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GAHLVEONI — Razoes trigonométricas no triangulo retangulo
- b <5 cV5
6. = —_—= —— = ——
tgB = > =b >
2 2 _ .2 _, 5c? 2 _ =
b2 + = a2 = +¢c =36=c=4eentdob = 2V5
14. a) sen 20°15' = sen 20° + % (sen 21° — sen 20°) =
= 0,34202 + % (0,35837 — 0,34202) = 0,34610
— o, 30 5 "
b) cos 15°30' = cos 15° + %(cos 16° — cos 15°) =
= 0,96593 + 2—8 (0,96126 — 0,96593) = 0,96358
[o] I o 40 [o] o
c) tg12°40' =g 12° + &5 (tg 13° — g 12°) =
= 0,21256 + % (0,23087 — 0,21256) = 0,22476
o 1] o 12 o o
d) sen 50°12' = sen 50° + E(sen 51° — sen 50°) =
= 0,76604 + % (0,77715 — 0,76604) = 0,76826
oS oy ¥ . "
e) cos 70°27' = cos 70° + E(cos 71° — cos 70°) =
= 0,34202 + g—g (0,32557 — 0,34202) = 0,33462
(o] 1] o] 35 o o o
f) tg 80°35' = tg 80 +—66(tg81 — tg 80°) =
— 5,67128 + g% (6,31375 — 5,67128) = 6,04605
15. b=4-1g35°=b=280084cm
. _
a =05 35° = a = 4,88311 cm
16. c-sen30°=4=c=8

a2

b=C'tg3O°=>b=‘8_§\j:3__
=b2+c'4’=:»a=—1%;jg

COMPLEMENTO PARA O PROFESSOR | MANUAL
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17. b-00515°=4=>b=4\/§(\/§—1)
c-cos75°=4=>c=4\/§(\/§+1)
a?2=b2+c?=a=16

18. h=y-tg30°eh=x-tg60°=>—;—=%
19. XxX=25-5en 70° = x = 23,49 m
X+2=2549m
h+y y
21. d= ed=—""—=
tg p Ea pulg
h
=h=d(tgB —tga) [ 1]
B/ y
0; - , -
I d |
H-h h 8B )
22. AB=—e AB=——=H=h +1
tg B tg a (tga

23. Xx=y-tg31°63' e x=(60 +y) tg 30° = x = 503,57 m
503,57 + 1,50 + 721,50 = 1226,57 m

1,50 m

nivel do mar 721,50 m

Fundamentos de Matemética Elementar | 3
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24. X = 7000 - tg 84° = x = 66,60 km
7000

Y=m=>y=66,97km

25.  y=x-1g24°ey= (10 + X)-tg 20° = x = 44,72m
B

20° 24°
10 X C

A

26. 4 -x=3:c0520°=x=1,18 m

es@‘\a 20°
4m
X
o \RVNNII® — Arcos e angulos
35, a-b=-%
12 ,_165n _tim . 150w _5m
7w 180 ~ 12 180 = 6
at+b=—7
4
36. a+b+c=13°

a+b+20=15°}=>a=4°,b=7°ec=2°
a+2b+c=20°

- iTe i\

a=%rad = a=-2§r-radou120°

3 | Fundamentos de Matemaéatica Elementar
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40. €=a-r=45-7=31,5cm

40
42- —_ — o — °
8) & = 5 30° = 20 2

8 = 180° — 20° = 160° 9 3

=55 500 = 97 50
b) o« = Z5-30° =275

6 = 180° — 27,5° = 152,5° ou 152°30'

_30-30° _
60
6 = 30° — 15° = 15°

Cc) a 15°

_15
60

6 = 150° — 7,6° = 142,5° ou 142°30'

d) a +30°=7,5°

Fundamentos de Matemadatica Elementar | 3
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GRS — Razdes trigonométricas na circunferéncia

49.

51.

52.

3 | Fundamentos de Matematica Elementar

v
sen1=seng’1=ﬁ 208 T
3 32 ]%
Am _ gon BT _ N3
sen - ='sen—gr == \J_%
4w LR 5w

@ _ o3 _N2 VA
sen - = sen 7= = 5 BT“// -
Y S NG
5w 7m _ 2 }Q
sen—4 = sen T 2 .
T W, F BT, 7
2 2

2m A
1

cV

3 )

V3 V2 _ . _3+12
fg, g edi= g

1- .4 V2\ 4-42
‘Tf?(‘z)- 3

i)= 230 — 63v3

a
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L. I _ V2
57. cos4 cos 5
8 5T 2
COS = = C0s = = —— 5
u
v
™o 11'n'__\/§
58. 0036 = COS 5 - 2 5 -
6 6
5w _ 'rr___:/__§_ ) : )
cos 6 = —CO0Ss 6 = 2 i: - ‘r:i i
7_7[ 5_’“-_— _\/_§_ 7w _73 -2—3 1M
€OS —z= = €08 5= = —— = br
1,42 _ —1+42
60. a) 2+ > 1__2__.
V3 , 1 2 _ 43 +42
b) 2t 5 =2
«/5) 1 N2 -1
c)3027+2(1)- 5
2 3(1)_6(_~N3)_ 21+ 30v3
d ?°+—5'(—2‘) 7( 2)— 70
63. 0° <45°<90°=(sen45°>0ecos45°>0)=>y, >0
180° < 225° < 270° = (sen 225° <0 e cos 225° < 0) =y, <0
ST <anm i <O0cn > olun |- s ]
5 < 1 <2m=|sen 2 <Oecos4>0e sen cos 2=
=Yy =0
270° < 300° < 315° < 360° = (|sen 300°| > |cos 300°;
sen 300° < 0 e cos 300°>0) =y, <0
T g 2T =
66. tg—4——tg4 1
3T _ g 1T _
tg—4——tg4 1 -

Fundamentos de Matematica Elementar | 3
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69. a)V3+1-0=1++3
V3 |, 1 43 -3
LA mt alr e
1 1( V3)_ -18++3
c) 2(1)+—2— (0) ?(_ 3 )— 5
3( .3 _ 6 [:1)_2 _ —3143
9) 5 (-3) 7(3 30 =—35
71. a) 180° < 269° < 270° = tg 269° > 0 ]=> Y, >0
90° < 178° < 180° = sen 178°> 0 2
5w 0y 5
b) O<H<?=>senﬂ>0
37 _ 23w 237w
P - 9N L <0
> & 12 < 27 = cos 12 >0 ¢t =Y,
37 _ 12w 12w
-1 VA 1
e
5 3w ":n'
74. cotg—Z—=cotg—47£=1 " >\T
3’"—- E.:— ’:\,\\ "
coth—cotg 2 1 u
5u %
4
-3 Vi \3
75.  cotg -~ = cotg L~ = 3 — Y =R
6 6 5.,,-\\ /Trr’
517___ 1:— 6 \‘\ ,,’ ?
COtg—6—'— cotg 6 \j§ \’ :, .
by 11w \3 e ™ “
L LI —_— = —v3 7 1w
cotg 5 cotg 5 In lix
3 + 443
77.  a) 33 Sl ppnatid
3 3
—«/§) 1 .m__°N3
b) 2(T ?( V3) >

3 | Fundamentos de Matematica Elementar
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79.

81.

82.

84.

c) %+%—(—*/§)+V§=M

3 5

_ —111V3 - 422+ 70

{8)-2ng0t (-

2

a) 180° < 269° < 270° = cotg 269° > 0
90° < 178° < 180° = sen 178° >0

105

}=>y1>0

T Bt B1r
_<_ —
b) 5 11<ﬂ:sen 11>0
3 231 23t
el LY - el = <0
> 12 < 21 = cos 1o Qe Yo
3w 127 127
—_— < _— <
5 - 21 = cotg - O’
Secgn_:— Ci=_2_-\[§. v“
6 6 =3 . -
Sec7_ﬂ-=—s 01=_£‘\/_§ 6 .o -7 6
6 6 3 \/ - ’/Y N/ >
11 2V3 N\ -3 | V3 .
secT'"—sec%=? -7;;— " 3 | 3, nT«r
5w _ o
sec—s——sec 3 2
2w _ AT
sec-s——sec 3 2

a) 180° < 269° < 270° = sec 269° < —1
90° < 178°<180°=0<sen178°< 1

b) m <

5
11

31
2

3w

AT BT o S e

127

™ 5t
<7=>sen H>O

23
12

17w

12

— << 27 = sec ——

2

7 7

>0

=0

=

cy

}=> y, <0

¥,>0

Fundamentos de Matematica Elementar | 3
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51
COSSEC == = cossec - = 2

86. 5 -
m _ 11w _
cossec 5 cossecT = =2
2w _ w23
87. cossec? = CcoSssec 3~ "3
4 _ 5a_  2V3
cossec - = cossec - = 3
e
89. a) 90° < 91° < 180° = cos 91° < 0 e cossec 91° >0

} =Yy,>0
|cos 91°| < |cossec 91°|

b) 90°%<.107°.< 180° = sen 107¢. > 0.e sec 1075 < 0

} =Y,<0
|cos 107°| < |sec 107°|

1<1=>cotgi7T—>0

7 2

T 3T
WG gt s i

9" 3" 9"
e bz —_—_<
T < 8 < 5 = SeC 8 q

6 0=

I

>0 ¢ = Y¥;<0

90. (2 2 %)(if- s 2) = 1,25(V2 - 4)

3 | Fundamentos de Matematica Elementar
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IR — Relacoes fundamentais

92.

94.

95.

97.

99.

101.

102.

__25 __24
cossec X = 24=:»senx— 55
sen2x+cos2x=1=>cosx=—%
24 7 25
af tg x 7,cotgx 24esec,x 7
_ 2ym _(m—1Vm
cotgx—m_1=>tgx— o
2 s 2 _ m+ 1 — 2‘/_[5
8= x + 1 = sec< X = sec X izﬁ = COS X im+1
2 2 o o _ . (a2 —b? _ 4 (@ +b?
sen<x + cos<x = 1 = cos X T T T p2 T SeCX =t m T2
senx=i=>cossecx=3
3 3
sen?x + cos2x=1= cosx=2T
" = cotg x = 2V2
senx=§
= 2 cossec X _ 2:-3 i = B
Y = CossecZx — cotg2x 9 — 8 y
=2 = By o g s 2, =21
cosx—5=>secx—2,secx fg=x+ L=1g° % 2
5 ety _Af _ 457
y‘(1+4)+<1 3] Y578
5secx — 3(sec2x —1)=1=3sec?x—5secx—2=0
edafsecx=—%=>cosx=—3(néoconvém),secx=2=>

COSX=l
= 2

sen2x +cos?2x=1=senx = =

M|a

sen2x +cos?2x —5senxcosx =3 = —-5senxcosx =2 =

cos? x cos? x

___:’—5senxcosx= 2 o —Bigx = 2(1 + te2 x) =
=>2tg2x+5tgx+2=0=>tgx=—2outgx=—%

Fundamentos de Matematica Elementar 1 3



104.

105.

108.

110.

COMPLEMENTO PARA O PROFESSOR | MANUAL

1 3

e —rn-= 2,2 —_— ] — e
cotg x tgx=>3 g 2m—-3=0=>m=3o0um 1
a+1 Ya+2
cossec X = = senx =
Va + 2 at+1l
2
" e «/a+2) ( 1 )=
sen“x +coscx=1= ( ] ES ) 1=

= al+a—-2=0=>a=1
(senx+ cosx)2=1+2senxcosx=al=1+2b=a?—-2b=1

senXx + cosx =a=>sen?x + 2-senx-cos X + cos?2 x = a2 =

25
= senx- cos x = 2 5 1
y = (sen x + cos x)(sen? x — sen x - cos X + c0s2 X) =
_ az—1 a3 —a?)
_a-i— —
(i~ o) B

o\ IVINORYI® — Arcos notdveis

112.

113.

115.

3 | Fundamentos de Matematica Elementar

6y =V1(2 —V4 —2) = V2 —2; sen—é——ﬂ

2 T 2 T _ a0 2+ tgT = /
sen 8+cos 8 1=>c058 8
=>tg§=—1+\/_

'n'_ 10_2\[5 2 2__ _’TT__\J
sen—5—————4 esen 5\/—:003 5—1=>coss—

T \B5_oV5 gen-=yo—1 2 T 2 T _
=5 2V5; sen AT = BEENP ek e 10 1=
e 1o+2«/§tgw_ V6—-1 _ V25 -10v5

10 ;i 10 v10+2v5 5

P _1__6_} NF .

A {0'7'7'1' B ot . % o

=120, 2] f | A%
B {1,200 =0 ; s
ANB={-1,0, 1}

3n
2
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IRV — Reducdo ao 1° quadrante

118. sen (x +

il P i = sen [ = x|= =3
—)—sen |:'IT (2 +X)] sen(2 X) Cos X E

2
119. a)Sen2x+0032x=1=>cosx=‘/_2§_
b) COS(X+—2—)— cos[ (2 +x)] cos(2 x>
__ _ 1
= —sen X 5 .
=)= ~ (= = i = =_3
c) Sen<X+?)——sen[w 2+x)] sen(2 x) cos X = 3
sen(x+%)
d) tg(x+%)= — 3
™
cos(x+?)
e) cotg(x+1)_—_ 1 __1__V3
S ( +1) = 3
g | X >
f) sec(x+—)= 1 S
cos<x+1)
2
g) cossec (x+%)= 1 S \/25 - 2;/5
sen(x+%)

120. a) [sen x + sen x][cotg x + cotg x] = 2 senx- 2 cotg x =

COS X

=4senx- X=4cosx
senx — 1
b) tg X — sec X = CosS X
[tg x + cossec X] * sen X (sen2x+cosx)_senx
COS X - Sen X
_ senx—1
sen? X + cos X
nx— senx+ tgx tg X
121, =L B¥, IR o f
—tgx —cosx+cosx —tgx
— = + +
122. senx —cosx +cosx +3senx _ 2senx - —tgx

>

—COS X — COS X — sen X + sen X —2c0S X

Fundamentos de Matematica Elementar | 3
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NN/l — Funcoes circulares

124, Vi Vi
r//r P /\
A
\e| /
117
8

>| |

cy

cy
O
e\

‘\\,/‘

1 v~ i 1 — 3
Ap L3t = =
16 do ciclo, no AP = 16 do ciclo, no AP = 16 do ciclo, no

sentido anti-horario sentido anti-horéario sentido horario

VA vA vA 157

e T\
EAPARNPAAND

T R 13w m _ 15w 3w _.
AP = 16 do ciclo, no 5 e 5 sao 5 e > sao

sentido horario congruos congruos

AP = A do ciclo, no

12
sentido anti-horario

AP = 3 do ciclo, no

4
sentido horério

, [
N 1/

.
177 = -alar - -Tw R
G e x sao congruos 7 €2 sao congruos
—~ .1 , ; {
AP é g do ciclo, no AP & —8— do ciclo, no

sentido anti-horério sentido horério

3 | Fundamentos de Matemética Elementar
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126.

