƌĂ͗

Ϯϵ
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B

C

A

60
◦

10

O

VĂŵŽƐ Ă ĂůŐƵŵĂƐ ũƵƐƟĮĐĂƟǀĂƐ ĚŽ ƋƵĞ ĚĞƐĞŶŚĞŝ͘ Eŵ ƉƌŝŵĞŝƌŽ ůƵŐĂƌ͕ ƉŽĚĞŵŽƐ ĐŽŶĐůƵŝƌ ƋƵĞ Ž ąŶŐƵůŽ
Ğŵ C Ġ ƌĞƚŽ ƉŽƌƋƵĞ ƚŽĚŽ ƚƌŝąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ŶƵŵ ƐĞŵŝĐşƌĐƵůŽ Ġ ƌĞƚąŶŐƵůŽ ŶŽ ǀĠƌƟĐĞ ŽƉŽƐƚŽ ĂŽ
ĚŝąŵĞƚƌŽ ĚĂƋƵĞůĞ ƐĞŵŝĐşƌĐƵůŽ͘ PŽĚĞƌşĂŵŽƐ ǀĞƌŝĮĐĂƌ ŝƐƐŽ ƚĂŵďĠŵ ƉĞƌĐĞďĞŶĚŽ ƋƵĞ ∠BOA = 180◦͖
ĚĂş͕ ĐŽŵŽ ∠BCA Ġ ŝŶƐĐƌŝƚŽ ĚĞƐƐĞ ąŶŐƵůŽ ĐĞŶƚƌĂů͕ ƚĞŵŽƐ ƋƵĞ ∠BCA =

180◦

2
= 90◦͘

áŐŽƌĂ͕ ďĂƐƚĂ ƚƌĂĕĂƌŵŽƐ Ž ƌĂŝŽOC Ğ Ž ƉƌŽďůĞŵĂ ĞƐƚĂƌĄ ƌĞƐŽůǀŝĚŽ͘ CŽŶƐĞŐƵĞ ǀĞƌ ŝƐƐŽ͕ ũŽǀĞŵ͍ VĞũĂ͗

B

C

A

60
◦

10

O

R

R

α

α

O ƚƌŝąŶŐƵůŽ BCO Ġ ŝƐſƐĐĞůĞƐ͕ ƉŽŝƐ ĚŽŝƐ ĚĞ ƐĞƵƐ ůĂĚŽƐ ƐĆŽ ƌĂŝŽƐ͘ EŶƚĆŽ͗

α+ α+ 60◦ = 180◦

2α = 180◦ − 60◦

2α = 120◦

α = 60◦.

VĞũĂ ĞŶƚĆŽ ƋƵĞ ĞƐƐĞ ƚƌŝąŶŐƵůŽ Ġ ĞƋƵŝůĄƚĞƌŽ Ğ͕ ĐŽŵ ŝƐƐŽ͕ R = 10Đŵ͘

GĂďĂƌŝƚŽ͗ B

ϯϬ
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���;EEARͲϮϬϬϲͿ QUESTÃO ϮϬ

á ƌĂǌĆŽ ĞŶƚƌĞ ĂƐ ŵĞĚŝĚĂƐ ĚŽƐ ĂƉſƚĞŵĂƐ ĚŽ ƋƵĂĚƌĂĚŽ ŝŶƐĐƌŝƚŽ Ğ ĚŽ ƋƵĂĚƌĂĚŽ ĐŝƌĐƵŶƐĐƌŝƚŽ ŶƵŵĂ
ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ R Ġ

;ĂͿ
√
2

2

;ďͿ
√
3

2
;ĐͿ 2
;ĚͿ 2

√
3

R͗ CŽŵŽ ǀŝŵŽƐ ŶĂƐ ĨſƌŵƵůĂƐ ĚĞ ƉŽůşŐŽŶŽƐ ƌĞŐƵůĂƌĞƐ ŝŶƐĐƌŝƚŽƐ Ğ ĐŝƌĐƵŶƐĐƌŝƚŽƐ͕ Ž ĂƉſƚĞŵĂ ĚŽ

ƋƵĂĚƌĂĚŽ ŝŶƐĐƌŝƚŽ ŶŽ ĐŝƌĐƵůŽ ĚĞ ƌĂŝŽ R Ġ R
√
2

2
͘ JĄ Ž ĂƉſƚĞŵĂ ĚŽ ƋƵĂĚƌĂĚŽ ĐŝƌĐƵŶƐĐƌŝƚŽ ŶƵŵĂ

ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ R Ġ Ž ƉƌſƉƌŝŽ R͘ áƐƐŝŵ͕ Ă ƌĂǌĆŽ ƉĞĚŝĚĂ Ġ͗

R
√
2

2

R
=

√
2

2
.

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϲͿ QUESTÃO Ϯϭ

Uŵ ƚƌĂƉĠǌŝŽ ƌĞƚąŶŐƵůŽ ĞƐƚĄ ĐŝƌĐƵŶƐĐƌŝƚŽ Ă ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͘ SĞ ĂƐ ďĂƐĞƐ ĚĞƐƐĞ ƚƌĂƉĠǌŝŽ ŵĞĚĞŵ
10Đŵ Ğ 15Đŵ͕ Ğ Ž ůĂĚŽ ŽďůşƋƵŽ ăƐ ďĂƐĞƐ ŵĞĚĞ 13Đŵ͕ ĞŶƚĆŽ Ž ƌĂŝŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ğŵ Đŵ͕ ŵĞĚĞ

;ĂͿ 4, 5͘
;ďͿ 5͘
;ĐͿ 5, 5͘
;ĚͿ 6͘

R͗ EǆŝƐƚĞŵ ĚƵĂƐ ĨŽƌŵĂƐ ĚĞ ƌĞƐŽůǀĞƌŵŽƐ ĞƐƐĂ ƋƵĞƐƚĆŽ͘ PĂƌĂ Ă ƉƌŝŵĞŝƌĂ ĨŽƌŵĂ͕ ƉƌĞĐŝƐĂƌĞŵŽƐ ƵƟůŝǌĂƌ
Ž ƚĞŽƌĞŵĂ ĚĞ PŝƚŽƚ͘ SĞ ŶĆŽ ƐĞ ůĞŵďƌĂ ĚĞůĞ͕ ǀĄ ůĄ ĚĂƌ ƵŵĂ ŽůŚĂĚĂ ĂŶƚĞƐ ĚĞ ĐŽŶƟŶƵĂƌ Ă ůĞŝƚƵƌĂ͘ BŽŵ͕
ǀĂŵŽƐ ĚĂƌ ƵŵĂ ŽůŚĂĚĂ ŶĂ ĮŐƵƌĂ ƉƌŽƉŽƐƚĂ͗
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15

10

13
2R

R

R

O ƚĞŽƌĞŵĂ ĚĞ PŝƚŽƚ ŶŽƐ Ěŝǌ ƋƵĞ Ă ƐŽŵĂ ĚŽƐ ůĂĚŽƐ ŽƉŽƐƚŽƐ ĚĞ Ƶŵ ƋƵĂĚƌŝůĄƚĞƌŽ ĐŝƌĐƵŶƐĐƌŝơǀĞů Ġ ŝŐƵĂů͘
EŶƚĆŽ͗

2R+ 13 = 10+ 15

2R = 25− 13

2R = 12

R = 6Đŵ.

OƵƚƌĂ ĨŽƌŵĂ ĚĞ ƌĞƐŽůǀĞƌŵŽƐ ĞƐƐĂ ƋƵĞƐƚĆŽ Ġ ƵƟůŝǌĂƌŵŽƐ Ž ƚĞŽƌĞŵĂ ĚĞ PŝƚĄŐŽƌĂƐ͘ VĞũĂ͗

10

13

R

R

10 5

2R

PŽĚĞŵŽƐ ƵƟůŝǌĂƌ Ž ƚĞŽƌĞŵĂ ĚĞ PŝƚĄŐŽƌĂƐ ƉĂƌĂ ĞŶĐŽŶƚƌĂƌ Ž ĐĂƚĞƚŽ ƌĞƐƚĂŶƚĞ͕ ƋƵĞ ŵĞĚĞ ũƵƐƚĂŵĞŶƚĞ 2R
;ŽƵ ƉŽĚĞŵŽƐ ƚĂŵďĠŵ ǀĞƌŝĮĐĂƌ ƋƵĞ ƚƌĂƚĂͲƐĞ ĚĞ Ƶŵ ƚƌŝąŶŐƵůŽ ƉŝƚĂŐſƌŝĐŽ ĚŽ ƟƉŽ 5, 12, 13Ϳ͘ VĞũĂŵŽƐ͗

132 = 52 + (2R)2

(2R)2 = 169− 25

ϯϮ
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(2R)2 = 144

2R = 12

R = 6Đŵ.

