
Language: Portuguese

Day: 1

❙❡❣✉♥❞❛✲❢❡✐r❛✱ ✶✶ ❞❡ ❥✉❧❤♦ ❞❡ ✷✵✶✻

Pr♦❜❧❡♠❛ ✶✳ ❖ tr✐â♥❣✉❧♦ BCF é r❡tâ♥❣✉❧♦ ❡♠ B✳ ❙❡❥❛ A ♦ ♣♦♥t♦ ❞❛ r❡t❛ CF t❛❧ q✉❡ FA = FB

❡ q✉❡ F ❡st❡❥❛ ❡♥tr❡ A ❡ C✳ ❊s❝♦❧❤❡✲s❡ ♦ ♣♦♥t♦ D ❞❡ ♠♦❞♦ q✉❡ DA = DC ❡ q✉❡ AC s❡❥❛ ❛ ❜✐ss❡tr✐③
❞♦ â♥❣✉❧♦ ∠DAB✳ ❊s❝♦❧❤❡✲s❡ ♦ ♣♦♥t♦ E ❞❡ ♠♦❞♦ q✉❡ EA = ED ❡ q✉❡ AD s❡❥❛ ❛ ❜✐ss❡tr✐③ ❞♦ â♥❣✉❧♦
∠EAC✳ ❙❡❥❛ M ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ CF ✳ ❙❡❥❛ X ♦ ♣♦♥t♦ t❛❧ q✉❡ AMXE s❡❥❛ ✉♠ ♣❛r❛❧❡❧♦❣r❛♠♦ ✭❝♦♠
AM ‖ EX ❡ AE ‖ MX✮✳ ❉❡♠♦♥str❡ q✉❡ ❛s r❡t❛s BD✱ FX ❡ ME sã♦ ❝♦♥❝♦rr❡♥t❡s✳

Pr♦❜❧❡♠❛ ✷✳ ❉❡t❡r♠✐♥❡ t♦❞♦s ♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s n t❛✐s q✉❡ ♣♦❞❡✲s❡ ♣r❡❡♥❝❤❡r ❝❛❞❛ ❝❛s❛ ❞❡ ✉♠
t❛❜✉❧❡✐r♦ n × n ❝♦♠ ✉♠❛ ❞❛s ❧❡tr❛s ■✱ ▼ ❡ ❖ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛♠❜❛s ❛s ❝♦♥❞✐çõ❡s s❡❣✉✐♥t❡s s❡❥❛♠
s❛t✐s❢❡✐t❛s✿

• ❡♠ ❝❛❞❛ ❧✐♥❤❛ ❡ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛✱ ❡①❛t❛♠❡♥t❡ ✉♠ t❡rç♦ ❞❛s ❝❛s❛s t❡♥❤❛ ✉♠ ■✱ ✉♠ t❡rç♦ t❡♥❤❛
✉♠ ▼ ❡ ✉♠ t❡rç♦ t❡♥❤❛ ✉♠ ❖ ❀

• ❡♠ ❝❛❞❛ ❞✐❛❣♦♥❛❧ ❢♦r♠❛❞❛ ♣♦r ✉♠ ♥ú♠❡r♦ ❞❡ ❝❛s❛s q✉❡ s❡❥❛ ♠ú❧t✐♣❧♦ ❞❡ 3✱ ❡①❛t❛♠❡♥t❡ ✉♠
t❡rç♦ ❞❛s ❝❛s❛s t❡♥❤❛ ✉♠ ■✱ ✉♠ t❡rç♦ t❡♥❤❛ ✉♠ ▼ ❡ ✉♠ t❡rç♦ t❡♥❤❛ ✉♠ ❖✳