127.

130.

E= {A', A} F= {Ay Pl’ P21 A'y P31 P4}

)
B

Vi
P, Py
A' A A'é A
P —"p

4

cy

I
5

G = (P, P} H={P,, P, P, P,

Vi VA
B B

Py

&
cV
o
cy

P;

B B'

a) 830° = 2(360°) + 110° = sen 830° = sen 110° = sen 70°
1195° = 3(360°) + 115° = sen 1195° = sen 115° = sen 65°
0° < x < 90° = sen x é crescente = sen 830° > sen 1195°

b) —535°=—-360°—-175°=>cos (—535°) =cos(—175°) = — cos 5°
cos 190° = —cos 10°% 0° < x < 90° = cos x é decrescente =
= cos 5° > cos 10° = cos 190° > cos (—535°)

Im(f) = [-2, 2]
p=2m

0 0 0

T

) 1 =2

™ 0 0

3w )

2 . e

2m 0 0

x »

Fundamentos de Matematica Elementar | 3




132.

3 1
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n

- ‘}
v
X

<Y

Im(f) = [0, 3]
p=w

Fundamentos de Matemaéatica Elementar

xY



MANUAL | COMPLEMENTO PARA O PROFESSOR

136.

137.

y=—sent

A

B -1
3m ™ 0
Omr 3m
2 2 1
61 2m 0
_
17\

Im(f) = [-1, 1]
p = 6w

0] 0 0
5| 2 3
% T 0]
&% 2w 0

Fundamentos de Matematica Elementar | 3
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YA

139. £ f=.'72 +senx | Im(f) =[-3, —1]
. T et D= 2

0 0 -2

™

5 1 i

™ 0 -2

3

5| =

2T 0 -2

\_ 3
YA

xY

3 | Fundamentos de Matemaética Elementar
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140. Im(f) = [~1, 3]
p=2m

a

5 1 3

0y 0 1

3

2| It L

27 0 1

N Y,
YA
]
141. Im(f) = [1, 3]
p=2m

0 0 2

0

) 1 1

T 0 2

3
Bz a

21 0 2

- y,

Fundamentos de Matemética Elementar | 3
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2.. ____________________ -—— -

L B il e T (et
, | ‘\ 1 ] [}
1, ] | 1 1
’ . > ! ! -
T l\ U A Logl
0 b s 3m 2 X
Y
rd
2 Mo 2
—1..__..___-.._____..__‘-|.= _________

142. Im(f) = [—2, 0]

p=

YA

xy

3 | Fundamentos de Matematica Elementar
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143. Im(f) = [-2, 4]
p = 4m
0y
™ ) 1 4
2 T 0 1
3m 3?“ 1 2
k4'11' 2m 0 1 J
YA
BT  EEEEREEE R EE P LR L RS
NI % S WS SO S D
ol O WRRCEELEEEEEEEEEEEEY
1 A
0 —— 1;‘\ 7
_.‘I- ———————————————————
_2. --------------------
145. K Im(f) = [—1, 1]

+ — v
=Xtz

= p=2m
. 3 0 0
5| = 1
2?'“ T 0
\533 2T 0 J
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YA

xy

146. T RS B ™ Im(f) = [—1, 1]

| t=22-T | y=sent | p=x

xy
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147.

149.

COMPLEMENTO PARA O PROFESSOR

Im(f) =[—1, 3]
p=4m

1+2sent|

{

ik ¥ pben

0
3 0 0 1
41 ™
=3 2 1 3
7t
3 ™ 0 1
101w 3
3 3 -1 Ba
A3 21 0 1
L 3 W,

v 2
—=>p=—=

2m
2 c 2m

t=2nwx +
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s Im(f) = [~1, 3]

p=

xy

152.  a) —1s2—5ms1=>—3s—5ms—1=>%<ms%

m—-1_ _ 2m -3 - B &

b) m—2> 1=:»——m_2 O=m > oum > 2 (A)
m—1 1 _<o <
m—2\1=>m—2 = m< 2 (B)

Fazendo a intersegao de (A) com (B), vem m < %
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153. Im(f) =[—1, 1]
p=2mw
™
> 0 0
1y -1 1
3
'y 0 0
LZ’n’ 1 -1
»
YA
: 2
154. Im(f) = [-2, 2]
p=2m
0 il 2
'
> 0 0
™ =1 =2
3
E3 0 0
2 il 2
\_ J
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<

A X

25

V3l

6--

1T=

s e

)
m
LR
&
€
Eq
C
@
& 1
W
w m
| m o ™M o ™ o
: @
I m
> ,m
a
p .. U
e < | o | o - 2
g [11]
3 B
e i)
b 0
£
E E = m
e N E N
5 © |E ) N €
NGty J 0
=
L

155.
3
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156. S  IM(f) = [0, 1]
cosx | y=|[cosx| | p=m

0 ul 1

o 0 0

0y -1 1

3w

5 0 0

27 1 1

- 7
YA
X

157. Im(f) = [-1, 1]

p=m
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x VY

158. Im(f) =[-1, 1]

15y = cosit

:I.Er:’gc ;‘;?.2;:5,.&;3 [, :2‘:»’.1}."':)’:‘;;;..‘_‘_;_"‘5‘:; p = 4’"
0 0 g
T
™ 2 0
2m 0 -1
37
37 5 0
41 21 1
\_ )

YA

xY

- .
3
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159, Im(f) = [0, 2]
p=2m

U

> 0 1

T -1 0

3

2 | 9 1

2T 1 2

R o
YA
57| ORI . O I I Sl
L. S . -
o | _
ol zmm = 2 X
6 4 3 2
160.

0 0 1 3
T ™

5 5 0 1

% ™ g -1

T 3

> 2 0 1

2

-'31 2T 1 3

b J
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161.

e
EaN

" 29
3 | Fundamentos de Matematica Elementar -
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162.

163.

P Im(f) = [—2, 2]
_dm_m _
=3 3 2
o
3 0 2
51 ™
6 2 0
4
= | -
11w 3m
= > 0
71
s 2m 2
3 P
YA
ek s, srkcans B W S B S e S S & Rk
oo
0 P g
3
_‘l....
_21 ______________________________________
= | TR )\ Im(f) = [-3, 1]
| cost|y=—-1+ 2cost
e RS _37m_ m _2m
P=2 "127 73
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t+2 3t+1 1 1

164. i o > - =
2t—1> 1=>2t_1>0=>t< 3out>2(A)
t+2 —t+ 3

Ty oy

<O=>t<%out>3 (B)

Fazendo a intersegao de (A) com (B), vemt < gt out=3.

3
166.
0 1 1
mei|ic AR
Azl 72 i
T
> 0 -1
3w V2 _
47 P V2
T = i |
4 2
3w
- 0 =1 1
Im | N2 | _N2
4 sy 2 V2
2m 1 0 1
Vi v,
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167.

168.

169.

171.

172.

YA

Solugao 1
O<x<-"2l=>senx>0esenx<1=>sen2x<senx (1)
0<x< —;r—=>cosx>0ecosx<1=>cos2x<cosx (2)
De (1) + (2) = sen x + cos x > 1.

Solugao 2
; No triangulo OP,R temos:

OF, + PP > 0P

x Y

yi |
Y
. _ (um lado é sempre menor que a soma |
Of P dos outros dois) |

Entao: |

cosx+senx>1

o™

t=4X;t=0=>X=0;t=2ﬂ=§x=?;p=%—0=_2w_

A sequéncia é cos a, —COS «, COS o, —COS q, ...; entdo: a soma dos
12 termos iniciais é zero.

a) t=3x;3x¢%+kw;D(f)={xER|x¢%+k%,kEZ}

T T, 5u T
=2x— 0 .ox— T 2T 4 ka:D(f)={xE ALV Y L
b) t=2x 3 X 3 #* 5 r; D(f) {x IRIx;vE12+k2 kEZ}

02 —56a+4=0=a<loua=4
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174.

175.

176.

177.

178.

3 | Fundamentos de Matemaética Elementar
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t=2X 4+ = ox . e T . | e |
3 6¢2+k'n', | :
D(f)=[xER|x¢%+kl27—,kEZ} 5 ;
_m oy A . ! S
AR R Wi - R S L O
p=1—(—1 _m 3 12 6, 3
6 3/ 2 | 5
g 3 W, W =2 Sip
t=x— 37X =3 #kmD(f) {XERIX¢3+k~n,kEZ}
T 1) 47t 47 m
< —_— — e S . = _——— =
0<x 3<'n'=>3<x<3,p 3 3 =T
t=2x,2x¢%+k¢r,D(g) {xeR|x¢I+k2,keZ}
3 3 37 T\ _
—5-<2X<7=> T<X<4,p —4—' ('Z')—'IT
— U Ll _m
t=x+ 4,x+4¢kfn, D(h) [XERIXaﬁ 4+k'rr,kEZ}
0<x+—<2~n=>——<x<7“p—ﬁ'——<——"l>=2w
4 4 4' 4 4

a)2-m=0=>m=s2
b) 3m—2s—1=>ms%ou3m—2>1=>m>1

2Mi A oie -m_ _ Lo <_}_
c)1 3m 1=>1 3m\O=>O m<-3

ou

om—-1_,_5m-2_,_ 1 2

o L Rl > —aems=

T-3m -1 1-3m 073 " %

A
1 (1+cosx)2 _ COSX _ COSX _ CosX
) g T gl 2y
<1+ 1) (1 — cos x)2 Vi —cos?x Vsen?x [senx|
coS X
senx o X cos?x COSX _ . g
= : 5 = cotg® X

1 senx sen?x
——— — coS X
cos X
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179.

180.

181.

182.

183.

184.

185.

186.

1-sen?9 (1 +send)(l—send) _
1—-senf 1 —send =g = B

1
(cos? x+-sen?x)(cos? x — sen?x) _ c0s2 X — OS2 X - tg2 x _

(4 + X1 — &%) Tsec? x - (1 - tg2x)
_COS’X _ 4
= === = cos? X
sec? x
2 2
sen“x+(1+cosx)” __ 2+2cosx __2 _ 5 .issecx

sen X - (1 + cos x) senx-(L+cosx) senx

sen X — cossec X = t = (sen x — cossec X)? = t2 =
= sen? x + cossec?x = t2 + 2

k)
sec?Xx _ sen®x n _(n—=1)?
cossec?x 1 —sen?x (n—1)2_ 2n — 1
= n
- sen(—x) _ _senx _ _ . o
a) tg (—x) o =% =7 tg (x); a fungao € impar
b) cotg (—x) = - H —cotg (x); a fungdo é impar
tg (—x) tg x ! ¢ P
c) sec (—x) = 2 a- 1 sec x; a fungao é par
cos (—x)  cos X !
d) cossec(—x)= = S S —cossec X; a fungao é impar
sen (—X) sen x '

a) 0 € D(f), fé impar = f(—0) = —f(0) = f(0) + f(0O) = 0 = f(0) = O

b) fé impar= f(—x) = —f(x) _fy) — = _
et = T3] o }::» f(x) = f(x) = 2f(x) = 0 = f(x) = 0, Vx
f(x) = f(—x) = 3 = f(x) é par; g(x) é par, Vn, pois

g(x) = f(x) - f(x) ¢+ ... f(x) = I(—x) » f(—x) * f(—x)l' v * f(—X) = g(—x), VX

J

n fatores n fatores
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O\IVIReRVE — Transformaces

188.

189.

190.

193.

195.

cotg (120° + 45°) = = {3 \/§);
R
3
[} O\ ot @ @ '\/5 1__'\/5_'\/_6-_
cos (225° + 30°) = 5 > + 5 5= 4
aigs, e vidoms y s 5 R
se¢ 225° = ——Frrs = V2 -6
5 w_ Y2 V3 1 V2 _V6-+2,
sen (45 30)—7 e ? > = y) ’
cossec 15° = — L = 6 + 2
sen 15
_g=-2-1 _1
CA-B =751 3
0 o_V3 Y2 V2 1 _+6 2
sen (60 +45)—7 ——2—+T ?—T'FT(A) A_B_Q
oLz V3 V2 1 N2 6 2 — 3
cos (30 +45)—7 —-2— —2——2——T T(B)

cos x = +V1 — sen?x = Ts'l_; cosy = —V1 — sen?y = _%-

=15 y=3
tgx_ 81tgy 4

o= -(-8)+ (Y-8

c:,os(x+y)=%;tg(x+y)=——8—4

a) f(x) = cos 2x - cos 2x — sen 2x : sen 2x = cos 4x
D(f) = R; Im(f) = [-1, 1} p = 7

=92. L i il =9. LI
b) g(x) =2 sen3cosx 2cosssenx 2 sen(3 x)

D(g) = R; Im(g) = [-2, 2]; p = 2m
senx | Cos X

_cosx cosx _ tgx+1 _ ( _11-_)
C)h(x)_cosx_senx 1-—tgx B{x+3

COSs X COSs X
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196.

197.

199.

201.

203.

204.

205.