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϲͿ QUESTÃO ϮϮ

Uŵ ŚĞǆĄŐŽŶŽ ƌĞŐƵůĂƌABCDEF͕ ĚĞ 30
√
3Đŵ ĚĞ ƉĞƌşŵĞƚƌŽ͕ ĞƐƚĄ ŝŶƐĐƌŝƚŽ Ğŵ Ƶŵ ĐşƌĐƵůŽ ĚĞ ƌĂŝŽ R͘

á ŵĞĚŝĚĂ ĚĞ ƐƵĂ ĚŝĂŐŽŶĂůAC͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 5
√
3

;ďͿ 5
;ĐͿ 15

√
3

;ĚͿ 15

R͗ VĞũĂŵŽƐ Ă ĮŐƵƌĂ ĐŽŵ Ă ĚŝĂŐŽŶĂů ƌĞƋƵĞƌŝĚĂ͗

A

B

C D

E

F

x

5
√

3

5
√

3

120
◦

ĞǆŝƐƚĞŵ ĂůŐƵŵĂƐ ĨŽƌŵĂƐ ĚĞ ƉƌŽƐƐĞŐƵŝƌŵŽƐ ĂƋƵŝ͘ PŽĚĞƌşĂŵŽƐ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ďĂŝǆĂƌ Ă ĂůƚƵƌĂ ĚŽ
ƚƌŝąŶŐƵůŽABC ƌĞůĂƟǀĂ ĂAC͘ IƐƐŽ ĚŝǀŝĚŝƌŝĂ Ž ąŶŐƵůŽ ĚĞ 120◦ Ğŵ ŵĞƚĂĚĞƐ͕ ƉĞƌŵŝƟŶĚŽ ĂƉůŝĐĂƌ
ƚƌŝŐŽŶŽŵĞƚƌŝĂ Ğŵ ƚƌŝąŶŐƵůŽƐ ƌĞƚąŶŐƵůŽƐ͘ PŽĚĞƌşĂŵŽƐ ƚĂŵďĠŵ ƚĞƌ ĚĞĐŽƌĂĚŽ Ž ƚƌŝąŶŐƵůŽ ŶŽƚĄǀĞů
ABC͘ áƋƵŝ͕ ĨĂƌĞŵŽƐ ƉŽƌ ƵŵĂ ƚĞƌĐĞŝƌĂ ĨŽƌŵĂ͘ áƉůŝĐĂŶĚŽ Ă ůĞŝ ĚŽƐ ĐŽƐƐĞŶŽƐ ;ǀĞƌĞŵŽƐ ĞƐƐĂ ƚĞŽƌŝĂ ŶĂ
ĂƵůĂ ĚĞ ƚƌŝŐŽŶŽŵĞƚƌŝĂͿ͗

ϯϯ
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x2 = (5
√
3)2 + (5

√
3)2 − 2 · 5

√
3 · 5

√
3 ĐŽƐ 120◦

x2 = 25 · 3+ 25 · 3− 2 · 25 · 3 ·
(

−
1

2

)

x2 = 150+ 75

x2 = 225

x = 15.

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϳͿ QUESTÃO Ϯϯ

NĂ ĮŐƵƌĂ͕AB Ġ Ž ĚŝąŵĞƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ğ Ž ĂƌĐŽACŵĞĚĞ 100◦͘

O ǀĂůŽƌ ĚĞ x Ġ

;ĂͿ 20◦͘
;ďͿ 35◦͘
;ĐͿ 45◦͘
;ĚͿ 50◦͘

R͗ SĞ ∠CABŵĞĚĞ 2x͕ ĞŶƚĆŽ Ž ĂƌĐŽ ĈBŵĞĚĞ 4x ;ƉŽŝƐ Ž ĂƌĐŽ ŵĞĚĞ ƐĞŵƉƌĞ Ž ƐŽďƌŽ ĚĞ ƐĞƵ
ŝŶƐĐƌŝƚŽͿ͘ CŽŵŽ AB Ġ ĚŝąŵĞƚƌŽ͕ ĚĞĮŶĞ ĚŽŝƐ ĂƌĐŽƐ ĚĞ 180◦͘ áƐƐŝŵ͕ ƚĞŵŽƐ͗

ÃC+ ĈB = 180◦

100◦ + 4x = 180◦

4x = 80◦

x = 20◦.

ϯϰ
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GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϳͿ QUESTÃO Ϯϰ

NĂ ĮŐƵƌĂ͕AD Ġ Ž ĚŝąŵĞƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ CÂDŵĞĚĞ 35◦ Ğ BD̂C͕ 25◦͘

á ŵĞĚŝĚĂ ĚĞAĈB Ġ

;ĂͿ 30◦͘
;ďͿ 35◦͘
;ĐͿ 40◦͘
;ĚͿ 45◦͘

R͗ CŽŵŽ ∠CAD = 35◦͕ Ž ĂƌĐŽ C̃DŵĞĚĞ 70◦͘ CŽŵŽ ∠BDC = 25◦͕ ƚĞŵŽƐ ƋƵĞ B̂CŵĞĚĞ 50◦͘
DĞƐƐĂ ĨŽƌŵĂ͕ ĐŽŵŽAD Ġ ĚŝąŵĞƚƌŽ͗

C̃D+ B̂C+ ÂB = 180◦

70◦ + 50◦ + ÂB = 180◦

120◦ + ÂB = 180◦

ÂB = 180◦ − 120◦

ÂB = 60◦.

O ąŶŐƵůŽ ƉĞĚŝĚŽ͕ angleACB͕ Ġ Ƶŵ ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ĚŽ ĂƌĐŽ ÂB͘ LŽŐŽ͕ ∠ACB =
60◦

2
= 30◦͘

GĂďĂƌŝƚŽ͗ A

ϯϱ
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���;EEARͲϮϬϬϳͿ QUESTÃO Ϯϱ

NĂ ĮŐƵƌĂ͕ t Ġ ƚĂŶŐĞŶƚĞ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ğŵ B͘

SĞAC = 8Đŵ Ğ CD = 12Đŵ͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ ĚĞAB͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 4
√
10͘

;ďͿ 2
√
5͘

;ĐͿ
√
10͘

;ĚͿ
√
5͘

R͗ BĂƐƚĂ ƵƟůŝǌĂƌŵŽƐ Ă ƉŽƚġŶĐŝĂ ĚŽ ƉŽŶƚŽ A Ğŵ ƌĞůĂĕĆŽ ĂŽ ĐşƌĐƵůŽ͗

AB2 = AC ·AD

AB2 = 8 · (8+ 12)

AB2 = 8 · 20

AB2 = 160

AB =
√
160

AB =
√
16 · 10

AB = 4
√
10.

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϳͿ QUESTÃO Ϯϲ

Uŵ ƚƌŝąŶŐƵůŽ͕ ŝŶƐĐƌŝƚŽ ŶƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ 10Đŵ ĚĞ ƌĂŝŽ͕ ĚĞƚĞƌŵŝŶĂ ŶĞƐƚĂ ƚƌġƐ ĂƌĐŽƐ͕ ĐƵũĂƐ
ŵĞĚŝĚĂƐ ƐĆŽ 90◦͕ 120◦ Ğ 150◦͘ á ƐŽŵĂ ĚĂƐ ŵĞĚŝĚĂƐ ĚŽƐ ŵĞŶŽƌĞƐ ůĂĚŽƐ ĚĞƐƐĞ ƚƌŝąŶŐƵůŽ͕ Ğŵ Đŵ͕ Ġ

ϯϲ
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;ĂͿ 10
(√

2+
√
3
)

;ďͿ 10
(

1+
√
3
)

;ĐͿ 5
(√

2+
√
3
)

;ĚͿ 5
(

1+
√
3
)

R͗ PƌĞĐŝƐĂƌĞŵŽƐ ĚĂ ůĞŝ ĚŽƐ ƐĞŶŽƐ ŶĞƐƐĂ ƋƵĞƐƚĆŽ͘ VĞƌĞŵŽƐ ƐŽďƌĞ ĞƐƐĂ ůĞŝ ŶĂ ĂƵůĂ ĚĞ ƚƌŝŐŽŶŽŵĞƚƌŝĂ
Ğŵ ƚƌŝąŶŐƵůŽƐ͘ VĞũĂŵŽƐ͕ ĞŶƚĆŽ͕ Ă ĮŐƵƌĂ ĨŽƌŵĂĚĂ ƉĞůŽ ĞŶƵŶĐŝĂĚŽ͗