❖❜s❡r✈❛çã♦✿ ❆s ❧✐♥❤❛s ❡ ❛s ❝♦❧✉♥❛s ❞❡ ✉♠ t❛❜✉❧❡✐r♦ n × n sã♦ ♥✉♠❡r❛❞❛s ❞❡ 1 ❛ n✳ ❆ss✐♠✱ ❝❛❞❛
❝❛s❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♣❛r ❞❡ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s (i, j) ❝♦♠ 1 6 i, j 6 n✳ P❛r❛ n > 1✱ ♦ t❛❜✉❧❡✐r♦ t❡♠
4n − 2 ❞✐❛❣♦♥❛✐s ❞❡ ❞♦✐s t✐♣♦s✳ ❯♠❛ ❞✐❛❣♦♥❛❧ ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ é ❢♦r♠❛❞❛ ♣♦r t♦❞❛s ❛s ❝❛s❛s (i, j)
♣❛r❛ ❛s q✉❛✐s i+ j é ✐❣✉❛❧ ❛ ✉♠❛ ❝♦♥st❛♥t❡✳ ❯♠❛ ❞✐❛❣♦♥❛❧ ❞♦ s❡❣✉♥❞♦ t✐♣♦ é ❢♦r♠❛❞❛ ♣♦r t♦❞❛s ❛s
❝❛s❛s (i, j) ♣❛r❛ ❛s q✉❛✐s i− j é ✐❣✉❛❧ ❛ ✉♠❛ ❝♦♥st❛♥t❡✳

Pr♦❜❧❡♠❛ ✸✳ ❙❡❥❛ P = A1A2 . . . Ak ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ♥♦ ♣❧❛♥♦✳ ❖s ✈ért✐❝❡s A1✱ A2✱ ✳ ✳ ✳ ✱ Ak

tê♠ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s ❡ ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳ ❙❡❥❛ S ❛ ár❡❛ ❞❡ P ✳ ❙❡❥❛ n ✉♠ ✐♥t❡✐r♦
♣♦s✐t✐✈♦ í♠♣❛r t❛❧ q✉❡ ♦s q✉❛❞r❛❞♦s ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞♦s ❧❛❞♦s ❞❡ P s❡❥❛♠ t♦❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s
❞✐✈✐sí✈❡✐s ♣♦r n✳ ❉❡♠♦♥str❡ q✉❡ 2S é ✉♠ ✐♥t❡✐r♦ ❞✐✈✐sí✈❡❧ ♣♦r n✳

▲❛♥❣✉❛❣❡✿ P♦rt✉❣✉❡s❡ ❚❡♠♣♦✿ ✹ ❤♦r❛s ❡ ✸✵ ♠✐♥✉t♦s

❈❛❞❛ ♣r♦❜❧❡♠❛ ✈❛❧❡ ✼ ♣♦♥t♦s



Language: Portuguese

Day: 2

❚❡rç❛✲❢❡✐r❛✱ ✶✷ ❞❡ ❥✉❧❤♦ ❞❡ ✷✵✶✻

Pr♦❜❧❡♠❛ ✹✳ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s é ❝❤❛♠❛❞♦ ❢r❛❣❛♥t❡ s❡ ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s
❞♦✐s ❡❧❡♠❡♥t♦s ❡ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s t❡♠ ❛❧❣✉♠ ❢❛t♦r ♣r✐♠♦ ❡♠ ❝♦♠✉♠ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ✉♠
❞♦s ❡❧❡♠❡♥t♦s r❡st❛♥t❡s✳ ❙❡❥❛ P (n) = n2 + n+ 1✳ ❉❡t❡r♠✐♥❡ ♦ ♠❡♥♦r ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ b ♣❛r❛
♦ q✉❛❧ ❡①✐st❛ ❛❧❣✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ a t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦

{P (a+ 1), P (a+ 2), . . . , P (a+ b)}

s❡❥❛ ❢r❛❣❛♥t❡✳

Pr♦❜❧❡♠❛ ✺✳ ◆♦ q✉❛❞r♦ ❡stá ❡s❝r✐t❛ ❛ ❡q✉❛çã♦

(x− 1)(x− 2) · · · (x− 2016) = (x− 1)(x− 2) · · · (x− 2016)

q✉❡ t❡♠ ✷✵✶✻ ❢❛t♦r❡s ❧✐♥❡❛r❡s ❞❡ ❝❛❞❛ ❧❛❞♦✳ ❉❡t❡r♠✐♥❡ ♦ ♠❡♥♦r ✈❛❧♦r ♣♦ssí✈❡❧ ❞❡ k ♣❛r❛ ♦ q✉❛❧ é
♣♦ssí✈❡❧ ❛♣❛❣❛r ❡①❛t❛♠❡♥t❡ k ❞❡st❡s ✹✵✸✷ ❢❛t♦r❡s ❧✐♥❡❛r❡s✱ ❞❡ ♠♦❞♦ q✉❡ ✜q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❢❛t♦r
❞❡ ❝❛❞❛ ❧❛❞♦ ❡ q✉❡ ❛ ❡q✉❛çã♦ r❡s✉❧t❛♥t❡ ♥ã♦ ❛❞♠✐t❛ ♥❡♥❤✉♠❛ s♦❧✉çã♦ r❡❛❧✳

Pr♦❜❧❡♠❛ ✻✳ ❍á n > 2 s❡❣♠❡♥t♦s ♥♦ ♣❧❛♥♦ t❛✐s q✉❡ ❝❛❞❛ ♣❛r ❞❡ s❡❣♠❡♥t♦s s❡ ✐♥t❡rs❡❝t❛ ♥✉♠ ♣♦♥t♦
✐♥t❡r✐♦r ❛ ❛♠❜♦s ❡ ♥ã♦ ❤á três s❡❣♠❡♥t♦s q✉❡ t❡♥❤❛♠ ✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠✳ ●❡♦✛ ❞❡✈❡ ❡s❝♦❧❤❡r ✉♠
❞♦s ❡①tr❡♠♦s ❞❡ ❝❛❞❛ s❡❣♠❡♥t♦ ❡ ❝♦❧♦❝❛r s♦❜r❡ ❡❧❡ ✉♠ s❛♣♦✱ ✈✐r❛❞♦ ♣❛r❛ ♦ ♦✉tr♦ ❡①tr❡♠♦✳ ❉❡♣♦✐s ❡❧❡
❜❛t❡rá ♣❛❧♠❛s n − 1 ✈❡③❡s✳ ❈❛❞❛ ✈❡③ q✉❡ ❡❧❡ ❜❛t❡r ❛s ♠ã♦s✱ ❝❛❞❛ s❛♣♦ s❛❧t❛rá ✐♠❡❞✐❛t❛♠❡♥t❡ ♣❛r❛
❛ ❢r❡♥t❡ ❛té ♦ ♣ró①✐♠♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ s♦❜r❡ ♦ s❡✉ s❡❣♠❡♥t♦✳ ❖s s❛♣♦s ♥✉♥❝❛ ♠✉❞❛♠ ❛ ❞✐r❡çã♦
❞♦s s❡✉s s❛❧t♦s✳ ●❡♦✛ ❞❡s❡❥❛ ❝♦❧♦❝❛r ♦s s❛♣♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❞♦✐s s❛♣♦s ♥✉♥❝❛ ♦❝✉♣❡♠ ❛♦ ♠❡s♠♦
t❡♠♣♦ ♦ ♠❡s♠♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✳

✭❛✮ Pr♦✈❡ q✉❡ s❡ n é í♠♣❛r✱ ●❡♦✛ s❡♠♣r❡ t❡♠ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ r❡❛❧✐③❛r ♦ s❡✉ ❞❡s❡❥♦✳

✭❜✮ Pr♦✈❡ q✉❡ s❡ n é ♣❛r✱ ●❡♦✛ ♥✉♥❝❛ r❡❛❧✐③❛ ♦ s❡✉ ❞❡s❡❥♦✳

▲❛♥❣✉❛❣❡✿ P♦rt✉❣✉❡s❡ ❚❡♠♣♦✿ ✹ ❤♦r❛s ❡ ✸✵ ♠✐♥✉t♦s

❈❛❞❛ ♣r♦❜❧❡♠❛ ✈❛❧❡ ✼ ♣♦♥t♦s