206.

v T 5% A
x+—4—¢—2—+k1r=>D(h)—{xElR|x#4+k~rr}
T oo By e BV
X+z— E=>X-— 4 R zl_(_ﬂ)_ﬂ
4 2 4

f(x) = sen x (cos 2x cos 3x — sen 2x sen 3X) +
+ cos x (sen 2x cos 3x + sen 3x cos 2X) =

= f(x) = sen x cos 5x + cos x sen 5x = sen 6x; p = £

= B
6 3

(2+\/§)—\/§=2_\/§

tg (75° — 60°) =
1+ (2 + V33
2 g
'(gx+cotgx=3=:'sen KBS x=3=>senx-cosx=—£=>
COS X - sen X 3
. =2
= 2-Senx: Ccos x = 3 = Sen 2x = 3

a) sen(%+ 2a>=cos2a=1—25en2a=>sen(-g+2a)=—é—

L )2 Y2 2
b) cos<z+a)— 5 COS o > sen o =>COS(-E+04>=\/1—O—2\/—2-
COSOL=\11—Sen20t=>COSOL='\[3—g . 6
—_ [1_(38V e
sen x i ) (5) = sen X 55
. (A _ 4. (_AB__44
sen3x—3( 5) 4( 5)— 125
—_ o {1232 L
COS X = 1 (13) = COS X = 13"
2.5V - {__5Y_ 2035
°°S3X"4( 13) 3( 13)‘2197
3.ﬂ_(ﬂ)3
tg x = Vsec2 x — =ﬂ=>tg3x= = 3/ __57
: o[@f
3
2 M o M T 14w ™ T 2w
sen 17 —cos 12 +tg§+th——cos 2'§)+tg§+th=
™ V3
ke
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208. a) f(x) = (cos? x + sen? x)(cos2 x — sen? x) = cos 2x

Im(f) = [—-1, 1]
Dif) =R
0 0 1 0
p=m
a a
2 2 0
™
5 ™ =i
3 3
2 | B g
L ™ 2T 1 y

<

=< Y

Im(g) = [0, 2]
D) =R
0 0 1 0 p= %
v n
8| 2 0 1
—}4‘— T —1 2
3 3m
8 | 2 0 1
T
@ 2m 1 0 iF
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c) h(x) =(cos?x+ sen?x)2— 2-cos?x-sen?x=1—2-

YA
.20 L D] . " VoM. byl I SV I B E 0 o0 D SV . o
]
]
:
1
1
L}
14------ fommm-- et T
1 ) 1
1 | 1
1 ] ]
] | !
) I 1
| | 1
! ! ! -
0 L @ 3m T x
8 4 8 2

1—%-sen22x=1——-<

1

2 2

y=hw
0 0 1 1
il Bl 3
8 2 0 2
i 1
4 m —1 2
3 _§1T_ 3
) 0 Y
v
\? 2m 1 1 J
yl}
1

1 — cos 4x) _

Fundamentos de Matematica Elementar | 3

S

xY




209.

210.

211.

212,

215.

216.

COMPLEMENTO PARA O PROFESSOR | MANUAL

-1 s s
a) f(x) 2sen2x, D—T:p—rn
_i1-tg?x . o 20y — 2 20y —
b) g(x) sec? Ox = (1 — tg22x) - cos22x = c0s2 2x — sen? 2x = cos 4x
_2T =T
S Wl el

c) h(x) = (cos? x + sen? x)(cos* x — cos? x - sen? x + sen? x) =
= (cos* x + sen* x) — cos? x - sen? x =
= (cos? x + sen?x)2 — 3 - cos? x - sen? x =

=1—%(sen2x)2=1—%—(—1—_20—34)()=%+%-cos4x

sen2a=2-%-%—%;cos2a=(%)2—(%)2=2—75-;
sen2a+cos2a=%
seca= = =>cosa=——2—;sena= 1—(—3)2=—5;

cos a 3 3 3
o= i (3] [Fromza=2- 5. (-3) -2
cos2b=(%)2—( —g—)2=—é-—%=—%=>cos2b=—%
tgx=acotgx+b-tg%=>tgx=t;x+b(12"tgté)’,(2x)=>

=2tg?x—2a=—-btg2x+b=(2=-be—-2a=b)=b=—-2ea=1
cos 0 = —V1—sen?f=cos @ =—

3 3 3
=——A=25-—+ V10 —=2A=
@,A = V10 5= 18

1 4+-—"1
an) _ /1_+m (ﬂ)z n+1
COS(2)— > = CO0S 2 ——2—-—$

(E&)— 2n+1 s
=BT O+ 2

\V4n2 + 6n + 2
n) L
=°°°S<2) on + 2

1—cos9

ccan & _
Fisen—& =+ 5

= sén

I\J|cb

Q

3 | Fundamentos de Matematica Elementar



MANUAL | COMPLEMENTO PARA O PROFESSOR

X 1—cosx 3., X _ 1—cosx _ V2
8. sy =t T T3 8 T T cosx T 2
1—cos—x
X /1+cosx 7 X 2
2 - —_— — . _=+
19 cos > + N sen 2 >

D
i /10—7\15
= 20
X
s X s /1+cos7= 10+ 72, x _ [10-7V2
4 5 o0 5 i 10 + 72

=5V2 -7
220. secx=4=>cosx=%
3 e xzBr iz Lx g

2 4 2
tg(%+%)= ~cotg 5 = —

_ [d1+cosx |_ 15
1 — cosx 3

_V1-cos2x _ [1 — cos 2x _
222 00 = T T cos 2 N THoos 2 = I€X

|m(f)=R+;p=w;D(f)={xeR|x;el+kw}

2
223, f( = VI+cosdx =2+ |2ELSH_ 5. |cos 24
)
FR
| 2 g5 2-% p
224, tga= = 3
a 1\2 3
et
2 2
a
2-tg2
2 ti 2 3 a 2
€2 1+l

229. a) y=2sen(a+b+c—a+b_c).cos(a+b+c+a—b+0)=

2 2
= 2senbcos(a+c)

b)y=2.cos(a+22ﬂ).cos(w ‘

)=2cos(a+b)cosb i
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c) y=[sen(a+ 3r)+sena]+[sen(a+ 2r)+sen(a+1r)]=

=2'$¢=3r12a;3r 32r+2 sen 23;3r-cos%=
=2-sen —2-%&-(003%+cos%)=4-sen2a;3r-cosr-cos—£—
d) y = [cos (a + 3b) + cos a] + [cos (a + 2b) + cos (a + b)] =
=2-cosza-£3b cos%+2 co s2a"2—3b-cos%=
=2-C0S 2 Z 2 (cos%+ cos—g-)=4-cos2a ; 3b-cosb-cos-g—

e) y = (cos p + cos q)(cos p — cos q)

y=2-cos (p—;—q>'cos (%)[—2-5%('3 Z q)-sen<p ; q)] =
= —sen(p+qg)-sen(p—Qq)

f) y= (senp + sen qg)(sen p — sen q)
y=2'Sen(¥>-cos(%)-2sen<p_q)-cos(p+q)=
=sen(p+q)-sen(p—q)

_1+cos2p_ 1-cos2q
gy > 5

= cos (p + q) - cos (p — q)

_ 2sen(at+b)cos(a—b) _ _
S o —2sen(a+b)sen(a—b) cotg (@ — b)

= % (cos 2p + cos 2q) =

N
N|o
S—

™ 1y a
_sen7+sena_2sen(4 +?) cos(

.2 K v a v
sen 2 sena 2 sen (___ - .5) + COS (_

IS
S
N|o
Se———

~e(f ) eli )
T Fip=mea=
=% (2c0518ql cos§)=%(cos?r+cos?’T’")=—2;’\[5
e L
y=—-%—(—23en 11327r - sen E)=——é— cos%"-—cos%)——%
Ry
y=%—(2sen—g%~cos—2%)—%—(sen—}+sen—%)— 1-'_4‘5

3 | Fundamentos de Matematica Elementar



MANUAL | COMPLEMENTO PARA O PROFESSOR

233.

235.

236.

237.

238.

(tg 81° + tg 9°) — (tg 63° + tg 27°) =

___sen90° sen 90° s
cos 81°-c0s9° cos 63°:cos 27°

1 1 _
% (cos 90°+ cos 72°) —%— (cos 90°+ cos 36°)

2 2 _2(sen54° —sen 18°) _

~sen18° senb54°  sen 18°- sen 54°

=2-2-sen18°-cos36°=4
sen 18° - sen b4°

f(x) = sen 2x + sen (% + 2x> = 2 sen (gx b _’%) . COS (__’g_)

f(x) = V2 - sen (2x + %); D(f) = R: Im(f) = [—V2,v¥2], p= =

T
sen (T-I-X)
tg1+tgx cos . cos x sen(1+x
4 it 4 e 4 r T _
f(x) = =tg{—+x)p=m

S tg x L sen (- — 4
4 sen T X 4

cos - cos X

4

|sen x — seny| = |2 senx—;l- cos~XJ2r—y| =

=|2|-‘sen—x—;—y|-‘cosxT+y'<|2|'lx_y’-1=

2
X~V _
=2.< )‘_Ix—y|=>|senx——seny|<|X—YI

2

a) tgb(tga+tgc)+tgc-tga=cotg(a+c)-(tga+tgc)+tgc-tga=
_Cos(a+c) sen(a+c) L sencsena _
sen(a+cCc) cosacosc cosccosa

_cosacosc—senasenc+sencsena_

COS a CoS ¢ &
b) cos?a + cos?b + cos2¢c— 2-sena-senb- senc =
1+cos2a  1+4+cos2b
= 5 + 5 +(1—sen?c)+(—2-sena-senb)-senc=

=1+cos(a+b)cos(a—b)+1—sen20+[cos(a+b)—
—cos(a—Db)]senc=
=2+ senc-cos(a—b)—sen?c+[senc— cos(a—b)]senc=2
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241. sen 4A + sen 4B = —sen 4C =
= 2 sen (2A + 2B) - cos (2A — 2B) = —2 sen 2C - cos 2C =
= sen (360° — 2C) - cos (2A — 2B) = —sen 2C - cos 2C =
= C0S(2A—2B)=cos2C=>2A-2B=2C =
=>(A=B+C=%OU2A—2B=—2C>:>B=A+C=%—
242, A+B+C=m=C=n—-—(A+B)=>3C=37r—-(3A+3B)=
= sen 3C = —sen (3A + 3B), entdo:
(sen3A +sen3B)+sen3C=0=

AP e 3(A+ B) 3(A B) il 3(A+ B)-cos 3(A+B)_ 0=
2 2 2 2
) w.[ 3A-B) _ 3(A+B)]
= 2-sen 5 cos ——— 5 cos > 0=
: 3(A+B). 3A 3B _
= 4 - sen — 5 sen — > - sen 5 0=
= sen ————* ik By Oousen%=00usen£ 0=
2 2 2
— 1 = 1 == 1 i
=C= 3 ou A 3 ouB 3 (respectivamente)

244. 4 sen (x + 60°) - cos (x + 30°) =
= 4 (senxcos 60° + sen 60° cos x) - (cos xcos 30° — senxsen 30°) =
= (sen x + V3 cos x) - (V3 cos x — sen x) = (V3 cos x)2 — (sen x)2 =
= 3 cos? x — sen? x

245. a) f(x) =sen2x,Im(f)=[—1,1],D)=R,p==
YA

y [ TN o £ SR S ol S

0

1 s
<
1
ﬂ,“
7
4
7/
/7
V'
w
NI:] 1
AN
\
N
Y
-
N
3
<Y

_‘I..-_...-..-__ e i T
b) f(x) = sen 2x + sen (2x + 1) = 2 sen (2x -+ %) - COS (— 1) =

2
= /2 sen (2x 1 7:—)

v
246. senu+ cosu=senu-+ sen (—

5 ) V2 cos(u——) V2cosv(1

sen|—-—2v
2:-senu-cosu_ sen2u _ (2 )_cos2v
V2-senu-cosu= =

\2 R IR 2
_V2-cosv_2-cosv_ _ 2x
"~ cos 2v cos2v  2x2-—1

V2
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1 + cos 30° .

247. n<20-cos?215=20- 5

entdgon = 18

1758 7 yia ,
20 (3 ot T) = 18,66;

248.  f(x) = cos 2x + sen 2x = sen (—"21 + 2x) + sen2x = V2 sen (% + 2x)
Im(f) = [—v2, V2]

O\IVEOP'® — |dentidades

253.  a) f(x) = (cos? x + sen? x)? = 1 = g(x)
b) fix) = —SENX_ | COSX _ senx , cCOSX _
COSSeC X  Sec X 1 1
senXx  COS X

=sen?x + cos2 x = 1 = g(x)

senx , COSX _ sen? x + cos? x
COS X  senx Sen X cos X

254, f(x) = tg x + cotg x =

11
COS X senx

255. f(x) = (sen B0 S0 x)( e cos x)(L — sen x) =
cos X  sen x/\cos x sen x
_ (sen2 X + cos? x)(l — c0s? x)(l — sen? x) _
Sen X cos X COS X sen x
_ sen®x-cos®x _ 1= g(x)
sen? x - cos? x
256.  f(x) = 12 - :L2 A sen";x + 00522 X5 12 . 12 _
cos?x sen?x cos?x-sen?x cos?x sen?x
= sec? x - cossec? x = g(x)

= sec X - cossec X = g(x)

2 2
257. f(x) = cotg“X _ COS“X , 1.

AL Doy Lo i)
= = ’ = cos? x = g(X
cossec?x sen?x’ sen?x g(x)

sen x — cos x)(sen? X + cos? X + Ssen X cos X)
sen X — cos X

258. f(x) = ( =1+ senxcos x=g(x)

259. f(x) = 1 + cotg? x + tg2 x = sec? x + cotg? x = g(x)

260. f(x) = 2(sen % 4 SEI X)(cos x + 208 x) =
coSs X

sen x
_ 2[sen X (cos x + 1)] [cos X (sen x + 1)] L
coS X sen X

= 2(cos x + 1)(sen x + 1) = h(x)
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262.