90◦

120◦

150◦

75◦

45◦

60◦

a

b

c

VĞũĂ ƋƵĞ ũĄ ĚĞƐĞŶŚĞŝ ŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ͕ ąŶŐƵůŽƐ ĐŽƌƌĞƐƉŽŶĚĞŶƚĞŵĞŶƚĞ ŝŐƵĂŝƐ ă ŵĞƚĂĚĞ ĚŽƐ ĂƌĐŽƐ
ƋƵĞ ĐŽŵƉƌĞĞŶĚĞŵ͘ EůĞ ƋƵĞƌ Ă ƐŽŵĂ ĚŽƐ ŵĞŶŽƌĞƐ ůĂĚŽƐ͘ QƵĞƌĞŵŽƐ ĞŶƚĆŽ Ă ƐŽŵĂ ĚŽƐ ůĂĚŽƐ a Ğ b͕
ƉŽŝƐ ƐĆŽ ŽƐ ůĂĚŽƐ ŽƉŽƐƚŽƐ ĂŽƐ ŵĞŶŽƌĞƐ ąŶŐƵůŽƐ͘ UƐĂŶĚŽ Ă ůĞŝ ĚŽƐ ƐĞŶŽƐ ƉĂƌĂ Ž ůĂĚŽ a͗

a

ƐĞŶ45◦ = 2R

a

ƐĞŶ45◦ = 2 · 10

a = 20 · ƐĞŶ45◦

a = 20 ·
√
2

2

a = 10
√
2Đŵ.

FĂǌĞŶĚŽ Ž ŵĞƐŵŽ ƉĂƌĂ Ž ůĂĚŽ b͗

b

ƐĞŶ60◦ = 2R

ϯϳ
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b

ƐĞŶ60◦ = 2 · 10

b = 20 · ƐĞŶ60◦

a = 20 ·
√
3

2

a = 10
√
3Đŵ.

SŽŵĂŶĚŽ ĞƐƐĞƐ ĚŽŝƐ ůĂĚŽƐ͕ ŽďƚĞŵŽƐ͗

a+ b = 10
√
2+ 10

√
3

= 10 · (
√
2+

√
3).

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϬϴͿ QUESTÃO Ϯϳ

DĂĚĂ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ĚŝąŵĞƚƌŽ a͕ Ž ĐŽŵƉƌŝŵĞŶƚŽ ĚĞ Ƶŵ ĂƌĐŽ͕ ĐƵũŽ ąŶŐƵůŽ ĐĞŶƚƌĂů ĐŽƌƌĞƐͲ
ƉŽŶĚĞŶƚĞ Ġ 30◦͕ Ġ

;ĂͿ πa

2
;ďͿ πa

4
;ĐͿ πa

10
;ĚͿ πa

12

R͗ O ĐŽŵƉƌŝŵĞŶƚŽ ℓ ĚĞ Ƶŵ ĂƌĐŽ ĚĞ ąŶŐƵůŽ ĐĞŶƚƌĂů α͕ Ğŵ ƌĂĚŝĂŶŽƐ͕ Ğ ƌĂŝŽ R Ġ ĚĂĚŽ ƉĞůĂ ĨſƌŵƵůĂ Ă
ƐĞŐƵŝƌ͗

ℓ = αR.

O ąŶŐƵůŽ ĐĞŶƚƌĂů ĚĞƐƐĞ ĂƌĐŽ Ġ 30◦͘ PĂƐƐĂŶĚŽ ŝƐƐŽ ƉĂƌĂ ƌĂĚŝĂŶŽƐ͗

30◦ ·
π

180◦
=

30◦π

180◦

=
π

6
.

ϯϴ
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JĄ Ž ƌĂŝŽ R Ġ ƚĂů ƋƵĞ 2R = a͕ ƉŽŝƐ a Ġ Ž ĚŝąŵĞƚƌŽ ĚĞƐƐĞ ĐşƌĐƵůŽ͘ LŽŐŽ͕ R =
a

2
͘ LŽŐŽ͕ ƐƵďƐƟƚƵŝŶĚŽ ŶĂ

ĞǆƉƌĞƐƐĆŽ ĚŽ ĐŽŵƉƌŝŵĞŶƚŽ ĚĞ Ƶŵ ĂƌĐŽ͗

ℓ = αR

=
π

6
·
a

2

=
πa

12

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϬϴͿ QUESTÃO Ϯϴ

SĞũĂ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ğ ĚƵĂƐ ĚĞ ƐƵĂƐ ĐŽƌĚĂƐ͕AB Ğ CD͘

á ŵĞĚŝĚĂ ĚĞ CD͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 10͘
;ďͿ 12͘
;ĐͿ 14͘
;ĚͿ 16͘

R͗ áƉůŝĐĂŶĚŽ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

a · 2a = 16 · 2

2a2 = 32

a2 = 16

ϯϵ
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a = 4.

VĞũĂ ƋƵĞ CD = a+ 2a = 3a͕ ůŽŐŽ͕ CD = 3 · 4 = 12Đŵ͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϬϵͿ QUESTÃO Ϯϵ

NĂ ĮŐƵƌĂ͕O Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͘

O ǀĂůŽƌ ĚĞ x Ġ

;ĂͿ 18◦͘
;ďͿ 20◦͘
;ĐͿ 22◦͘
;ĚͿ 24◦͘

R͗ CŽŵŽ ∠APB = 72◦ Ġ Ž ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ĚŽ ĂƌĐŽ ÂB͕ ĞƐƐĞ ĂƌĐŽ ĚĞǀĞƌĄ ŵĞĚŝƌ 144◦͘ DĂş͕ Ž ąŶŐƵůŽ
ĂOB ĚĞǀĞ ŵĞĚŝƌ 144◦ Ğ͕ ĐŽŵŽ Ž ƚƌŝąŶŐƵůŽAOB Ġ ŝƐſƐĐĞůĞƐ͗

x+ x+ 144◦ = 180◦

2x = 36◦

x = 18◦.

GĂďĂƌŝƚŽ͗ A

ϰϬ
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���;EEARͲϮϬϬϵͿ QUESTÃO ϯϬ

NŽ ůŽŐŽƟƉŽ͕ OA͕ OB Ğ OC ƐĆŽ ƌĂŝŽƐ ĚĂ ŵĞŶŽƌ ĚĂƐ ƚƌġƐ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ ĐŽŶĐġŶƚƌŝĐĂƐ͘ á ƌĞŐŝĆŽ
ĂĐŝŶǌĞŶƚĂĚĂ ĚĞƐƐĞ ůŽŐŽƟƉŽ Ġ ĐŽŵƉŽƐƚĂ ĚĞ

;ĂͿ ĚŽŝƐ ƐĞƚŽƌĞƐ ĐŝƌĐƵůĂƌĞƐ͕ ĚƵĂƐ ĐŽƌŽĂƐ ĐŝƌĐƵůĂƌĞƐ Ğ ĚŽŝƐ ƐĞŐŵĞŶƚŽƐ ĐŝƌĐƵůĂƌĞƐ͘
;ďͿ Ƶŵ ƐĞƚŽƌ ĐŝƌĐƵůĂƌ͕ ƵŵĂ ĐŽƌŽĂ ĐŝƌĐƵůĂƌ Ğ ĚŽŝƐ ƐĞŐŵĞŶƚŽƐ ĐŝƌĐƵůĂƌĞƐ͘
;ĐͿ Ƶŵ ƐĞƚŽƌ ĐŝƌĐƵůĂƌ͕ ĚƵĂƐ ĐŽƌŽĂƐ ĐŝƌĐƵůĂƌĞƐ Ğ Ƶŵ ƐĞŐŵĞŶƚŽ ĐŝƌĐƵůĂƌ͘
;ĚͿ ĚŽŝƐ ƐĞƚŽƌĞƐ ĐŝƌĐƵůĂƌĞƐ͕ ƵŵĂ ĐŽƌŽĂ ĐŝƌĐƵůĂƌ Ğ Ƶŵ ƐĞŐŵĞŶƚŽ ĐŝƌĐƵůĂƌ͘

R͗ VĞũĂŵŽƐ ƵŵĂ ĂŶĄůŝƐĞ ĚĞƚĂůŚĂĚĂ ĚĂ ĮŐƵƌĂ Ğŵ ƋƵĞƐƚĆŽ͗

VĞŵŽƐ ĞŶƚĆŽ ƋƵĞ ŚĄ Ƶŵ ƐĞƚŽƌ ĐŝƌĐƵůĂƌ͕ ƵŵĂ ĐŽƌŽĂ ĐŝƌĐƵůĂƌ Ğ ĚŽŝƐ ƐĞŐŵĞŶƚŽƐ ĐŝƌĐƵůĂƌĞƐ ĂĐŝǌĞŶƚĂĚŽƐ͘