263.

264.

265.

266.

267.

268.

COMPLEMENTO PARA O PROFESSOR | MANUAL

g(x) = (1 + sen x + cos x)2 =
=1+ sen?x+ Ccos?x+ 2 senxcosx+ 2senx + 2 cos x =
=2(1 + senx+ cosx + sen xcos x) = 2(1 + sen x)(1 + cos X) = h(x)

f(x) =1+ 2 cotg x + cotg?x + 1 — 2 cotg x + cotg?x = 2 + 2 cotg? x =
= 2(1 + cotg? x) = 2 cossec? x = g(x)

1 — cos?x)?2 _ [sen? x\2

A | _ Ll

) (1 — sen? x)? (cos2 x) tg"x = gk)

f(x) — g(x) = cotg?x — 2 cotg x- cos x + cos2x + 1 — 2 - senx + sen?x —
— 1+ 2 cossec x — cossec? x =

COS X
=-=2- *COSX—2-senx+ 2- Lo
sen x sen X
=—2-cos2x—2-sen2x+2_O
sen X

COS X + cOos sen x + sen
fX) — 8 = ooy — Y -
SeNX — Seny  CoSy — coS X
_ cos?y — cos?x — sen®x + sen?y _
(sen x — sen y)(cos y — cos X)

cos x + 25X
f(x) = senx _ (Senx-cosx + cosX) - cos X _
senx  _ 1 sen x (sen x + 1)

COSs X COS X

_cos?x(senx+1) _ : _
senx(senx + 1) G5 X~ e0lg X=ElX)

flad)= sen?x — cos?y + cos?xcos?y _ sen?x — cos?y (1 — cos? x)
cos? x - cos?y cos?2 X - cos?y

_sen®x(1—cos?y) _ ..o ..o, _
= o2 x ooty B My tehy=iel)

g(x) = cossec? x — 2 - cossec X - cotg x + cotg? x =

_ 1  2cosx , cos?x _
“sen?2x sen?x  sen?x
_(d—cosx)? _ (1 — cos x)2 — f(x)
1-cos?x (14 cosx)(1—cosx)
COSX . COSY
_Ssenx__seny _
™) = Senx L seny
COSX COSY
_(cosx-seny+cosy-senx) . (cos x - cos y) _
B senx-seny (senx-cosy + seny - cos X)

= cotg x - cotg y = g(x)
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269.

270.

271.

273.

275.

276.

278..

f(x) = sec?x-sec?y + 2-secx-secy-tgx-tgy + tg2x - tg2y =

=1 +tg?x)(L+1g2y)+ 2 -secx-secy -tgx-tgy +tg2x-tg?y =
=1+1tg2x+1g2y +tg?x-tg?y + 2-secx- secy- tgx-tgy + tg2x - tg2y =
=1+tg2y(1+1g?x)+ 2 secx -secy-tgx-tgy +tg2x (1 +tg2y)=
=1+1tg%y-sec?x+ 2-secx-secy-tgx-tgy+tg?x- sec?y = g(x)

& _(secx—tgx)(secx +tgx) —1 _sec?x—tg2x—1
) — gt = sec X + tg x sec X + tg x

=0

f(x) = (cossec? x — cotg? x)(cossec? x + cossec? x - cotg2 x + cotg?x) =
= (1 + cotg?x — cotg?x)[(1 + cotg?x)? + cossec?x - cotg?x + cotg? x] =
=1+ 2 cotg? x + 2 cotg? x + cossec? x - cotg? x =

=1 + 2 cotg? x (1 + cotg? x) + cossec? x - cotg2 x =

= 1 + 3 cotg? x - cossec? x = g(X)

e _ [ _tg 45° + tg x ]2=[cosx+ sen x]2=
o) = 1" (487 + %) [1—tg 45° tg x COS X — sen X
_1+2senxcosx___g(x)

1 -—2senxcosx

%<a<%=>0,7<sena<1;0<cosa<0,71

7";—<b<127—=>0,7<senb<1;O<cosb<0,71

sen(a+b)—sena—%senb=
=sena(cosb— 1)+ senb(cosa—0,8)< 0=

=>sen(a+b)<sena+%senb

f(x) = [sen A + sen (—qzl - A>]4 = [\/5 - COS (A - _})]4 -

= 4 cos* (A = 1) = g(x)

4

a) senB+senC—senA=25enB;C-cosB;C—zsen_g_.COS%=
=2cos%-cosB;C—23en%-cos%=
= 2cos%{cosB;C— cos B;C]=
= 2cos%[——2 sen—g-sen (——(2:—)] = 4cosg—sen%sen%
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b) cosB+ cosC — cos A =

B+ C B-C A
cos 5 cos 5 (1 2 sen 2)
_ A B-C A)
= -1+ =)=
2 sen — > (cos 5 + sen 5
= —1+ 2 sen —A (cosB C+cos;B+C>
2 2
T, A G
=-1+ 2sen— > [2cos— (:os<—‘,2 )]
Ch B C
1+ 4 cos > cos —2 sen ——2

C) cos2A+ cos2B+cos2C=2cos?A—1+2cos(B+ C)-cos(B—C)=
=2cos?A— 1+ 2(—cosA)cos (B—C) =
=—1+2cosAfcosA—cos(B—C)=
=—-1—-—2cosA[cos(B+ C)+cos(B—C)]=
=—-1—-2cosA(2cosBcosC)=—-1—-4cosAcosBcosC

d) sen?A + sen?B + sen?2C =

—1—-cos2A  1-cos2B , 1—cos2C _
2 2 2
=3+1+4COS2ACOSBCOSC=2(1+COSACOSBCOSC)

e) A+B+C=w=>A+B=w—C;

= — C)= —cots C — COtEA-cotgB—1 _
cotg (A + B) = cotg (w — C) cotgC = cotg A + cotg B

= —cotg C = cotgA- cotgB— 1= —cotgA- cotgC — cotgB-cotgC =
1 1 1
+ +
~ A 8B 1B 1gC  1gC-tgA

=1

a) f(a)=send4a=2sen2a-cos2a=4sena-cosa(cos’a—sen?a)=
=4sena-cos®a— 4senda- cosa=g(a)

b) f(a) = cos 4a=2cos?2a—1=2(2cos?2a— 12— 1=
= 8cos*a — 8cos?a+ 1=g¢ga)

2-1g2 1
) fla) = 7oy o= t§2 2 = (2°1828) T iyme =
_4-tga 1
_tg2 1_(2~tga>2
1-1tg2a
4-1ga (1 — tg2 a)? 4-tga—4-tg%a

“T-tg%a I-t@aP-2 gaP 1-6-t@attga 50
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280. Prova pelo principio da indugao finita.
1 sen2a _ 2senacosa

Paran =

: = = Cos a.
2sena 2sena
Admitindo para n = k: )
cosa-cos2a-...-cos(2k‘1-a)=s—ekﬁﬁ
2%-sena
Provemos que vale paran = k + 1.
1-cosa-cos2a-..-cos(2k"1-a)-cos(2k-a)=
H.I.

_sen (2¥- a) K 2 _1-sen[2-(2%-a)] _sen(2k*1.q)

~ 2%.sena cos (2¢- a) = 2-2%.sena 2k+1.gena
281. a) cotg—oi — cotg o = N i

1 - tg2% 1+ tg2%

_ 1
T a a

tg > 2-1g 5 2:1g >

2%
3 sec” 3 1 =3
g & . L & sena
2-1g 5 2=sen 5 ' C0S 5
1 1 1 1
+ - -t ————=
k) sena sen2a senda sen (2" - a)

= (cotg%— cotg a) + (cotg a — cotg 2a) + ... +
+ (cotg 2"~ 2a — cotg 2"~ 1a) + (cotg 2"~ 1a — cotg 2"a) =
= cotg—g—— cotg 2"a

282. cos2x+ sen?x+ 2senxcosx+ ksenxcosx—1=0=

=senXxXcosX(2+ kK =0=22+k=0=k= -2

(—sen x)(—sen X) _ sen?x

285. a) con x senx _ SenX
- (—cos x)
cos X
senx(—cotgx) _ _cotgx _ o
k) —tg x (—sen X) tgx cotg” x
) —sec X (—cotg x) __senx _ L
cossec x (—cotg x) coSs X g

d) —cos x + cos x + cotg x = cotg x

286. 1—-senx-senx=1— sen?x = cos? x
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(—sen X) - (—tg x) sen? x
287. -1+ o = =k v g = liitgi = Tsec? X
—a2—(@a—h)2-(—1)+2ab b2
288. 2 =r=1
289, y=—cosx+ 2
Im(f) = [1, 3]; p = 2, D(f) = R
vA
| SRR e, S pommme- .
NS it T vk -
el T RIS .. | i i
i R e T
2 2 2

oIV (® — Equacoes

293. sen2x=t=>4t2—11t+6=0=>t=2out=—§—;sen2x=2néoserve;
3 K v
2 = g = +— — i
sen< X 4=>senx _2=>x i3+kw
295. a) bx = 3x + 2km = X = km

ou

™ Kkt
5x=frr——3x+2kfn=>x—§+T
b) 3x = 2x + 2kw = x = 2kmw
ou
3x=frr—-2x+2k1-r=>x=%+2k%

296. senx<0=2-senx-(—senx)+3-senx=2=
= AxER|2senx|senx|+ 3senx—2=0

senx>0=>senx=t=>2t2+3t—2=0=>t=%out=—2;

senx=—2néoserve;senx=%=>x=%+2kwoux=%"—+2kw
297. sen(x+y)=sen0= x+y=k1-r} _m kT Kk
Rl = =K 5 + 5 ey 5 >
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302.

303.

304.

305.

306.

310.

a) 3x=x+2kf:r=;»x=kfnou3x=—x+2k»n-=>x=%T
A _ T km — T
b)5x—x+3+2k¢r=>x—2+120u5x X 3+2k1r=>
___m  km
=X 18+ 3

X
a) (senx+cosx)(secx+cossecx)=4=s(senx+ COSX)(sen X + cos ): 4
COS X sen X

2 2
sen‘ x + 2 se S X + cos
UE: 200 x=4=>sen2x=1=>

COS X sen X
= 2X = = + Qkrr = K
5 2k = X a v

b) sen x = cosy = cos?x = sen?y = cos X = =seny
Notemos que cos x = —sen y = Sec X = —CO0SsecC y =
= (sen x + cos x)(sec X + cossecy) =0 # 4;
entdo s6 interessa a hipétese cos x = seny.
Temos:
(sen x + cos y)(sec x + cossecy) = 4 =

—_-'>(senx+senx)(secx+secx)=4=>tgx=1=>x=—1+ kr

4
edal’y=%+ Kr.

sen’x=y=y3+y?+y=3=(y—-1)(y2+2y+3)=0=>y=1

senx=-_*-1=>x=%+ qu=>x=(2k+1)%

2sen—Z—-cosx=\/§=>cosx=1=>x=2qu

X+y=mT=>X=m—y=>senx=seny

senx + seny = log,;,t* = 2 senx = 2 log,, t = sen x = log,, t
~1<log,t<1=01<t=<10

a) 1+tg2x—2tgx=0,tgx=t=22-2t+1=0=t=1

tgx=1=>x=%+ kmr

b) cossec?x =1 — cotgx = 1 + cotg?x = 1 — cotg x =
= cotg?x=cotgx=0=cotgx=O0oucotgx = —1 =

2 A _ 3m
=>x—-2+kfnoux 4+k17

C) sen 2x - Cos (x + —}I—)— CoSs 2x - sen (x +

=>sen[2x—(x+i4r-)]=0=>sen(x——} =0=x=
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2 tg x

d) 1+sen2x—tgx—tgxsen2x=1+tgx=>sen2x=1_—tgx

2tgx _ 2tgx

1, 2 = =
=>1+tg2x 1_,(g)(::»tg X+igx=0=tgx(tgx+1)=0=
=>tgx=o=>x=quoutgx=—1=>x=%“+ ke

1 2 tg X
311. =
tgx 14 tg2x

:>tg2x=1:>tgx=i1=>x=i—}+ K

tg 5P 1=>tg2p _1=>2p t4+k'n'=>p _2+2k,kEZ
313. tgx=1=:>x=%+kwou
senx—iﬁz:»x=if—+2kfnoux—+2—w+2k,
2 3 3

& g o o1 By w 2w 41w 5w "
entao as raizes positivas sao 243 3 3" 3" e dai
a= % (a menor delas). Temos:

4a—cos2a=sent T ooz T =1 1 _ 1
sen® a — cos? a = sen 2~ cos 7 7 5 2

+ +
2tga_23eca:>x=sena_1

314. A=41tg?a+4=4sec?ax=
2 cos a

316. a) senx+sen<%—x)=-—1=>\/§cos(x——1)=—1=>

4
B oy o VR B AT |
=>cos< —T)_ 5 =>[cos( 4) cos 7 — ]
m _ 5 _ 37
=>X=7m+2kmoucos (X ——]|=c0Ss—=X=—+ 2Kt
4 4 2
e
1 sen—
b) senx — —=cosx=—1 = senx — ‘cosx=1=
V3 COS —
6
:>sen< —1)=——@=>
6 2
T s e Ay o o ST
:[sen(x—g)—sen 3 =% X 5 + 2k ou
T\ _ om il
sen (x—--—6—)—sen 3 =X 5 +2k1'r]
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318.

319.

321.

323.

u+v=1(1)
uz+v2=1(2)’
=>uwW+(1l-ui=1=2u2-2u=0.
Entéo:u=0ev=1=:osen4x=Oecos4x=1=>x=—k21

km
2

a) sen4x=uecosx=v,[ (1) em(2) =

ouu=1ev=0=>sen4x=1ecos4x=0=>x=%+
b) senx=0ecosx=*1=Xx=Km

senx=i1ecosx=0=>x=127—+ K

u+v=1(1)
u2 +v2=1(2)
= U+ 1l-ul=1=2u2—-2u=0.
EntdBo:u=0ev=1=sen2x=0ecos2x= 1= x = Km

sen2x=uecos2x=v,{ 2r(1)em(2) =

ouu=1ev=0=>sen2x=1ecos2x=0=>x=%+ K

W _1-12 (1 —12) 2t

3) senX=g e COSX=T =M T 1+
=st(-2mt—-2m—-2)=0=t=0o0u—2mt—-2m—-2=0=
—(m+ 1)

—(m+1)

=m=

=>t= ,m=#*0
m=0=0-cosx—senx=0,3x, Vm € R.