ϰϭ
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���;EEARͲϮϬϬϵͿ QUESTÃO ϯϭ

SĞũĂŵ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ĐĞŶƚƌŽ O Ğ Ƶŵ ƉŽŶƚŽ A ĞǆƚĞƌŝŽƌ Ă ĞůĂ͘ CŽŶƐŝĚĞƌĞ AT Ƶŵ ƐĞŐŵĞŶƚŽ
ƚĂŶŐĞŶƚĞ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ğŵ T ͘ SĞ Ž ƌĂŝŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ŵĞĚĞ ϰ Đŵ Ğ AT = 8

√
2Đŵ͕ ĞŶƚĆŽ Ă

ŵĞĚŝĚĂ ĚĞAO͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 10͘
;ďͿ 12͘
;ĐͿ 13͘
;ĚͿ 15͘

R͗ OďƐĞƌǀĞŵŽƐ Ă ĮŐƵƌĂ ƉƌŽƉŽƐƚĂ͗

O

A T

M

N

4

4

8
√

2

x

áƉůŝĐĂŶĚŽ Ă ƉŽƚġŶĐŝĂ ĚŽ ƉŽŶƚŽ A Ğŵ ƌĞůĂĕĆŽ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͗

AT 2 = AM ·AN

(8
√
2)2 = x · (x+ 8)

x2 + 8x = 64 · 2

x2 + 8x− 128 = 0

áƉůŝĐĂŶĚŽ Ă ĨſƌŵƵůĂ ƌĞƐŽůƵƟǀĂ ĚĂƐ ĞƋƵĂĕƁĞƐ ĚĞ ƐĞŐƵŶĚŽ ŐƌĂƵ͗

∆ = b2 − 4ac

= 82 − 4 · 1 · (−128)

ϰϮ
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= 64+ 512

= 576.

DĂş͗

x =
−b±

√
∆

2a

=
−8±

√
576

2

=
−8± 24

2
.

EǆĐůƵŝŶĚŽ Ă ƌĂŝǌ ŶĞŐĂƟǀĂ͗

x =
−8+ 24

2

=
16

2

= 8.

DĂş͕ ĐĂůĐƵůĂŶĚŽAO͗

AO = AM+MO

= 8+ 4

= 12Đŵ.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϬͿ QUESTÃO ϯϮ

NƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ă ƐŽŵĂ ĚĂƐŵĞĚŝĚĂƐ ĚĞ ĚŽŝƐ ĂƌĐŽƐ Ġ 315◦͘ SĞ Ƶŵ ĚĞƐƐĞƐ ĂƌĐŽƐŵĞĚĞ 11π

12
ƌĂĚ͕

Ă ŵĞĚŝĚĂ ĚŽ ŽƵƚƌŽ Ġ

;ĂͿ 150◦͘
;ďͿ 125◦͘
;ĐͿ 100◦͘

ϰϯ
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;ĚͿ 75◦͘

R͗ PƌŝŵĞŝƌŽ͕ ĚĞǀĞŵŽƐ ƚƌĂĚƵǌŝƌ 11π
12

ƉĂƌĂ ƌĂĚŝĂŶŽƐ͘ VĞũĂŵŽƐ͗

11π

12
=

11 · 180◦

12

= 11 · 15

= 165◦.

Uŵ ĚŽƐ ĂƌĐŽƐ ŵĞĚĞ͕ ĞŶƚĆŽ͕ 165◦͘ O ŽƵƚƌŽ͕ ĚĞƐĐŽŶŚĞĐŝĚŽ͕ ŵĞĚĞ α͘ CŽŵŽ Ă ƐŽŵĂ ĚŽƐ ĚŽŝƐ Ġ 315◦͗

α+ 165◦ = 315◦

α = 315◦ − 165◦

α = 150◦.

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϭϬͿ QUESTÃO ϯϯ

SĞũĂŵ AB Ž ĚŝąŵĞƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ğ ĂƐ ƌĞƚĂƐ t Ğ t ′ ƚĂŶŐĞŶƚĞƐ Ă ĞůĂ ŶŽƐ ƉŽŶƚŽƐ N Ğ M͕ ƌĞƐͲ
ƉĞĐƟǀĂŵĞŶƚĞ͘

O ǀĂůŽƌ ĚĞ x Ġ

;ĂͿ 66◦͘

ϰϰ
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;ďͿ 60◦͘
;ĐͿ 55◦͘
;ĚͿ 50◦͘

R͗ CŽŵŽ ∠ABM = 50◦͕ ƚĞŵŽƐ ƋƵĞ ÃNŵĞĚĞ 100◦͘ CŽŵŽAB Ġ ĚŝąŵĞƚƌŽ͕ ƚĞŵŽƐ͗

ÃN+ ÑB = 180◦

100◦ + ÑB = 180◦

ÑB = 180◦ − 100◦

ÑB = 80◦.

PƌŽƐƐĞŐƵŝŶĚŽ͕ ǀĞũĂ ƋƵĞ ∠BAM = 17◦͘ LŽŐŽ͕ B̄MŵĞĚĞ 34◦͘
áŝŶĚĂ͕ ǀŝƐƚŽ ƋƵĞ ÃN͕ ÑB͕ B̄M Ğ M̄A ĐŽďƌĞŵ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ ƚĞŵŽƐ͗

ÃN+ ÑB+ B̄M+ M̄A = 360◦

100◦ + 80◦ + 34◦ + M̄A = 360◦

214◦ + M̄A = 360◦

M̄A = 146◦.

O ąŶŐƵůŽ x Ġ Ƶŵ ąŶŐƵůŽ ĞǆĐġŶƚƌŝĐŽ ĞǆƚĞƌŝŽƌ͕ ĞŶŵƚĆŽ͕ ƉŽĚĞŵŽƐ ĐĂůĐƵůĄͲůŽ ƵƟůŝǌĂŶĚŽ Ž ƋƵĞ
ĂƉƌĞŶĚĞŵŽƐ͗

x =
M̄N− N̄M

2

=
M̄A+ ÃN− (ÑB+ B̄M)

2

=
146◦ + 100◦ − (80◦ + 34◦)

2

=
246◦ − 114◦

2

=
132

2

= 66◦.

GĂďĂƌŝƚŽ͗ A

ϰϱ
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���;EEARͲϮϬϭϬͿ QUESTÃO ϯϰ

NĂ ĮŐƵƌĂ͕ PA Ġ ƚĂŶŐĞŶƚĞ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĞŵA͕ Ğ B Ġ ƉŽŶƚŽ ŵĠĚŝŽ ĚĞ PC͘

á ŵĞĚŝĚĂ ĚĞ PC͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 12
√
2͘

;ďͿ 14
√
2͘

;ĐͿ 16͘
;ĚͿ 20͘

R͗ CŽŵŽ B Ġ ƉŽŶƚŽ ŵĠĚŝŽ ĚĞ PC͕ ƚĞŵŽƐ PB = PC = x͘ LŽŐŽ͕ ƉŽƌ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

PA2 = PB · PC

(8
√
2)2 = x · 2x

2x2 = 82 · 2

x2 = 82

x = 8.

LŽŐŽ͕ PC = 2x = 2 · 8 = 16Đŵ͘

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϭϬͿ QUESTÃO ϯϱ

Uŵ ąŶŐƵůŽ ĐĞŶƚƌĂů α ĚĞƚĞƌŵŝŶĂ͕ Ğŵ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ r͕ Ƶŵ ĂƌĐŽ ĚĞ ĐŽŵƉƌŝŵĞŶƚŽ ℓ =
2πr

3
͘ á ŵĞĚŝĚĂ ĚĞƐƐĞ ąŶŐƵůŽ Ġ͗

;ĂͿ 150◦

;ďͿ 120◦

ϰϲ
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;ĐͿ 100◦

;ĚͿ 80◦

R͗ BĂƐƚĂ ƐƵďƐƟƚƵŝƌŵŽƐ ĞƐƐĞ ĐŽŵƉƌŝŵĞŶƚŽ ŶĂ ŶŽƐƐĂ ĐŽŶŚĞĐŝĚĂ ĨſƌŵƵůĂ ĚĞ ĐŽŵƉƌŝŵĞŶƚŽ ĚĞ ĂƌĐŽƐ͗

ℓ = αR

2πr

3
= αr

α =
2π

3

PĂƐƐĂŶĚŽ ƉĂƌĂ ŐƌĂƵƐ͗

α =
2 · 180◦

3

α = 120◦.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϭͿ QUESTÃO ϯϲ

Uŵ ƋƵĂĚƌĂĚŽ Ğ Ƶŵ ƚƌŝąŶŐƵůŽ ĞƋƵŝůĄƚĞƌŽ ĞƐƚĆŽ ŝŶƐĐƌŝƚŽƐ Ğŵ ƵŵĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ƌĂŝŽ R͘ á ƌĂǌĆŽ
ĞŶƚƌĞ ĂƐ ŵĞĚŝĚĂƐ ĚŽƐ ĂƉſƚĞŵĂƐ ĚŽ ƋƵĂĚƌĂĚŽ Ğ ĚŽ ƚƌŝąŶŐƵůŽ Ġ

;ĂͿ
√
2

;ďͿ
√
3

;ĐͿ 2
√
3

;ĚͿ 3
√
2

R͗ O ĂƉſƚĞŵĂ ĚŽ ƋƵĂĚƌĂĚŽ ŝŶƐĐƌŝƚŽ ŶƵŵ ĐşƌĐƵůŽ ĚĞ ƌĂŝŽ RŵĞĚĞ R
√
2

2
͘ JĄ Ž ĂƉſƚĞŵĂ ĚŽ ƚƌŝąŶŐƵůŽ

ĞƋƵŝůĄƚĞƌŽ ŝŶƐĐƌŝƚŽ ŶƵŵ ĐşƌĐƵůŽ ĚĞ ƌĂŝŽ RŵĞĚĞ R

2
͕ ĐŽŵŽ ǀŝŵŽƐ ŶĂ ƚĞŽƌŝĂ͘ FĂǌĞŶĚŽ Ă ƌĂǌĆŽ͗

R
√
2

2
R
2

=
R
√
2

2
·
2

R

=
√
2.

ϰϳ
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GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϭϭͿ QUESTÃO ϯϳ

NĂ ĮŐƵƌĂ͕AB Ğ CD ƐĆŽ ĐŽƌĚĂƐ ƚĂŝƐ ƋƵĞ AP = 2PB͕ CD = 10Đŵ͕ Ğ CP

2
=

PD

3
͘

á ŵĞĚŝĚĂ ĚĞAB͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 6
√
3

;ďͿ 7
√
3

;ĐͿ 8
√
2

;ĚͿ 9
√
2

R͗ CŽŵĞĕĂƌĞŵŽƐ ƚĞŶƚĂŶĚŽ ĞŶĐŽŶƚƌĂƌ ĂƐ ŵĞĚŝĚĂƐ ĚĞ CP Ğ PD͘ PŽĚĞŵŽƐ ŝŐƵĂůĂƌ Ă ƉƌŽƉŽƌĕĆŽ ĚĂĚĂ
ƉĞůŽ ƉƌŽďůĞŵĂ Ă k͕ ǀĞũĂ͗

CP

2
=

PD

3
= k.

IƐƐŽ ŶŽƐ Ěŝǌ ƋƵĞ͗

CP

2
= k

CP = 2k.

áŝŶĚĂ͗

PD

3
= k

PD = 3k.

CŽŵŽ CP + PD = CD = 10͕ ƚĞŵŽƐ͗

ϰϴ
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CP + PD = 10

2k+ 3k = 10

5k = 10

k = 2.

DĂş͕ ƚĞŵŽƐ ƋƵĞ CP = 2k = 2 · 2 = 4Đŵ Ğ PD = 3k = 3 · 2 = 6Đŵ͘
áŐŽƌĂ͕ ĨĂĕĂ PB = x͘ EŶƚĆŽAP = 2x͘ DĂş͕ ĂƉůŝĐĂŶĚŽ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

AP · PB = CP · PD

2x · x = 4 · 6

2x2 = 24

x2 = 12

x =
√
12

x = 2
√
3Đŵ.

VĞũĂ ĮŶĂůŵĞŶƚĞ ƋƵĞAB = AP + PB = 2x+ x = 3x͘ LŽŐŽ͗

AB = 3x

= 3 · 2
√
3

= 6
√
3Đŵ.

���;EEARͲϮϬϭϭͿ QUESTÃO ϯϴ

SĞMNOPQR Ġ Ƶŵ ŚĞǆĄŐŽŶŽ ƌĞŐƵůĂƌ ŝŶƐĐƌŝƚŽ ŶĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ ĞŶƚĆŽ a+ b− c Ġ ŝŐƵĂů Ă

ϰϵ
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;ĂͿ 150◦͘
;ďͿ 120◦͘
;ĐͿ 100◦͘
;ĚͿ 90◦͘

R͗ Uŵ ŚĞǆĄŐŽŶŽ ƌĞŐƵůĂƌ ĚĞƚĞƌŵŝŶĂ͕ ƋƵĂŶĚŽ ŝŶƐĐƌŝƚŽ ŶƵŵ ĐşƌĐƵůŽ͕ ĂƌĐŽƐ ĚĞ 60◦͘ O ĂƌĐŽ N̂P ŵĞĚĞ͕
ƉŽƌƚĂŶƚŽ͕ 120◦͘ DĂş͕ Ž ąŶŐƵůŽ bŵĞĚĞ Ă ŵĞƚĂĚĞ͕ ƉŽŝƐ ĞƐƚĄ ŝŶƐĐƌŝƚŽ ŶĞƐƐĞ ĂƌĐŽ͘ DĂş͕ b = 60◦ ;ƚĂŵďĠŵ
ƉŽĚĞƌşĂŵŽƐ ƚĞƌ ǀĞƌŝĮĐĂĚŽ ŝƐƐŽ ƉĞƌĐĞďĞŶĚŽ ƋƵĞ ĞƐƐĞ ąŶŐƵůŽ Ġ Ă ŵĞƚĂĚĞ ĚŽ ąŶŐƵůŽ ŝŶƚĞƌŶŽ ĚĞƐƐĞ
ŚĞǆĄŐŽŶŽͿ͘ O ąŶŐƵůŽ aŵĞĚĞ 90◦͕ ƉŽŝƐ ĞƐƚĄ ŝŶƐĐƌŝƚŽ ŶƵŵ ĚŝąŵĞƚƌŽ ĚŽ ĐşƌĐƵůŽ͘ FŝŶĂůŵĞŶƚĞ͕ ǀŝƐƚŽ ƋƵĞ
Ž ĂƌĐŽ M̃RŵĞĚĞ 60◦͕ ƉŽĚĞŵŽƐ ĂĮƌŵĂƌ ƋƵĞ Ž ąŶŐƵůŽ cŵĞĚĞ Ă ŵĞƚĂĚĞ͕ ŝƐƚŽ Ġ͕ 30◦ ;ƉŽŝƐ Ġ Ƶŵ
ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ ĚĞƐƐĞ ĂƌĐŽͿ͘ EĨĞƚƵĂŶĚŽ Ž ĐĄůĐƵůŽ ƋƵĞ Ă ƋƵĞƐƚĆŽ ƉĞĚĞ͗

a+ b− c = 90◦ + 60◦ − 30◦

= 120◦.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϭͿ QUESTÃO ϯϵ

NĂ ĮŐƵƌĂ͕O Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ğ PA Ġ ƚĂŶŐĞŶƚĞ Ă ĞůĂ͕ Ğŵ P͘

SĞ PÂO = 30◦ ĞOA = 12
√
3Đŵ͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ ĚŽ ƌĂŝŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ğŵ Đŵ͕ Ġ

;ĂͿ 8
√
3

;ďͿ 8
√
2

;ĐͿ 6
√
3

;ĚͿ 6
√
2

R͗ O ƐĞŐŵĞŶƚŽ ƚĂŶŐĞŶƚĞ ĚĞǀĞƌĄ ƐĞƌ ƉĞƌƉĞŶĚŝĐƵůĂƌ ĂŽ ƌĂŝŽ ĐŽŵ ĞǆƚƌĞŵŝĚĂĚĞ ŶŽ ƉŽŶƚŽ ĚĞ
ƚĂŶŐġŶĐŝĂ͕ ĚĞƐƐĂ ĨŽƌŵĂ͗

ϱϬ
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O

30◦

R

12
√

3

P

A

PŽĚĞŵŽƐ ƵƟůŝǌĂƌ ĞŶƚĆŽ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƚƌŝąŶŐƵůŽ ƌĞƚąŶŐƵůŽ͗

ƐĞŶ30◦ = OP

OA
1

2
=

R

12
√
3

2R = 12
√
3

R = 6
√
3Đŵ.