1-12 2t To— 5
1re 1+8 1+

=S>-m-1t2+2t+1-mMm=0=2A=-4m2+8=0=>
= —V2=sm=+2

b) senx=Lecosx= m=
1+12

a) 2sen (ﬂ%) - COS <m)i—'2-_—ﬂx—) = 0. Entdo: sen WTn)X= =3
i 2Kkt
m-+n
oucos M=NX _ . __m . 2
2 m-—n m-=n
b)2008%"“'003”;bX=O.Entéo:cos(a—+2b)l=0=>
Bl T 2K
a+b a+b
(@—b)x _ __m 2k
ou cos > 0=x — =T
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c n2x—sen(1— ): (_:_3_’(__1) (L 1):
) se 2 X|=0= 2sen 5 3 cos 2+8 0
Entao:
X LT o =T, 2km LS D
sen(2 8) O:>x—12+ 3 oucos(2+8>—0=>
= x=2T 4 okn

4

a) 2sen3x-cos2x —2sen3x = 0= 2sen 3x (cos 2x — 1) = 0.

Entéo:sen3x=O=>x=%"oucos2x=1=>x=kw.

b) 2 cos (2x + a) cos (x + a) + cos (2x + a) = 0 =
=>C0S (2x + a)[2cos (x+ a)+ 1] = 0.Entdo:cos (2x+a)= 0=

ou2cos(x+a)+1=0=>cos(x+a)=—%=>x=23—w—a+2kfrr
oux=%"—a+2kw

C) 2sen4x-cos3x—2sendx-sen(—x)=0=
= 2sen4dx(cos3x +senx)=0=
=>2sen4x[0053x+cos(%—x)]=O=>
=>4sen4x-cos(x+%)-cos(2x—%)=O
Entao:
sen4x=0=>x=kT“oucos<x+%)=O=>
=>x=—'Z—+ kfnoucos<2x—%)=0=:»x=—%‘T+%‘T

1 + cos (2x + 2a) ¥ 1 + cos (2x — 2a)
2 2
=> c0S (2X + 2a) + cos (2x — 2a) = 0 = 2 cos (2x) - cos (2a) = 0 =

=1=

=>cos(2x)=0=>x=%+ kwoux=%Tw+ kw (supondo cos 2a # 0)

(sen 3x — senx) + (cos 2x —cos 0) = 0 =

=2-senx-cos2x—2-sen’x=0=2-senx- (cos2x—senx) =0

Entao:

senx=0=x=kmwou - .

cos2x=senx=>cos2x=cos(7—x):>2x=i<—2——x)+ 2km =
2k

=T, <K - _ T
=>x—6+ 3 ou X 2+2k'n
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328.

329.

330.

333.

V2 1

T ™ 5
. . et = = aute 2 = —44
2-senx cos4 5 = sen x 5 =% 3 + 2k ou x 5 2km
a) Substituindox = 2w ey = % na equacao (1):
sen(27r+—g—)+sen (217—%): 1—1# 2.

b) 2-senx-cosy =2 senx-cosy =1 (A)
senx + cosy = 2 }:’ senx + cosy = 2 (B)  (A) em (B) =

=sen?x—2senx+1=0

Entao:
senx=1(C)=>x=—g—+2kw,(C)em(A)=>cosy=1=>y=2kfn
(cosx+ 1)(senx + 1) = 0. Entdo: cosx+ 1 =0=x= 7 + 2kmw ou
senx+1=0=>x=%"+2kfn
a) (cos?x + sen?x)2— 2-sen?x-cos2x = %::»
5 1 5
5 2w B to g - = 2 = 2
=1 — 2-:-sen‘x-cos*x 8=>1 2sen 2X 8=>
=>sen22x=%
Entéo:sen2x=j2—\/§=>x=%+kﬁrroux=%+kw;
_—‘/§ 27 __ b
sen2x——2—=>x—?+kfnoux—7+kw

b) (cos? x + sen? x)(cos* x — cos? x - sen? x + sen? x) = —g— =%

= (sen* x + cos? x) — sen?x - cos2 x = S

8
L IR )_i. 20y — 9D _ 3 cop2oy_ D
=>(1 5 sen< 2x 7 sen< 2x 8=>1 2 sen 2x—§
Entéo:sen2x=%—=>x=%+kwoux=%"+kfrrou
_—\ji v B _Tm
sen2x——2—=>x——8—+quoux—?+qu
o Mg oee L e - . m
gl 1 5 " sen 2X 2.Entao.sen2x—1=>x—z+kw
ousen2x=—1=>x=%"+k'n
BT Y A T S (A Ty _. V3 _m
d 1 7 sen< x = 16.Entao.senx—t—2~=>x—§+kwou
21
==+
¢ 3 K
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e) (sen x + cos x)(sen? x + cos? x — sen X * cos X)=1=

=> (senx + cos x)(1 — senx- cos x) = 1. Fazendo sen x + cosx =,

21
temos (sen x + cos x)?2 = y2 e dai: sen x - cos x = y 5

1)=1=>(y—1)2(y+2)=0=>

2

= y=10uy= —2 ndo serve, pois —V2 < y < V2; entdo
senx+cosx=1=

) _ _m\_3N2
=2 cos(x Z)—l:cos(x 4) 5 =

=>x=%+2kwoux=2kw

A equagdo fica y (1 or ¥

GNRIYEP® — Inequacdes

l

senx=0=x=2kmoux =1 + 2km
S={XER|2kr <x <+ 2km}

(0
NP

V3 47

senx=——=>x=——+2kwoux=5—'"+ 2Kk

2 3 3

S=[XER|%'—T-+2kwsxs%"+2kw}

Vi

)

u
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337.

339.

senx=£=>x=1+2kfnoux=y-+ 2k

2 4 4
g T _ m
sen x = 2=>x 5 + 2Kk ou X 5 + 2k
S=[XER|2k'nsx<—Z—+2kﬂou%+2kw<xs%+2kw
oui—éﬂ+2kwsx<2w+2kw}

cV

-1 =T _ om
senx—2=>x 6+2k'zroux 6+2kfn

=>x=%"+2qu ou x=11Tw+2kw

1

s=senx = -

2

senx = —

1
2
1
5 ©

N|-

[sen x| <

S={XER|2kwsxs%+2kwou%"+2kfrr<xs7—6“-+2kw

ou——+ 2km < X < 21 + 2km

11w ]
6

va

cV

Fundamentos de Matemaéatica Elementar | 3



COMPLEMENTO PARA O PROFESSOR | MANUAL

340. lsenxl>% @senx>%ou sen x < —%
_‘/—é ) 3
senx——Tﬁ T+2kfnoux—T+2k
_ V2 5n T
sen x = —2——=>x—T+2kwoux—T+2kfn
S= {XER|—+2k'n-<x<%"+2k170u%7+2k11<x<—741+2k17}
vi
37

4

cV

342. a) 2senx—1>0=>senx>%

o iy = T _ om
senx—2 6+2kfnoux 6+2k

S={XER|%+2K1T<X<%"+2K1T}

Vi

cy

b) 2-log, (2-senx— 1) =log, (3-sen?x— 4-senx + 2) =
=>Iog2(2-senx—1)2=Iog2(3-sen2x—4‘senx+2)=>
=(2-senx—1)2=(3-sen’x—4-senx+ 2)=
=sen?x=1=>senx==*1

S6 convém sen x = 1 (devido a parte a), entao x = —g— + 2Kr.
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3 3
S={xeRl.’Zk'rr$xsT+2k'n'0u-43£+2kfn'<x<2'n+2k1r}

W
RN
Y
2
w
>
|
|
|
U
>
I
N+

o Bl Rz - Do
o

cy

cV

S=[XERI%+ 2kfn<xs%"+2kwou%"+ 2kﬂ<xs%“+ 2k'n}

cV
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347. |cosx|<3j——-§ =>—ﬁ<cosx<£
2 2 2
3 @ 117
COS X = 5 =>x——6——+2k7roux——6—+2kfn
cosx=——\l—;3—=>x=%+2kwoux=7—6'"-+2kw

S=[XERI%+ Dk < x < 2T+ Dher oU L + kar < X < LT o 2k~n~}

6 6 6
vi
& W6
—2 1o .
| u
{ 11m
| 6
r
348. |cos x|>£; impossivel, pois —1 <cosx<1;S=
3 V3 V3
2 — = S &A=
350. cos x<4=» > < CO0S X 5
s=[xenl%+2kw<x<%“+2kwou%’+2kw<x<%l+2kw}

VA

cV
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351.

353.

1
2cos?2x—1—cosx=0&cosx<—oucosx=1

S={xEIR|—23£+2kfn-sxs—3—+ 2k'n-oux=2kfrr}

2
A4

VA

|
N|=

}

cy

T o, () s . Qe

senx+sen(—;l—x)<1=>\/§cos<x—%) <1=
= cos(x—%—)<i2_2—

Fazendo x — —Z—= y, temos:

—}+2k1‘r<y<zztl+ ok}

ento 7 + ok <x = T < LTt ke

s={xeR|—“21+2kw<x<2w+2kw}

VA

cy
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355, S=[XERI%+ 2k1-r<xs%+ 2kw}

VA

=
N =1

N|=

W e -

357. S={x€R|%+kfn-<x<%+kw}

cV

358. S={XER|%+ kw<x<w+kw}

\

LK
2

ta

cy¥
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359. S={XER|2k1’r$X$%+2k'nou

%’”+ 2k1r<xs%"+ 2k'nou%11+ 2kfn‘<xs21-r+2k'rr}
VA tA
2frr\ ﬁ
3

cV

o

-
-
P
- \
-7 \
z \
I’ A
- In
\
\

\
6 S5t
3 \

A}

m
3 a .r
6 -
\\ -
\ -
\ -7
\

\

3
S

360. tgx<-V3outgx =3

S={XER|%+ k'zrsx<-1—27-+ km ou

ul < 2m }
2+k'n'<x 3+k1r

cy¥

361. C.E.tgx > 0 (A)
logy = log a'°8'8* = 0 = log a'*8'8* = log 1 = log al*¢®€* = |og a0 =
= alBBXx > g0 = jogtgx < O= logtgx<logl =tgx < 1 (B)
De(A)eB)=0<tgx=1

_ ful om
S—{xERIO<xs 2 oUT<XS 4}
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VA 4

0 T
GNP — Funcdes circulares inversas
363. a)a=arcsenOc»sena=Oe—%sasg—::»a=0
_ RE] _N3 _m R
b) a = arc sen 5 & seno = > e 5 $0L<2 =S o= 3
— _1 N TP K P, |
c)a—arcsen( 2)<:>sena 2e 2sas2=>a 5
= L s
d) a=arcsenl < sena=1e 2<a<2=>a 5
e) a = arc sen ( 1)@sena——1e—%sas%=>a=—%
367. a)a—arcsen( g):sena=—£ = d oy wg T
3 < WORER | 2
_ 1 Sl ul
B = arcsen4=>senB 1 2s[3<2
tg2 o —2v5 tg2
2 = e—— — a 2 =
senc a 1+tg2a=>tga 5 ; sen< 3 1+tg2B=>
_ V15
St V5 (=6 +\3
g (o + B) = tga+tgf _ V5(-6+3)
1-tga-tgf 15+ 2¢3
- _3 N IR, ) s
b)a—arcsen< 5)=>sena 5e 2sas2
003a=\11—sen2a=%;sen2a=2'sena-cosa gg
" 12 12 _m .,
c)B—arcsen13=>senB 13e 2< <2,
2035
V1—sen2B= 3 e e
cospB= sen 13,0033[3 4cos°B—3cosB= 5197
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368.

370.

372.

373.

374.

376.