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϭϭͿ QUESTÃO ϰϬ

PĂƌĂ ĚĂƌ 10 ǀŽůƚĂƐ ĐŽŵƉůĞƚĂƐ Ğŵ ǀŽůƚĂ ĚĞ Ƶŵ ũĂƌĚŝŵ ĐŝƌĐƵůĂƌ͕ ƵŵĂ ƉĞƐƐŽĂ ƉĞƌĐŽƌƌĞƌĄ 2198ŵ͘ CŽŶͲ
ƐŝĚĞƌĂŶĚŽ π = 3, 14͕ Ă ŵĞĚŝĚĂ͕ Ğŵ ŵĞƚƌŽƐ͕ ĚŽ ĚŝąŵĞƚƌŽ ĚĞƐƐĞ ũĂƌĚŝŵ Ġ

;ĂͿ 70͘
;ďͿ 65͘
;ĐͿ 58͘
;ĚͿ 52͘

R͗ O ĐŽŵƉƌŝŵĞŶƚŽ ĚĞƐƐĞ ũĂƌĚŝŵ Ġ͗

ϱϭ
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C = dπ

= 3, 14d.

SĂďĞŵŽƐ ƋƵĞ 10 ǀŽůƚĂƐ ĞƋƵŝǀĂůĞŵ Ă 2198ŵ͕ ůŽŐŽ͗

10 · 3, 14d = 2198

d =
2198

31, 4
d = 70ŵ

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϭϮͿ QUESTÃO ϰϭ

NĂ ĮŐƵƌĂ͕ PT Ġ ƚĂŶŐĞŶƚĞ͕ Ğŵ T ͕ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ĐĞŶƚƌŽO Ğ ƌĂŝŽ 6ŵ͘

SĂďĞŶĚŽ ƋƵĞ P ĞƐƚĄ ƐŝƚƵĂĚŽ Ă 10ŵ ĚĞO͕ ĞŶƚĆŽ PT = ŵ͘

;ĂͿ 5
;ďͿ 6
;ĐͿ 7
;ĚͿ 8

R͗ PŽĚĞŵŽƐ ƵƟůŝǌĂƌ Ă ƉŽƚġŶĐŝĂ ĚŽ ƉŽŶƚŽ P͗

ϱϮ
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P

T

OR 6 6 4Q

EĨĞƚƵĂŶĚŽ ŽƐ ĐĄůĐƵůŽƐ͗

PT 2 = PQ · PR

PT 2 = 4 · (4+ 12)

PT 2 = 4 · 16

PT =
√
4 · 16

PT = 2 · 4

PT = 8ŵ.

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϭϮͿ QUESTÃO ϰϮ

NĂ ĮŐƵƌĂ͕ ĂƐ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ ϭ͕ Ϯ͕ ϯ Ğ ϰ ƐĆŽ ĐŽŶŐƌƵĞŶƚĞƐ ĞŶƚƌĞ Ɛŝ Ğ ĐĂĚĂ ƵŵĂ ĚĞůĂƐ ƚĂŶŐĞŶĐŝĂ ĚƵĂƐ
ĚĂƐ ŽƵƚƌĂƐ͘

SĞ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ϱ ƚĞŵ ĂƉĞŶĂƐ Ƶŵ ƉŽŶƚŽ Ğŵ ĐŽŵƵŵ ĐŽŵ ĐĂĚĂ ƵŵĂ ĚĂƐ ŽƵƚƌĂƐ ƋƵĂƚƌŽ͕ Ġ ĐŽƌƌĞƚŽ
ĂĮƌŵĂƌ ƋƵĞ

ϱϯ
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;ĂͿ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ϱ Ġ ƐĞĐĂŶƚĞ ăƐ ŽƵƚƌĂƐ ƋƵĂƚƌŽ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ͘
;ďͿ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ϱ Ġ ƚĂŶŐĞŶƚĞ ĞǆƚĞƌŝŽƌ ăƐ ŽƵƚƌĂƐ ƋƵĂƚƌŽ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ͘
;ĐͿ ƚŽĚĂƐ ĂƐ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ ƐĆŽ ƚĂŶŐĞŶƚĞƐ ŝŶƚĞƌŝŽƌĞƐ ĞŶƚƌĞ Ɛŝ͘
;ĚͿ ƚŽĚĂƐ ĂƐ ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ ƐĆŽ ƚĂŶŐĞŶƚĞƐ ĞǆƚĞƌŝŽƌĞƐ ĞŶƚƌĞ Ɛŝ͘

R͗ O ĐŽƌƌĞƚŽ Ġ ĚŝǌĞƌ ƋƵĞ Ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ϱ Ġ ĞǆƚĞƌŝŽƌ͕ ǀŝƐƚŽ ƋƵĞ ŶĆŽ ƚĞŵ ƉŽŶƚŽƐ Ğŵ ĐŽŵƵŵ ĐŽŵ Ž
ŝŶƚĞƌŝŽƌ ĚĞ ŶĞŶŚƵŵĂ ŽƵƚƌĂ͘ TĂŵďĠŵ Ġ ĐŽƌƌĞƚŽ ĚŝǌĞƌŵŽƐ ƋƵĞ ĞůĂ ƚĂŶŐĞ ĞǆƚĞƌŝŽƌŵĞŶƚĞ ĂƐ ŽƵƚƌĂƐ
ĐŝƌĐƵŶĨĞƌġŶĐŝĂƐ͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϯͿ QUESTÃO ϰϯ

UƟůŝǌĂŶĚŽ Ă PŽƚġŶĐŝĂ ĚŽ PŽŶƚŽ P Ğŵ ƌĞůĂĕĆŽ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĂĚĂ͕ ĐĂůĐƵůĂͲƐĞ ƋƵĞ Ž ǀĂůŽƌ ĚĞ x Ġ

;ĂͿ 1
;ďͿ 2
;ĐͿ 3
;ĚͿ 4

R͗ PĞůĂ ƉŽƚġŶĐŝĂ ĚŽ ƉŽŶƚŽ P͕ ƚĞŵŽƐ͗

15 · x = 6 · 10

15x = 60

x = 4.

ϱϰ
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GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϭϱͿ QUESTÃO ϰϰ

O ƉŽŶƚŽO Ġ Ž ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĂ ĮŐƵƌĂ͕ ƋƵĞ ƚĞŵ 3ŵ ĚĞ ƌĂŝŽ Ğ ƉĂƐƐĂ ƉĞůŽ ƉŽŶƚŽ B͘ SĞ Ž
ƐĞŐŵĞŶƚŽAB ĨŽƌŵĂ Ƶŵ ąŶŐƵůŽ ĚĞ 30◦ ĐŽŵ Ž ƌĂŝŽOA͕ ĞŶƚĆŽ Ă ŵĞĚŝĚĂ ĚĞAB͕ Ğŵ ŵ͕ Ġ

;ĂͿ 6
√
3

;ďͿ 3
√
3

;ĐͿ 6
√
2

;ĚͿ 3
√
2

R͗ PŽĚĞŵŽƐ ĨŽƌŵĂƌ Ƶŵ ƚƌŝąŶŐƵůŽ ĚĞŶƚƌŽ ĚŽ ĐşƌĐƵůŽ Ğ ƵƟůŝǌĂƌŵŽƐ Ă ůĞŝ ĚŽƐ ĐŽƐƐĞŶŽƐ͗

30
◦

30
◦

120
◦

3

3x

FĂǌĞŶĚŽ ĂƐ ĐŽŶƚĂƐ͗

x2 = 32 + 32 − 2 · 3 · 3 · ĐŽƐ 120◦

ϱϱ
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x2 = 9+ 9− 2 · 9 ·
(

−
1

2

)

x2 = 18+ 9

x2 = 27

x = 3
√
3.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϱͿ QUESTÃO ϰϱ

NĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĂ ĮŐƵƌĂ͕O Ġ Ž ƐĞƵ ĐĞŶƚƌŽ Ğ V ͕A Ğ B ƐĆŽ ƚƌġƐ ĚĞ ƐĞƵƐ ƉŽŶƚŽƐ͘

SĞ x Ğ y ƐĆŽ͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕ ĂƐ ŵĞĚŝĚĂƐ ĚŽƐ ąŶŐƵůŽƐ AÔB Ğ BV̂A͕ ĞŶƚĆŽ ƐĞŵƉƌĞ Ġ ĐŽƌƌĞƚŽ
ĂĮƌŵĂƌ ƋƵĞ

;ĂͿ x = 2y͘
;ďͿ y = 2x͘
;ĐͿ x+ y = 90◦͘
;ĚͿ x− y = 90◦͘

R͗ O ąŶŐƵůŽ x Ġ ŝŶƐĐƌŝƚŽ ĚŽ ĂƌĐŽ ÂB͘ IƐƐŽ ĨĂǌ ĐŽŵ ƋƵĞ ÂBŵĞĕĂ 2x͘ CŽŵŽ ÂB ƚĞŵ y ĐŽŵŽ ąŶŐƵůŽ
ĐĞŶƚƌĂů͕ ƚĞŵŽƐ y = 2x͘

GĂďĂƌŝƚŽ͗ B

ϱϲ
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���;EEARͲϮϬϭϱͿ QUESTÃO ϰϲ

NĂ ĮŐƵƌĂ͕A Ğ B ƐĆŽ ƉŽŶƚŽƐ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ğ CD Ġ ƐĞƵ ĚŝąŵĞƚƌŽ͘

áƐƐŝŵ͕ Ž ąŶŐƵůŽ BÂCŵĞĚĞ

;ĂͿ 20◦͘
;ďͿ 30◦͘
;ĐͿ 50◦͘
;ĚͿ 60◦͘

R͗ VĞũĂ ƋƵĞ Ž ĂƌĐŽ ÃDŵĞĚĞ 60◦ ;Ž ĚŽďƌŽ ĚŽ ŝŶƐĐƌŝƚŽͿ͘ CŽŵŽ CD Ġ ĚŝąŵĞƚƌŽ͗

ĈB+ B̂A+ ÃD = 180◦

ĈB+ 80◦ + 60◦ = 180◦

ĈB+ 140◦ = 180◦

ĈB = 40◦.

CŽŵŽ ∠BAC Ġ Ƶŵ ąŶŐƵůŽ ŝŶƐĐƌŝƚŽ͕ ŵĞĚĞ Ă ŵĞƚĂĚĞ ĚŽ ĂƌĐŽ͕ ŝƐƚŽ Ġ͕ 20◦͘

GĂďĂƌŝƚŽ͗ A

���;EEARͲϮϬϭϲͿ QUESTÃO ϰϳ

Uŵ ĐĂƌƌŝŶŚŽ ĚĞ ďƌŝŶƋƵĞĚŽ ƋƵĞ ĐŽƌƌĞ Ğŵ ƵŵĂ ƉŝƐƚĂ ĐŝƌĐƵůĂƌ ĐŽŵƉůĞƚĂ 8 ǀŽůƚĂƐ͕ ƉĞƌĐŽƌƌĞŶĚŽ Ƶŵ
ƚŽƚĂů ĚĞ 48ŵ͘

ϱϳ
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DĞƐƉƌĞǌĂŶĚŽ Ă ůĂƌŐƵƌĂ ĚĂ ƉŝƐƚĂ Ğ ĐŽŶƐŝĚĞƌĂŶĚŽ π = 3 ͕ Ž ƐĞƵ ƌĂŝŽ Ġ͕ Ğŵ ŵĞƚƌŽƐ͕ ŝŐƵĂů Ă

;ĂͿ 0, 8
;ďͿ 1, 0
;ĐͿ 1, 2
;ĚͿ 2, 0

R͗ O ĐŽŵƉƌŝŵĞŶƚŽ ĚĞƐƐĂ ƉŝƐƚĂ Ġ͗

C =
48

8

C = 6ŵ

DĂş͕ ĂƉůŝĐĂŶĚŽ Ă ĨſƌŵƵůĂ͗

C = 2πR

6 = 2 · 3 · R

R = 1ŵ.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϲͿ QUESTÃO ϰϴ

DƵĂƐ ĐŽƌĚĂƐ ƐĞ ĐƌƵǌĂŵ ŶƵŵ ƉŽŶƚŽ ĚŝƐƟŶƚŽ ĚŽ ĐĞŶƚƌŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ ĐŽŶĨŽƌŵĞ ĞƐďŽĕŽ͘

ϱϴ

Italo Marinho Sá Barreto

Aula Extra

Matemática III p/ Escola de Sargentos das Armas (EsSA) Com videoaulas - Pós-Edital

www.estrategiaconcursos.com.br

1305820

65163187007 - Alana Daiane Vanlentina



á ƉĂƌƟƌ ĚŽ ĐŽŶĐĞŝƚŽ ĚĞ ąŶŐƵůŽ ĞǆĐġŶƚƌŝĐŽ ŝŶƚĞƌŝŽƌ͕ Ă ŵĞĚŝĚĂ ĚŽ ĂƌĐŽ x Ġ

;ĂͿ 40◦

;ďͿ 70◦

;ĐͿ 110◦

;ĚͿ 120◦

R͗ á ƉĂƌƟƌ ĚĞƐƐĞ ĐŽŶĐĞŝƚŽ͕ ĚĞ ąŶŐƵůŽ ĞƐĐġŶƚƌŝĐŽ ŝŶƚĞƌŝŽƌ͕ ƚĞŵŽƐ ƋƵĞ͗

60◦ =
x+ 50◦

2

120◦ = x+ 50◦

x = 70◦.

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϳͿ QUESTÃO ϰϵ

SĞA͕ B͕ C ĞD ƐĆŽ ƉŽŶƚŽƐ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͕ Ž ǀĂůŽƌ ĚĞ x Ġ ŵƷůƟƉůŽ ĚĞ

;ĂͿ 5

ϱϵ
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;ďͿ 6
;ĐͿ 7
;ĚͿ 8

R͗ BĂƐƚĂ ĂƉůŝĐĂƌ ƉŽƚġŶĐŝĂ ĚĞ ƉŽŶƚŽ͗

PA · PB = PC · PD

x · (x+ 8) = (x− 2) · (x− 2+ 14)

x2 + 8x = (x− 2) · (x+ 12)

x2 + 8x = x2 + 12x− 2x− 24

12x− 8x− 2x = 24

2x = 24

x = 12.

VĞũĂ ƋƵĞ 12 Ġ Ƶŵ ŶƷŵĞƌŽ ŵƷůƟƉůŽ ĚĞ 6͕ ƋƵĞ ŶŽƐ ƉĞƌŵŝƚĞ ĂĐŚĂƌ Ă ĂůƚĞƌŶĂƟǀĂ ĐŽƌƌĞƚĂ͘

GĂďĂƌŝƚŽ͗ B

���;EEARͲϮϬϭϴͿ QUESTÃO ϱϬ

CŽŶƐŝĚĞƌĞ Ž ƋƵĂĚƌŝůĄƚĞƌŽABCO͕ ĚĞ ǀĠƌƟĐĞƐA͕B ĞC ŶĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ğ ǀĠƌƟĐĞO ŶŽ ĐĞŶƚƌŽ ĚĞůĂ͘
NĞƐƐĂƐ ĐŽŶĚŝĕƁĞƐ xŵĞĚĞ

;ĂͿ 30◦

;ďͿ 45◦

;ĐͿ 55◦

ϲϬ
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;ĚͿ 60◦

R͗ O ąŶŐƵůŽ ∠ABCŵĞĚĞ Ă ŵĞƚĂĚĞ ĚŽ ĂƌĐŽ ƋƵĞ ƐƵďƐĐƌĞǀĞ͘ LŽŐŽ͕ ∠ABC = 110◦͘ VĞũĂ ƋƵĞ ∠AOC

Ġ Ž ƌĞƉůĞŵĞŶƚŽ ĚĞ 220◦͕ ŝƐƚŽ Ġ͕ Ġ Ž ƋƵĞ ĨĂůƚĂ ƉĂƌĂ 220◦ ĐŚĞŐĂƌ Ă 360◦͘ LŽŐŽ͕
∠AOC = 360◦ − 220◦ = 140◦͘ FĂǌĞŶĚŽ ĞŶƚĆŽ Ă ƐŽŵĂ ĚŽƐ ąŶŐƵůŽƐ ŝŶƚĞƌŶŽƐ ĚŽ ƋƵĂĚƌŝůĄƚĞƌŽ
ŝŶĨŽƌŵĂĚŽ͗

50◦ + 110◦ + 140◦ + x = 360◦

300◦ + x = 360◦

x = 60◦.

GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϭϴͿ QUESTÃO ϱϭ

CŽŶƐŝĚĞƌĞ ƵŵĂ ƌŽĚĂ ĚĞ 20Đŵ ĚĞ ƌĂŝŽ ƋƵĞ ŐŝƌĂ͕ ĐŽŵƉůĞƚĂŵĞŶƚĞ Ğ ƐĞŵ ŝŶƚĞƌƌƵƉĕĆŽ͕ 20 ǀĞǌĞƐ ŶŽ
ƐŽůŽ͘ áƐƐŝŵ͕ Ă ĚŝƐƚąŶĐŝĂ ƋƵĞ ĞůĂ ƉĞƌĐŽƌƌĞ Ġ πŵ͘

;ĂͿ 100
;ďͿ 80
;ĐͿ 10
;ĚͿ 8

R͗ O ĐŽŵƉƌŝŵĞŶƚŽ ĚĞƐƐĂ ƌŽĚĂ Ġ͗

C = 2πR

= 2π · 20

= 40πĐŵ.