1 1 T T T
accsen—=a=seNa=—e -~ SaS>a=—
2 2 2 2 6
arcsenx—2-—1T—=>arcsenx——1=>sen—1z-=x=>x=f§
6 3 3 2
a) B=arccosl=cosB=1e0<Bsm=>p=0

B
_ 1 _ 1 o
b) B—arccos—2—=>cosB——2—eOs[3sfn=>B—?
c) B=arccos£=>cosﬁ=%eo

=T
5 sBS'rr=>B—4

B=arccos(—%)=>cos[3=__g_eosﬁsﬂ
senB=V1—cos2B=>senB=f5L
B=arccos%:cosﬁ=%e0s3s'n;senﬁ=m=
_ 35

7

_cosB_2\/§
COth_senB_ 15

arcsenx=A=senA=X
arccosx=B=cosB=x

a) arc cos%= B =» goOS

3
P=7%
=>sen[3=\ll—coszﬁ=%

arccos—15§=a=>003a=%e0<asw=>
=>sena=\11—cosza=%
sen(B—a)=senB-COSa—sena-cosB=—%
7 _ it 2 it ful _ 24
b)arcsen25—8=>sen[3—25e 2sBs2=>cosB—25
12 _ _12 _5
arccosls—a=>005a-13e0sasw=>sena—13
cos(B—a)=cosB-c05a+senB-sena=&
325
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c) arccos(—%)=B=>cos[3=—%e0s3sw=>senﬁ=%e
senp _ __ 2B _ 24
gB COSB =>tg2B_1_tg2B 7
d)arccos7 B=>cospB= 7eO<B<qr=>

25 25

£= 1+cosB _ 4
=>cos2 /——2 5

377. a) cos(2arccosx)=0
arccosx=B=>cospB=xe0sB=ma

coOs2B=0=>2cos2B—-1=0=22x2—-1= O=>x=i—\/é§—

PO R TSt (N N2
O) BN =1y T cosap a@—1 LSxslex#Hoe
x#—ﬁ

YA

xY¥

378. p=arccosV2=cosB =2 ABpois—1<cosp=<1,VBER

380. arctg0=a=>tga=0e——"2l<a<%=>a=o

arctg\/§=B:>th=\/§e—%<B<%=>B=_~

arctg(—1)=a=>tga=—1e—1<a<1=>a=—1

2 2 4
e V3

a"Ctg(—-?>=B=>th=—?e——"27—<B<%=>B=—%
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4 4 3 T
382. - = B b0 ! SO L
arctg( 3) B=1tgp 3 € 2<B<2
fo L ESy o8
CoSB=JT+wp "5
384, a)arctg2=a=>tga=2e—%<a<—12l
arctg3=B=>th=3e——127—<B<127—

[ 1 1 «/o
COS o = +tg2 ? 1+tg2 =

_ tg2 25 ’ tg? B 3\/0
sene=y 1+tg2a 5 senP \/1+tg2

sen (o + PB)=sena-cosP+senf- cos<x-—

2
b) arctg2=[3=>tg|3=2e—127—<ﬁ<%=>
=>senB=2—\["73,005[3:-\/E
5 5
1_ le_T us
arctg?—'y=>tg'y—2e 2<'ys2=>
=>S€n'y=?5,008'y=¥
cos(B—'y)=cosB-cosV+senB-seny=%-
1 _ _ 1. _m s
C) arctgg—ﬁztgﬁ—se 2<(3<2=>
=" 121gp- _ 5
=1g 2B T_tg?p 12
d) arctg2 =B=>tEep= gzie——2—<13<?=>
=Ccosf = A I
\/1+tg2[3 25
11753
£ A (OSSR — 3. - —
cos3B=4-cos°B—3-cosfP 15605
A 4 L & spar o m
386. a)arctg2 B=1tgR= 5 2<B<2=>0<[3<7
arctgi=o¢=>tga ie—1<a<1:0< < =
3 3°° 2 2 *=72

=>o<[3+a<w(A);y=-}(B)

Fundamentos de Mateméatica Elementar | 3
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tgB+o)=SPTBE _ 440

1-tgp-tga
De(A),(B)e(C)=B + a=1+.
1 1 T m K
b === e =L A o <5
)arcsen\/g B=senp \/ge 5 SpS5=0<p<5 .
3 3 T
arccos —=a=csa=—el<asm=20<a<+
V10 V10 2
:>O<B+oc<1r(A);y=%(B)
2q__ 1B desl bor By o oo 1
sen< f3 1+tg23=>th 2,cosa 1718 =>tga 3
_ _EgRp+tga _ . _
CB+O=T =L ©€Y0O
De (A, B)e(C)=B+a=n+.
3 _ i3 4
c) arccos=—=a=cosa=—el<asm=20<a<—+
5 5 2 =
arccos——B cos B = 1§e0<[3<qr=>0<8<—?2—

—0<a+p<m(A)

arccoslg= = COS =16
65 Y~ %5

sena.=\11—cosza=%;sen[3=\I:L—cos2 =_1§§

cos (o + B)=cosa-cosB—sena-senB—%—cosy(C)
De (A),B)e(C)=a+ B =1x.

e0=<vy=a(B)

24 24 w s )

d) arcsenig—aﬂsena—ige > Sas< <7 0<0L<—2
3 _ G IORE S | w [

arcsen—5——B=>senB—5e 25[3 2=>O<[?,<2

=0<a+B<m(A)

arctg%=y=>tgy=%e—%<y<%(8)

sen2a=1—3_g2t—gjl2—a=>tga=274 sen?p = 1ngtg%§=>tg[3=%
24_3
gla—B) = — e = o= 17 ()
L S o
De (A), (B) e (C) = a — B = .
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2 2 T T i3
387. == =—e—— — —_
a)arctg3 a=>tga 3e 2<a<2=>0<a<4=>
=>O<2o¢<%
12 12
et < B
arccosls B=cosB= 13eO<B<1-r=>O B 5 =
=0<2a+B<7m(A)
L2
a3 1 . 5
tg2a— (32 5 ; COS 20 = 122—13,
2 1+ ()
/ 5
sen2a= _[1- (13
122 5 T
senB= [1-— 1 —3 —2(B)
S _o=
cos (2a + B) = 13 13 13 13—0—cosv(C)
De (A), (B) e (C) = 2a + B = ¥.
1_ 1l T <™
b) arcsenf—az:»sena—lle 2<a\2 O<a<6=>
=)O<30L<% L =
11 11
arccosl—G—B:cosB—16eO<B<w=>O<B<7 J
=>O<3a+B<frr(A);'y=%(B)
| _ | i _ W18 121 _ 3V15,
i e el T e e e TR
4 \/_5') 3V15 _ 3V15
cos3a=4 (4 7 - 16
—g. L _ 1V _
sen 3o = 3 2 4(4)—16,cos(3a+ﬁ)—
_3V16 11 _ 11 316 _,_ ©)
16 16 16 16 Y
De (A), (B) e (C) = 3a + B = v.
ifart -l _d1+e. .. m
388. arctg( 5 )—a=>tgcx— 5 e 2< )
1—e")_ _1-—e€* s s 7
arctg( 5 =B=>tgp = 5 e — 2<[3<2
|
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(1+e") (1—e")
s 2 + 2
at+tB=—=2tg(a+p)=
ekl 1_(1+e")(1—e")
2 2
-1 4 4 ex=1=x=0,S={0}
q_1-e* 3+e* "3+e* 9 '
4

389. a=arctg(7x—1)::>tga=7x—1e—%<a<%(/\)

B=arcsec(2x+ 1) =>secB=2x+1e0=<pB=<mw(B)
a=Bf=2tga=tgp=2tg2a=tg2p =tg2a=sec’B—- 1=
=(Tx— 12 =(2x+12-1=45x2 - 18x+1=0=

-1 oux=-L (nzo sati il R
=X = 3 ou X 15(naosat|sfaztga— tgp) .. x= 3

390. o = arc sen (—g—

B=arctg(—%)=>tg8=—

= — _i_6_=—§' =—i'
CoSs a /1 55 5,senB 5

):>sena=

o= [ 3T -3
25-cos(a+B)=25~[——g—'%—%(—%ﬂ=7

N elle=¥ 8 — Resolucao de equacdes e inequagoes em intervalos
determinados

x=%+2qu=>x=1+ T

T 18 3
393. sen 3x = sen€=> ou 5
. = T a
X=T 6+2k¢r=>x 18+2k3
. __m _ O, _ _ 13w _ Aln
k—0=>x——180ux 18,k 1 =X I8 ou X =T

S={’" 5w 13w 171r}
18' 18’ 18 ' 18
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395.

397.

398.

400.

401.

402.

403.

3x=2x+2qu=>x=2k7rou3x=w—2x+2kw=>x=ig—+%

=l g-a 3w
S_{Oy 5; 577‘.]

3x = 2x + 2kfn~=>x=2kfn-ou3x=—2x+2k¢r:x=2—g£

_lp 27 Am
S—{O,5,5]

1
senx~(4sen2x—1)=O.Entéo:senx=0=>x=kwousenx=?:

=>x=%+2quoux=%r+2k~nousenx=——;—:
=>x=zé11+2k'noux=—%+2kfn=>
=>S={O,lg—,56ﬂ,¢r,7g,1éw,2w}
tgx+tgix=2=>tg2x—2tgx+1=0=>
:>tgx=1:>x=%+kw=>8={%,—54£}
VsenZ x = Vcos? x = sen? x = cos2 x = cos2x — sen? x = 0 =
=>cos2x=0=>2x=%+kw=>x=—}+k7ﬂ=>s={%—,§f-}
X+y X—y %_23/
senx+seny=2sen<—2—)-cos(T)=1=>cos( > )=1=>
=>cos(—16l— )=cosO=>—'g——y=2kfrr=>y=%—2kw
x+y=%=>x=%+2kw
2x=%+2k¢r=>x=%+k'n-
a) cos 2x=cos%=> ou ou
2x=—-%+2kw:>x=—f—2=kw

Sz{'" 117 13w 2317}
12’ 12 ' 12" 12

b)2x=x+2kfn=>x=2kfnou2x=—x+2k1-r=>x=2%
A 27 41
S—{0137312ﬂ}
iy T m 4
+ — | = -/ ! e O N Sl
c)cos(x 6) cosz=>x 3+k»n=>s {3,3}
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404, a) 3x=x+2k17=>x=quou3x=—x+2qu=>x=%'—
S={O o 3w 271]

’—é—”n-’?’
W By = g 2B L gk = g T
) DX =X 3+2k~n=>x 12+20u5x X 3+2k'rr=>
=T km
=% X = 18+3

S=[’n’ 7w 13w 197 5w 11w 17w 23w 29w 3517]
12’ 12’ 12’ 12’ 18"’ 18’ 18’ 18’ 18’ 18

405. cos? x — =1=c08*x—cos2x—2=0=co0s2x=2o0uU

cos? X
cos?x=-1,S=

406. O 1° membro é a soma dos 10 termos da RG.,coma, = 1 e q = cos X;

~ .1-cos0x—1
entdo sua soma é g
cosx—1

tem uma unica solugao.

= 0, e dai cos x = —1; a equagao

e T y=T kg [m 27 7w 5w
407. a)tg2x—tg3=>x—6+2=>8 {6'3’6'3}
b) 2x = x + kw = x = kwr = S = {0, m, 2}
— g - _ T,k
C) tg3x—tg4=>3x 4+kf:r=:>x 12+ 3 =

S____{l_ 57 3w 13w 17w 2171'}
12’ 12" 4’ 127 12’ 12
d) tg3x=1tg2x=3x=2x+ km = x=knr = S = {0, m, 27}

e) IX=X+ 2+ kT =>X=—+ kfn,masx+1¢1+ km,entdo S =

4 4 4 2
g T - _ ™ kT
f) tg4x—tg4=>4x 4+k~rr=>x 16+ 4=>

S _{'n' 57 9w 13w 17w 21w 25w 2911'}
116’ 16’16’ 16’ 16’ 16’ 16' 16

g) 2x=x+—’"—+k~rr=>x=1+ qu=>S={%,5T'”}

4 4
g T _m _ T km
h)tg2x—tg3=>2x 3+k1r=>x 6+ 5
o 2 2 k
L = =B, o, ST
tg2x =1g 3 = 2X 3 + km =X 3+ 5 =
=>S—{I— 2w 7w 5w w 5w 4w 11’1T}
"3’ 6'"3'"3"6"' 3" 6
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408.

409.

410.
411.

a) 1+tg2x—2tgx=0=>tgx=1=>x=%+ kw=>S={%,%"}

b) 1=sen?x—senx-cosx=>sen?x+ cos2x=sen?x— senx-cosx=>
=>cos X (senx+ cosx)=0

Entao:
cosx=0=¢x=%+kwousenx+cosx=0=>senx=—cosx=>
£ sy _|m 3w 3w Im
=>tgx=-1=x= 2 +kr=S= {2'.2' 4 4}

c) sen2x-cos(x+%)—cos2x-sen(x+%)=0=>
=>sen[2x—(x+%—)]=0=>sen(x—%)=0=>
L S bR
= X 4—kfn¢8—{4,4]

d) 1+sen2x—tgx—tgxsen2x=1+tgx=>sen2x(1—tgx)=2tgx=
2tgx_ _ _2tgx _ e
=T+ tg2x 1_tgx=>tgx(tgx+1) 0. Entdo:tgx=0=

= X = kmwou

- _ _ 3w fg=lg 3™ I
gx=—-1=x 7 + kmedai S {O, ™ 4,27r]

e) secx(3secx—2)=O=>secx=Oousecx=—§—edaf8=®

f) 2sen2x=%2;:-cosx=>senx(23enx-— 1)=0.Entdo:senx=0=

=x=kfrrousenx=i=>x=%+2kwoux=5—“=2k17=>

5 6
=>S={O,%,%"-,'rr,2w}

o EUA vk 261

2 PRA B p P g L E

tglp: 1 =>tg.1p=+1
> €Zp 5

senx =tgx=cosx= 1= x= 2kw = Zx| 0 < x < 7 = nenhum ponto
1+tg2x—tgx=1=tgxtgx—-—1)=0=3tgx=0outgx=1=

i L ®m _lo & _ 5w
= X = Km ou X 4+k1T=>S {0,4,17,4,217}
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37

K ™
6x = 2x+ k =N il RN LG
™ = X =>x€{0,4,2,4,'rr

4

iy 8 Ly = 3T =lg X
X 4=>Etg2x,x 7 =7Atg2x =S = 0,2,11}

a) (sen?x + cos2x)2 — 2 sen?x cos?2 x = —g— = sen 2x = ig =

& ol _2m = T
=>( =5 + Kmoux= 3 + Kk ou x 3 + kar ou X 3 +k'n')=>

=>S={1 w 2w 5w 7w 4w 5w 1111'}

6'3"3'6'6'3'3' 6
b) (sen? x + cos? x)(sen? x — sen? x cos? x + cos? x) = % =

\2 ™ 3w 5
— + 1< —_= L =, PN
=sen2x==* 5 :>(x g + Kt ou X 3 + Kk ou X 3 + kr
ol 7T K ) S [fn 3 5w 7w 97w 11w 13w 157:}

8 8'8'8'8'8' 8' 8’ 8

c) sen22x=1=>sen2x=i1=>(x=%+ kwoux=%”+ kfn-)=>

4 47 47 4
3 \3 v 4
2y = = - e e = —
d) sen<x 2 = senx==* 5 =><x 3 + 2k ou X 3 + 2k ou
_ 2w _om _|m 2w 4w 5w
x———:3 + 2Kt ou X 3 +2kw)=>s [—3,——3,——3,—3}

e) (sen x + cos x)(sen? x — sen x - cos X + cos? x) = 1 =
= (sen x + cos X)(1 — senx - cos x) = 1; fazendo senx + cosx =y

-1 y2—1>=
5 5 1=
—y=1o0uy= —2 (ndo serve, pois —V2 <y < V2)

€ Sen x - Cos X = ,vemy-(l—

senx+cosx=1=>\/§cos(x-—1—r—)=1=>cos<x—%>=\/—2§—=>

=>(x=—"—+ zkwoux=2kw)=>s={o,l,2w]

> 2
2x=x+2kf:r=>x=2kfrrou2x=q-r—x+2kw=>x=%r—+2—?—=>
=S = {O,%, T, %E}:’ quatro solugdes
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415.