GŝƌĂŶĚŽ 20 ǀĞǌĞƐ ƉĞƌĐŽƌƌĞƌĄ 20 · 40π = 800πĐŵ͘ PĂƐƐĂŶĚŽ ƉĂƌĂ ŵĞƚƌŽƐ͗

800πĐŵ = 8πŵ.

ϲϭ
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GĂďĂƌŝƚŽ͗ D

���;EEARͲϮϬϭϴͿ QUESTÃO ϱϮ

O ƚƌŝąŶŐƵůŽABC ĞƐƚĄ ŝŶƐĐƌŝƚŽ ŶĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ͘

SĞ BC = 8͕ Ă ŵĞĚŝĚĂ ĚŽ ƌĂŝŽ Ġ

;ĂͿ 4
√
2

;ďͿ 2
√
2

;ĐͿ 4
;ĚͿ 2

R͗ BĂƐƚĂ ĂƉůŝĐĂƌŵŽƐ Ă ůĞŝ ĚŽƐ ƐĞŶŽƐ͗

8

ƐĞŶ45◦ = 2R

8 = 2R · ƐĞŶ45◦

8 = 2R ·
√
2

2

8 = R
√
2

R =
8√
2

R = 4
√
2.

GĂďĂƌŝƚŽ͗ A

ϲϮ
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���;EEARͲϮϬϭϵͿ QUESTÃO ϱϯ

O ƐĞŐŵĞŶƚŽAT Ġ ƚĂŶŐĞŶƚĞ͕ Ğŵ T ͕ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚĞ ĐĞŶƚƌŽO Ğ ƌĂŝŽ R = 8Đŵ͘ á ƉŽƚġŶĐŝĂ ĚĞA
Ğŵ ƌĞůĂĕĆŽ ă ĐŝƌĐƵŶĨĞƌġŶĐŝĂ Ġ ŝŐƵĂů Ă Đŵ2͘

;ĂͿ 16
;ďͿ 64
;ĐͿ 192
;ĚͿ 256

R͗ VĞũĂŵŽƐ Ă ĮŐƵƌĂ ĐŽŵ Ž ƌĂŝŽ ƚƌĂĕĂĚŽ͗

30
◦

8 x

PŽĚĞŵŽƐ͕ ĞŶƚĆŽ͕ ĞŶĐŽŶƚƌĂƌ x ƵƐĂŶĚŽ ƚƌŝŐŽŶŽŵĞƚƌŝĂ ŶŽ ƚƌŝąŶŐƵůŽ ĚĞƐƚĂĐĂĚŽ Ğŵ ǀĞƌŵĞůŚŽ͗

ƐĞŶ30◦ = 8

x
1√
3
=

8

x

x = 8
√
3.

á ƉŽƚġŶĐŝĂ ĚĞ Ƶŵ ƉŽŶƚŽ Ğŵ ƌĞůĂĕĆŽ ĂŽ ĐşƌĐƵůŽ͕ ĐŽŶŚĞĐŝĚŽ Ƶŵ ƐĞŐŵĞŶƚŽ ƚĂŶŐĞŶƚĞ ƉŽĚĞ ƐĞƌ
ĐĂůĐƵůĂĚŽ ƉŽƌ x2͗

x2 = (8
√
3)2

ϲϯ
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= 64 · 3

= 192.

GĂďĂƌŝƚŽ͗ C

���;EEARͲϮϬϭϵͿ QUESTÃO ϱϰ

CŽŵ Ƶŵ ĮŽ ĚĞ ĂƌĂŵĞ͕ ĚĞƐĞũĂͲƐĞ ĐĞƌĐĂƌ ĚŽŝƐ ũĂƌĚŝŶƐ͗ Ƶŵ ĐŝƌĐƵůĂƌ͕ ĚĞ ƌĂŝŽ 3ŵ͕ Ğ Ž ŽƵƚƌŽ ƚƌŝĂŶŐƵůĂƌ͕
ĐƵũŽ ƉĞƌşŵĞƚƌŽ Ġ ŝŐƵĂů ĂŽ ĐŽŵƉƌŝŵĞŶƚŽ ĚĂ ĐŝƌĐƵŶĨĞƌġŶĐŝĂ ĚŽ ƉƌŝŵĞŝƌŽ͘ CŽŶƐŝĚĞƌĂŶĚŽ π = 3, 14͕ ƉĂƌĂ
ĐĞƌĐĂƌ ƚŽƚĂůŵĞŶƚĞ ĞƐƐĞƐ ũĂƌĚŝŶƐ͕ ĂƌƌĞĚŽŶĚĂŶĚŽ ƉĂƌĂ ŝŶƚĞŝƌŽƐ͕ ƐĞƌĆŽ ŶĞĐĞƐƐĄƌŝŽƐ ŵĞƚƌŽƐ ĚĞ ĂƌĂŵĞ͘

;ĂͿ 29
;ďͿ 30
;ĐͿ 35
;ĚͿ 38

R͗ O ũĂƌĚŝŵ ĐŝƌĐƵůĂƌ ƚĞƌĄ ƉĞƌşŵĞƚƌŽ ƉŽƐƐşǀĞů ĚĞ ĐĂůĐƵůĂƌ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

C = 2πR

= 2 · 3, 14 · 3

= 18, 84ŵ

O ũĂƌĚŝŵ ƚƌŝĂŶŐƵůĂƌ ĚĞǀĞƌĄ ƚĞƌ Ž ŵĞƐŵŽ ĐŽŵƉƌŝŵĞŶƚŽ͕ ŝƐƚŽ Ġ͕ 18, 84ŵ͘ ĚĞƐƐĂ ĨŽƌŵĂ͕ ƐĞƌĆŽ
ŶĞĐĞƐƐĄƌŝŽƐ͕ ƉĂƌĂ ĐĞƌĐĂƌ ĂŵďŽƐ͗

18, 84+ 18, 84 = 37, 68ŵ

≈ 38ŵ.

GĂďĂƌŝƚŽ͗ D

ϲϰ
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Ϭ͘ϭ GáBáRITO

Q͘ ϭ͗ D
Q͘ Ϯ͗ C
Q͘ ϯ͗ B
Q͘ ϰ͗ B
Q͘ ϱ͗ D
Q͘ ϲ͗ B
Q͘ ϳ͗ D
Q͘ ϴ͗ D
Q͘ ϵ͗ C
Q͘ ϭϬ͗ á
Q͘ ϭϭ͗ B

Q͘ ϭϮ͗ C
Q͘ ϭϯ͗ D
Q͘ ϭϰ͗ C
Q͘ ϭϱ͗ B
Q͘ ϭϲ͗ á
Q͘ ϭϳ͗ B
Q͘ ϭϴ͗ B
Q͘ ϭϵ͗ B
Q͘ ϮϬ͗ á
Q͘ Ϯϭ͗ D
Q͘ ϮϮ͗ D

Q͘ Ϯϯ͗ á
Q͘ Ϯϰ͗ á
Q͘ Ϯϱ͗ á
Q͘ Ϯϲ͗ á
Q͘ Ϯϳ͗ D
Q͘ Ϯϴ͗ B
Q͘ Ϯϵ͗ á
Q͘ ϯϬ͗ B
Q͘ ϯϭ͗ B
Q͘ ϯϮ͗ á
Q͘ ϯϯ͗ á

Q͘ ϯϰ͗ C
Q͘ ϯϱ͗ B
Q͘ ϯϲ͗ á
Q͘ ϯϳ͗ á
Q͘ ϯϴ͗ B
Q͘ ϯϵ͗ C
Q͘ ϰϬ͗ á
Q͘ ϰϭ͗ D
Q͘ ϰϮ͗ B
Q͘ ϰϯ͗ D
Q͘ ϰϰ͗ B

Q͘ ϰϱ͗ B

Q͘ ϰϲ͗ á

Q͘ ϰϳ͗ B

Q͘ ϰϴ͗ B

Q͘ ϰϵ͗ B

Q͘ ϱϬ͗ D

Q͘ ϱϭ͗ D

Q͘ ϱϮ͗ á

Q͘ ϱϯ͗ C

Q͘ ϱϰ͗ D

ϲϱ
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