416.

417.

418.

419.

420.

3 sen?x T

= = 3(1—cos?x)+ 5¢cos2x— 7 cosx=
cos? x 2 coS X ( ) i

=2c0s2x—7cosx+ 3= O::»(cosx: 3impossivel ou cosx=%)=>

e ) e _]_T .7
=>(—3+2k1-roux 3+2kw)=>8 { 3,+3]

i 3
senwx=—coswx=>senqrx=sen(s——qrx):x=-——+ k=

2 4
= S = —’—}

1+tg@2x=tgx+1=2tgx(tgx—1)=0=(tgx=0outgx=1)=

_ _m —lgm 57
=>(x—kfnoux— 4+k'n')=>S {0,4,17, 4,211'}

a) 2(1—cos?x)—3cosx—3=0=2cos?x+3cosx+1=0=

( ; )

=>cosx=——2—0ucosx=—1=>

=>(x=%"+2kwoux=i13£+2kwoux=qr+2kfrr)=>
_ 2w 4w

=>S—{3,'n', 3}

b) cos?x—2cosx+1=0=cosx=1=x=2kr =S = {0, 27}

c) 2COSQX+5COSX—3=O=>COSX=—1—=>

2
- __m _|m 5w
=>(x~3+2kfn-oux 3+2k'rr)=>S {3,3}
d)4cos2x—8cosx+3=0=>cosx=%=>
- __m _ |7 om
=><x—3+2kwoux 3+2k1r)=>8 {3,3}
1 ™ 51 2
= 4+ e _ = o
COS X _2=>( 3+2k1-roux 3 + 2Kk ou x 3 + 2kar
_ Am _|m 2w 4w 5w
oux—3+2k~n~>=>8 {3,3,3,3}
m+ 27+ 4 + 57
= soma = = 41

3

2c0s?x+ 3(1—cos?x)—5—3cosx=0=cos?x+3cosx+2=0=
= CcosX=—1=x=7+ 2kw = S = {w} = uma solugao
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422.

423.

424.

425.

COMPLEMENTO PARA O PROFESSOR | MANUAL

a) sen(x+y)+sen(x—y)= sen—52—+ sen (3;

b) 2senxcosy:2}:>senxcosy=1 ~(A)
senx+ cosy=2 senx +cosy=2 (B)

) 1-1=0+#2

} (A) em (B) =

=>sen2x—25enx+1=0=>senx=1(C)=>x=%+2kﬂn

(C)em((A)=cosy=1=y=2km

=035 [0 (3]

[sena +cosb=1(A)

sena+ senb = 1 (B) (A)em (B) =>senb —cosb=0=

=mm0y4$=o:b=“+m=m=1w)

4 4 4
(C)em (A) = sena = 2_2\/5 = a = arc sen 2_2@
_ 2-V2 @
S= {(arc sen 5 4)}

1° caso:senx =0
1
|senx|=senx=>2sen2x+senx—1=O:>senx=?=>

T _ 5w
:>x—6+2k170ux 6+2kfrr

2% caso:senx <0

|senx|=senx=>2sen2x——senx—1=O=>senx=—?=>
7m 11w
=>x—€-+2k mOouX = =g + 2Kk
- o_|m 57 7w 1iw
Entao.S—[G, 5" 6' 6 }
cosx—+—1—=>(x —+2kwoux—%—+2kroux—%+2k
oux——+2qu) { }=>asomaefrr
log2sen2x=0=>25en2x=1=>senx=tQ=>
2
T 3 5w 1w )
=— === === =LT+ 2k
=>( 4+2kfnoux 4+2kfnoux 4+2k1-roux a 2k | =
_|m 3w
=>S“{4’4}
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426.

428.

429.

senx=y=2y2-by+2=0= y=2néoserveouy=%=>

4% A _5m
= sen x = > =>(x~ 5 + 2kmou x = 5 +2kw)=>
= |m 5w 5
=>S—{6, 6]=>asomaew
2x=t=>costs§
%+2kﬂnsts1—“+2k
™ 117
14 o 11w 137 231
S—{XEIR|12sxs—12 ou =5 \xs—12}
VA Ir
e »
\I§ [}
—_ 1
\ 2/ 76
¥ 1
dx =t=>cost> ——

2
2k17<t<—2§w-+2k1-rou4?ﬂ+2kw<ts2w+2k~rr
kar m o km o km oy ko
7$X<€+70U 3 + > <X = 5 + 5
k={0,1,2}=>s={xeu;e|0sx<%-ou%<x<%"ou
5u T 417 57 11
'§‘<X< 5 ou 3 <x<—3—ou—é—<xs2w

2“5 VA

TI

i %

4—‘”'

3,
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2 -

431. cosx=y=>—2—%>0=>—1<y<%ouy>1
—1<cosx<%oucosx>:Limpossfvel
S={XER|%<X<’IT}

v
|
3
5 (v
157
, 3
1—2sen’x+senx+1

432. 1 — 2sen?x —a=0=

2sen?x +senx . _
1 — Daard % =0,senx=y=
2y2 +y _N2 _1 N2
=>1_2y220=> 2<ys 2ouOsy<2

=>—i2_—2—<senxs—%ou0ssenx<%=>

=>S-_—'{XER|OSX<%OU—3£1<X<’IT}

VA

cy
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1
433. 2°°52Xs22=>0052x<i,2x=t=>costsi=>

2 2
ol <t< 2T s <x<2T .
=>3+2kfrr t 3+2kfn=>6+kfn' X 5 km =
_ oo <5_'"}
=S [XE[RI6 X< =
vA \
il
3
! i
Y5m
13
435. 2x=t=>sent>%:>%+2kfrr<t<§6£+2k'rr=>
™ 51
_ o om 13m 17w
S—{xelR|12<x<12 ou == <x<————12}

Vi

cy

436. 3x=t=>sents%:

%+2kwou2?“+2kw<ts2w+2kw>=>
w , 2km 2w | 2kw 2w | 2km
g Mg Ty =X¥=gt 3>=>

21 T 8 5 o 137 il

9 9
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437.

438.

439.

440.

COMPLEMENTO PARA O PROFESSOR | MANUAL

1 1 1 1

.__s__ el —_—— =

7 2sen2x<2=>2<sen’c<1,t 2X,

1] 5u 5w

—+ 2kmr<ts=—+ — SX<—

5 ™ 5 2kfn't9é2+2k'rr=>12+k7r X< 12+k'n',
™

X # 4+k'n'=>

1, o 5 o 1317\ \1711 511'}

=S {XERI—-—12 X< T X # 40u—:L2 <X < 12,x¢ 7
Binp - 2N - 2

4 sen< X 120___>4(1 C0S* X) 1>0=>3 4 cos X200
COS X COS X COS X

:(cosxs—%ou0<cosxs%>=>
5t T 37 11w

i’(e SX<-goug Sx<ouTr<x <T)

—lssen2xs+1=>-1-2<sen2x—2<1-2=sen2x—2<0(A)

sen 2x — 2

(A)
= cos 2x + R =1 o
cos2x +3cosx— 1 0= eas o 8 Fa =

= 20082X+3008X—2<0=—2<cosXx< bt cyxc2m

2 3 3

a) A=0=[—-(4cosa)?— 4(2cos?a)dcos?a—1)=0=
= —32cos? o+ 24 cos? o = 0 fazendocos a =t =
= —-32t4+ 2412 =0 =

= —8t2(4t2-3)=0= — V;sts\j_ —£<cos<x<g=>
=8 {aEIR|6<0L 6
b 4 cos a T
—— —_— < % — <
b) a<0:>2c052a e O=cosa O=>2<a<1r(A)
- SO
£>O=>ﬂ—c&21>0=>4cosza—1>0
a 2 COs“ a
Fazendoc03a=y:>4y2—1>O=>(y<—%ouy>%)_—_>
=>(cos<x<—%oucosa> ) (—<a<wou0<a<3)(8)
__q_T_s s.._
Solugoes reais = 5 a 5 )
2'n' 57
Sl 558 =< —
ANBNC= { [Ral3 6}
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441. (cosx>0e2-cosx—1>Oe1+cosx>0)=>cosx>-;—(A)

108, (2 cOs x — 1)(1 + cos x) > log,,, COS X =

=2cos?2X+cosXxX—cosx—1<0=

V2 V3

=>2-coszx—1<0=>—7<cosx<7(8).

De (A) e (B) vem % < cosx < %, entao:
0y T 5 T
o o < — s o A
S {XER|4 x<30u3<x<4}
442. Uma condicao necessaria é senx > 0. Entéo:( 1 — cos x)2 <sen?x=

=1—cosx<1—cos?2x=c082x—cosx<0=>0<cosx<1=

) o et

2
444, Fazendo 2x =y = tgy?—\I§=>(2kwsy<i§—+2quou
2%+2k11$y<-32—ﬂ+2kfrrou—531+2kfn<ys21'r+2k'n')=>
=>(kq-rsx<1+kfnougﬁ+kwsx<§7—r+kfnou
4 6 4
%+kﬂ$X$1T+k’lT)=>
= <x< T ouZ cx< oM <y
=S {XER|O x<4ou3<x< 7 U5 <x<—ou
4t 1 11w
I L my o ey e
3<x 4ou 5 X< 2m
445, t22x—-tg2x<0=30stgx<1=
T K v K
=>kfrrs2xs7+k'n=>7sx<§+—2—=>
= sx<T oyl <x<d <x< 2T
=S {XERIO XS g 0U— <X g oum<Xx<-g-ou
ﬂsxsﬁz}
2 8

446. Fazendotg2x=t=12-3<0=-V3<t<V3=—V3<tg2x<3.
Fazendo2x=y=>—\/§<tgy<\/§=>2—ﬂ+2kw<y<—0ﬂ+2k¢rou

3 3
2kw$y<—37r—+ 2k1'r0u%“+2kfrr<y<2'n'+2k7r=>

™ 2
——; <__
=>3+k'n’<x 3+k1-rou

k'n'sx<i6T—+ kwou%+ km<x<a+ Kkm=
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=S=[xER 0 x< T ouT <x< 2T, 0w Im
| 50U x<30u6<x<6ou
4 5u 11w
3 <X< — 30U <X \211-}
447. senXx —cos x>0 = senx — sen (%—x)>0=>sen(x——})>0;>
0<x—- X < om
X= 7 17=>4<x< 3
sen —
448. cos x + csenx> V2 =
COS —
3
:cosx-cos%+sen%-senx>\/§cos%=>
() 2 m™ o \2
=>cos(x 3)>7fazendox —g—t=>cott> > =
L4 L - _m T
:(Ost<70u—f<ts0).Edal.Osx 3 < 4=>
L) 7w U .
=>?<x 120u 4<x 3\O=;~12<x\3,por’tanto,
T
449, w<x=<2m=senx=<O0=]|cosx|=senx.
Se sen x = 0, a inequacgao equivale a cos? x = sen? x e daf
2-sen2x—1s0,portanto—gssenxs%.
Tendo em vista a hipétese, temos O < senx < - de onde vem
311' i
O<x<4ou 7 sSX=.
S = xERIO<xs10u3—wsxs2w]
4 4
o 1
2tgx |1+ tg X—3

450. =0=2tEgx=0=

1+ tg?2 x

=>%<xs¢rou%"—<xs2w
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1 1 1 T 5w
D.gtin L 4 . S i L1
451. sen< X 4>O=>senx22ousenxs 2=>6<x<6°u
Ll R )
6 6
2 -1 0 1 ™ 5w
452. i =3 =>25enx—120=>senx>—2—=>€sx<—6—
1 ™ 5
453. a)2senx—1>0=>senx>—2—=>—6—<x<F
b) Iog2(2-senx—1)=%-Iogz(Bsenzx—4-senx+2)
log, (2 - senx — 1)2 = log, (3 - sen?x — 4 - senx + 2)
Entao:
(2-senx— 12 =3-sen?x—4-senx+ 2 =
=sen?x=1=senx==*1
Levando em conta a parte a), resulta senx=1=>x=%.
454, COS2X—1>O=>—£<COSX<£=>
4 2 2
v 5 VL 117w
=>6<x<60u6< <T
2 _
455, Fazendocosx=y=>2y+y11>0=>—1<y<—%—ouy>1
edal—1 <cosx <+t T <x<m
2 3
S e < st By =
456. 4 sen< X 120:4 4 cos® x 120
coSs X coSs X
A2
Fazendocosx=y=>%20:(y<—%ouo<y<ﬁ):
:(cosxs—\j—;’-ou0<cosxsi2—3—)=>
T oex < T o2 << LMoy 3T oy < 1w
=>6x2ou‘:.3 X 6ou2<x<6

4

> o B s
Stga>1= | <a< ;

457. x2+x+(tga—1)>0,‘v’x=>A<0=>1—4tga+3<0=>
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459.

COMPLEMENTO PARA O PROFESSOR | MANUAL

sen?x—2senx<0=0<senx<2=0<x<m

sen?x + cos? x + 2 sen xcos x > 1 = sen 2x > 0

Fazendo 2x = t, temos:

sent>0 =>2k7r<t<1r+2k1r=>k7r<x<—q2-r—+ km =
3

™
S0<x<—ourT<x<=—7—
2 2

AN — Trigonometria em triangulos quaisquer

461.

462.

463.

464.

465.

2=42+(3V2 —2-4-3V2 - cos 45° = ¢ = V10

BD=aeAC=0b
a?=82+122-2:8-12-cos 60° =
=a=4T7m
b2=82+122—-2-8-12-¢c0s120° =
=b=4V19m

22 = (V6)* + (V3 + 1)* — 2(V6)V3 + 1) cos p =
=>cosB=%=>B=45°

(V6 =3+ 1) +22-2-2(3+1)cosa=
=>005a=%=>a=60°
a+B+y=180°=y = 75°

a,bceEQ=a%b%c2eQ=@+c2—b) e
a,ceEQ=>2aecQ

a2 + ¢? — p? a2 +c? — b?

i EQecosB= Sac =cos B EQ

R+ x+12=x2—12+(2x+ 12— 2(x32 - 1)(2x+ 1) - cos B =
_ 23+ x2-2x—-1 _1-28+x-2x-1 1 |
=SB e ot x+2 -2 (2 +R-—2x—1) 2

= B = 120°
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466. a2=c2+1-2ccos120°=a2—c2—c=1=(2c)2—-c2-c=1=
_ 1++13
B0t
6
468. a) 172 = 152 + 82 = O tridngulo é retangulo.
b) 102 > 52 + 62 = O tridngulo é obtusangulo.
c) 82 < 62+ 72 = O tridngulo é acutangulo.
469. Chamando as medidas dos lados de a, aq, ag?, sé falta impor duas
condigoes:
(1) o maior lado € menor que a soma dos outros dois (condigéo para
existéncia do tridngulo): ag? < a + aq;
(2) o quadrado do maior lado € maior que a soma dos quadrados
dos outros dois (condicdo para o triangulo ser obtuséngulo):
(ag?)? > a2 + (aq)?.
De (1) resulta 1- \/_ 1 + \/_
De (2) resulta q < — / \/_ ouq> /
/1
Como q > 0O, temos < q <
2 2
472. senf%:gﬁ B = 60° ou B = 120°
sené=g=>é=45°ou0=135° =
A+B+C=180°=B+ C=180°—- 15°= B + C = 165°
=B=120°eC=45°eA = 15°
473. | AP o= % + B (angulo externo ao AABY) =
7188 =p=%
[ O ¢ _A 4
EI O ". 0 triangulo ABY é isésceles =
- ® 5 |] =BA=AY=50m
3 - (RS RS- R No AAXY temos XY2 = AY2 — AX2 =
= 502 — 252
XY = 25V3 m
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474.

475.

476.

477.

478.

479.

3 | Fundamentos de Matematica Elementar

COMPLEMENTO PARA O PROFESSOR | MANUAL

g A e T
tg a ha:ha o s .
tgR="—h =1 I
ho e P

m+n _ m a 1
Tga+tgp o GatwEp wBa

=>a=tgla-(tga+tgs)=>a=ha(tga+tgs) ;

=4-7sen60°

5 =S = 7V3 m?

S

Sabe-se que as diagonais de B
um paralelogramo dividem-se 10
mutuamente ao meio, entao: <
AO=0C=10m e 5
BO=0D=5m A

Alémdisso,as diagonais dividem o paralelogramo em quatro tridngulos
de éareas iguais, entao:
DO-0OC-senDOC _ , 5-10-43

2 45 = 503

Speco =4 " Spoc = 4

S=8'2losena=>sena=—;'—=>a=30°,

a2=82+102—2-8-10 - cos 30° = a = 24/41 — 20V3,
8 _ppo 24L-20V8 _ op . p_ 2 a1-20¥3 (m)

sen o 1

2

72=02+82—-2-8-c-cos60°=c?2—8+15=0=>c=50uc=3
c=Bm=s=2"28cen60°=5=10V3m2ouc=3m=>S = 6y3 m?2

2
A+B+C=180°=A+B=180°— CouB+ C=180°— A,
cos (180° — C) = —cos C => cos (A + B) = cos (180° — c)=%=,

=:~cosC=—%=>C=120°

sen (B+C)=sen(180°—A)=senA=>senA=—$—=>A=30°
B = 180° —(A + C) = 30°
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480.

482.

483.

484.

485.

d2=42+52—-2-4-5-cos 150° =

= 41 + 20V3
B x ~ V41+20 3
sen o sen 150°
= Senoa = 5
V41 + 20V3
5

o = arc sen ————-
V41 + 20V3

a_b _ _Cc _ _ =
57 9 =k=a=5k b=7k c=9k
_. a2 + c2 — b2 _ 25k2 + 81k2 — 49k?2 _57 _ 19
2ac 2(5k)(9k) 90 30
= 19
B = arc cos 30
sen15°=sen(45°—30°) =sen45°cos 30° —sen30°cos45° = \/—i}—@
1 _BHL g =Y2 5= 450 0uB = 135°
sen 15 sen B 2

A+B+C=180°=B+C = 180° — 15° = 165° =
— (C = 120° e B = 45°) ou (C = 30° e B = 135°)
c2=(20)24+b2—2-2b-b-cosB0°=c?=302=c = bV3

C b 1 . .
sen 60° Sené=>senB—2=>B 30° (pois B < 120°)

A= 180° — (B + C) = 90°

B =180°— (A+C) = 180° — 3A=> senB = sen (180° — 3A) = sen 3A

B iicE =>g_sen.’:’;A 3senA—4sendA A= 4sen2A
senB senC ¢ sen?2A 2 senA - cos A 2 cos A
2 . "
( ) =(3 4ser1 A) =48 sen*A—-56sen?A+11=0=
2 cosA

=>sen/\=%=>,&=30°,entéoé=60°eé=90°
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486. HIRET): S RGN L S - S
senA senB sen3B senB

. . -
— Sen B _SsenB-4senB g 4sen’BassenBt =
sen B sen B 2
=B =30°A=90°eC=60°c2=Db2+ a2 — 2abcos C =

=0c2=32+62-2:-3-6-c0560°=c=3V3m

=,

-~ ~

487. A+B+C=180°= B+C=180°—A=tg(B+0C)=—tgA=
th_}:thA=—t A= Z'EgA %
1—tgB-tgC 1-tgB-tgC

=

= —tgA=>

=2=-1+1tgB-tgC>tgB-tgC=3
488. s=3-4-23enoc

3:4:sen(a— 60°
2

=6"-senao

S-3=

= 6+ sen (a — 60°)
Entao:

6-sena—3=6vsen(a—60°)=>sena—sen(a—60°)=%=>

=$2-sen30°~cos(a—30°)=%=>cos(a—30°)=%=>

=2a—30°=60°=2a=90°=S=6-sena=6m?2

eEle[l=Nel — Resolugao de triangulos

490. a’=b2+c2=>a?2—-c?=32=(a+c)la—c)=9=
—>@+cV3=9=a+c=23V3 (1)
E dado que a — ¢ = V3 (2). De (1) e (2) resulta a = 2Y3 e ¢ = V3,

entao senl§=%=—el§=60°.

491. Dosistemaa+b=18,a+ c=25eb?+ ¢c?2=a? resulta
(18 — a)2 + (25 — a)? = a® e dal a = 13, portanto
b=18 —a=5ec=25—-—a=12.

b B e 6] 13

Finalmente sen B = e 3 = 13"
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492.

493.

494.

495.

A 2b + a = 64 (1)
a 2
b2 = (5) + 242 (2)

De (1) a = 64 — 2b, que substituido em

b b (2) da b2 = (32 — b)? + 576 edaib = 25.

24 (1)a=64—-2b=14
£

g 2050 6 S eyl

: i . cosB=cosC = b 5

A a

LR EST
N2 = b 25

lados:a,b=a+ 1,c=a+ 2

a _ ¢ a - a+2 ~ a+2
— = = = = = ~ = COSA =

senA senC senA sen 2A 2a

B 2 2 at2 -
a‘=(a+1)y+@+2)°—2(@+1)(a+2)- =a‘—3a—4=0=>
—sa=4eda:b=5,c=6,cos A=%—,C=2-arcsen\]—;7-

: . 3
(@+b+c)-r_a h:h=2r +2ra=>h=_1g
2 2 a 5

(@+b+c):r=a-h=>b+c=7(A),b-c=a-h=b:-c=12(B)
De(A)e(B)vemb?2—7b+12=0=b=4ec=30ub=3ec=4.

~_9+16—25= - 2 8 = 3
cosA——————24 0=A 90,senB—5=>B—arcsen5e
6-3 L6- 3l iRl e 2l 4
cosC—5=>C arccossousenB—5=>B—arcsen5e
A3 A 3
cosC—4=>C—arcsen4
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497.

498.
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SejaHopontoemqueasalturasAA',BB'
e CC' seinterceptam. Os quadrilateros
HA'CB' e HA'BC' saoinscritiveis porque
tém dois angulos opostos retos e,
portanto, suplementares, entéo:

-~

A;=C,=90°-AeA;=B,=90°—A.

B Chamando de A", B' e C' os angulos do
triangulo A'B'C', obtemos:

1 A'EA:"_+A2'E_']_8O°—2A,§'E

¢ =180°- 2B e C' =180° — 2C.

Aplicando a lei dos senos ao triangulo A'B'C, temos:

AB'

B'C _acosC

asenCcosC

senC  genB'A'C  SenA = AAB T senA
Analogamente: B'C' = c senA cos A e A'C' = bsenBcosB
sen B sen C
A Seja | o centro da circunferéncia

inscrita em ABC. Ligando | com B e
com C, temos:

A' = 180° — BIC = B;C.
c .
B Analogamente:
I -~ a~
B' = 180° — AIC = A;C;
c &'=180°-AB=ATB,
A’ 2

B

P

O triangulo CA'B' é is6sceles (CA' = CB'), entdo

Analogamente, temos:

cos A = V1 — sen?A =%(1)—

b'=2(p — b)Sen—B—ea'=2(p-—a)senA-.
2 2
41

a2=b2+02—2bC'COSA=>9=b2+(10—b)2—2b(10—b)“5—0=>
=b2—10b+25=0=b=5=c=5
EntdioB =C eA + B + C = , portanto:

-~ ~

B2 G = i = - @IGISEN

A T 1 3\/51_
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499, ha=c-senl§=>n=c-sen§=>c=

ha=b-sené=>n=b~sen(3=>b= %

b+c=m=—1_+ n,=m(1)

senB senC

De(l)vem
n(senB+senC) m-senB-senC
B+C B—-C

_tm n () 3
2n - sen 5 C0s—5— =73 [cos (B ¢) — cos (B+C)] (2)

Notemos que:
cos (B8 + €) = —cos A (dado)

sen B ; ¢ = C0S — (calculével a partir de cos A)
cosB-C)=2- 003282C—1
Entao a equagao (2) fica:
B-C A B—C A
; 2 - . A3, — 2 A
m * cos 5 2n - cos 5 ' CoS 5 m - sen > =0

-~

A partir dessa equagao obtém-se o angulo B — 5 ¢ "

B+C 13 A

Como 5 5 T 0s angulos B e C estdo determinados e daf
b=_0" c= n a= msen(B+C)
senC’ nB’' senB + sen C
500 a __b __c¢ — a+c e B —
senA senB senC senA+senC senB
S - S Ak =
sen (A + C) enA+senC
b Kk
oy eenAtC o AtC o, R+ __A-G
2-sen 5 - COS 5 . 5 * COS 5
b Kk
= S L
cos At C cosA-C
b+ k _ K—b
Aeb  A-C o A-C__ At
cos 5 + cos 5 cos 5 — COoS .
b+ k B k—Db C_b+k . A
= B = ; =oog g =12y €3

L U B T
2cos2 c:os2 25:.en2sen2
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Conhecendo é, temos:

B:ﬂ_A_é,a:bsenhAeC:bsenAC_

sen B sen B
A+B+C=180°= A=180°— (B +C)
a _ b C

=~ = —= A=2R=>a=2RsenZ\,b:2Rsen|§,c=2Rsené
senA senB senC

em que R é calculado assim:

S=%bcsen7\=-§—-4R2-senA-senB-sené,entéo:

2R=\/ 25 _
senA-senB:-:senC

ha h,
a=m+n=—-+—%
tgB tgC
b= haA
c sen C
c= haA
sen B
B i « 2
A= 180° - (B + C)
= 2 = 1
D C = o - =
tg MAB = £ e tg NAB = =
b tg MAN = tg (MAB — NAB) =
1 2 .1 1
i __5 5 _ B _5
2 1 27 27
e I Nl i 18
A 5 B 4 5 5 25
AB iirg oo
> dtg2e
AB i o
> =(d+00) g
Entao

d-tg—;—=(d+oo')-tg%

00'=

d(tg—g——tg%) p

B tg%

3 | Fundamentos de Matematica Elementar
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100 + 49 — 169 _ _ 1

505. = _ 29 = 1+tg20=49=
cos 0 140 7=>sec 0=49=> g
=tgo=-43=qa
Entao:
V3ol = [V3(-4v3)| = 12
506. situacao inicial situacao final
4tga
<+—1—— v =16(4 — h)
| = - v=32tga
— seh=2
|
- V=16h
h
seh<2
V=32-cotga

Se h =2, entdio 16(4 — h) = 32 tg a e daf tg o = 4;“.

Se h < 2, entdo 16 h = 32 cotg « e daf tg o = %
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FUNDAMENTOS DE MATEMATICA ELEMENTAR
é uma colegdo consagrada ao longo dos
anos por oferecer ao estudante o mais
completo conteddo de Matemdtica

elementar. Os volumes estdo organizados
da seguinte forma:

A colecdo atende a alunos do ensino
médio que procuram uma formagGo

mais aprofundada, estudantes em fase
pré-vestibular e também universitdrios que
necessitam rever a Matemdtica elementar.

L\
g Ntual

Os volumes contém teoria e
exercicios de (1p||(:uc,(u'), além
de uma secdio de questdes de

vestibulares, acompanhadas de
respostas. Ha ainda uma série
de artigos sobre histéria da
Matemética relacionados aos
temas abordados

Na presente edicdio, a secdo
de questdes de vestibulares foi
atualizada, apresentando novos
testes e questdes dissertativas
selecionados a partir dos
melhores vestibulares do pais

I]‘B”‘ ‘]7‘885.]"7'”['](').6
9H788535 716856“




