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AƵůĂ Ϭϰ͗ DĞƚĞƌŵŝŶĂŶƚĞƐ

SƵŵĄƌŝŽ

ϭ DĞƚĞƌŵŝŶĂŶƚĞƐ ;ĐĄůĐƵůŽͿ ϰ

ϭ͘ϭ DĞƚĞƌŵŝŶĂŶƚĞƐ 1× 1 Ğ 2× 2 ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϰ

ϭ͘Ϯ DĞƚĞƌŵŝŶĂŶƚĞƐ 3× 3 ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϲ

ϭ͘ϯ DĞƚĞƌŵŝŶĂŶƚĞƐ ƋƵĂŝƐƋƵĞƌ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ Ϯϱ

Ϯ AůĠŵ ĚŽƐ ĐĄůĐƵůŽƐ ϯϴ

Ϯ͘ϭ PƌŽƉƌŝĞĚĂĚĞƐ ĚŽƐ ĚĞƚĞƌŵŝŶĂŶƚĞƐ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ͘ ϯϴ

OůĄ ĞƐƟŵĂĚŽ ĂůƵŶŽ͘ É Ƶŵ ƉƌĂǌĞƌ ƚġͲůŽ ĐŽŶŽƐĐŽ ŶŽǀĂŵĞŶƚĞ ŶĞƐƚĞ ŶŽǀŽ ƚƌĂũĞƚŽ ƉĂƌĂ Ž ĂƉƌĞŶĚŝǌĂĚŽ
ĚĂ ŵĂƚĞŵĄƟĐĂ͊ SŽƵ Ž ƉƌŽĨĞƐƐŽƌ IƚĂůŽ MĂƌŝŶŚŽ͕ ĨŽƌŵĂĚŽ Ğŵ ŵĂƚĞŵĄƟĐĂ ƉĞůĂ UERJ͖ ĂƚƵŽ ŶŽ ĞŶƐŝŶŽ
ĚĞ ŵĂƚĞŵĄƟĐĂ Ğ İƐŝĐĂ ŶŽ ĞƐƚĂĚŽ ĚŽ RŝŽ ĚĞ JĂŶĞŝƌŽ ŚĄ ϭϮ ĂŶŽƐ ĐŽŵ ĞŶĨŽƋƵĞ Ğŵ ĐŽŶĐƵƌƐŽƐ ŵŝůŝƚĂƌĞƐ͘
MĞ ĞƐƉĞĐŝĂůŝǌĞŝ ŶĂ ƉƌŽĚƵĕĆŽ ĚĞ ŵĂƚĞƌŝĂŝƐ ĚŝĚĄƟĐŽƐ ĚĞŶƚƌŽ ĚŽ ŵĞƐŵŽ ĞŶĨŽƋƵĞ͘

HŽũĞ ĨĂůĂƌĞŵŽƐ ƐŽďƌĞ ĚĞƚĞƌŵŝŶĂŶƚĞƐ͘ É Ž ƐĞŐƵŶĚŽ ĐŽŶƚĞƷĚŽ ĚŽ ƚƌŝŽ ĚĂƐŵĂƚĠƌŝĂƐ ƋƵĞ ĐŽŶƐƟƚƵĞŵ Ă
ÁůŐĞďƌĂ ůŝŶĞĂƌ͘ GŽƐƚĂƌŝĂ ƉŽƌĠŵ ĚĞ ƚĞ ĚĂƌ ĂůŐƵŵĂƐ ĚŝĐĂƐ ƋƵĂŶƚŽ ă ƵƟůŝǌĂĕĆŽ ĚĞƐƐĞ ŵĂƚĞƌŝĂů ĞƐƉĞĐşĮĐŽ
ĚĞ ĚĞƚĞƌŵŝŶĂŶƚĞƐ͘ VĂŵŽƐ ůĄ͘

UŵĂ ĐŽŝƐĂ ŝŵƉŽƌƚĂŶƚĞ ƉĂƌĂ ƐĞ ĞŶƚĞŶĚĞƌ ĂƋƵŝ ;Ğ ĞƵ ŵĞŶĐŝŽŶĂƌĞŝ ŝƐƐŽ ă ŵĞĚŝĚĂ ƋƵĞ Ž ŵĂƚĞƌŝĂů ĚĞͲ
ĐŽƌƌĞƌͿ Ġ ƋƵĞ Ž ĐŽŶƚĞƷĚŽ ĚĞ ĚĞƚĞƌŵŝŶĂŶƚĞƐ Ġ ĚŝǀŝĚŝĚŽ Ğŵ ĚƵĂƐ ƉĂƌƚĞƐ͗ Ă ƉĂƌƚĞ ĚĞ ĐĄůĐƵůŽƐ Ğ Ă ƉĂƌƚĞ
ĚĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ͘ HĄ ƵŵĂ ƌĞůĞǀąŶĐŝĂ ĞŶŽƌŵĞ Ğŵ ĚŝǌĞƌ ƉĂƌĂ ǀŽĐġ͕ ĞƐƚƵĚĂŶƚĞ͕ ƋƵĞ Ă ƉĂƌƚĞ ĚĞ ĐĄůĐƵůŽƐ
ĠŵƵŝƚŽŵĂŝƐ ƉƌĞƐĞŶƚĞ Ğ ŝŵƉŽƌƚĂŶƚĞ ƋƵĞ Ă ƉĂƌƚĞ ĚĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ͘ CĂĞŵ ĐŽŵŵƵŝƚŽŵĂŝƐ ĨƌĞƋƵġŶĐŝĂ͘

PŽƌĠŵ͕ ŽƐ ĐŽŶĐƵƌƐŽƐ ǀġŵ ƐĞ ĞƐƉĞĐŝĂůŝǌĂŶĚŽ ĐĂĚĂ ǀĞǌ ŵĂŝƐ͕ Ă ĐĂĚĂ ĂŶŽ ƋƵĞ ƉĂƐƐĂ͘ É ƉŽƌ ŝƐƐŽ ƋƵĞ
ĞƐƐĞ ůŝǀƌŽ ĞůĞƚƌƀŶŝĐŽ ĐŽŶƚĞŵƉůĂƌĄ TODáĂŵĂƚĠƌŝĂ ĚĞ ĚĞƚĞƌŵŝŶĂŶƚĞƐ ƉƌĞƐĞŶƚĞƐ ĞŵĞĚŝƚĂů Ğ ƋƵĞƉŽƐƐĂŵ
ǀŝƌ Ă ƐĞƌĞŵ ŝŶƚĞƌƉƌĞƚĂĚĂƐ Ă ƉĂƌƟƌ ĚĞůĞ͘ VĂŵŽƐ ůĄ ĞŶƚĆŽ͍
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PƌŝŵĞŝƌŽ ŵƵůƟƉůŝĐĂŵŽƐ ŽƐ ĞůĞŵĞŶƚŽƐ ƋƵĞ ĞƐƚĆŽ ĐŽŶĞĐƚĂĚŽƐ Ğŵ ǀĞƌŵĞůŚŽ Ğ ƐŽŵĂŵŽƐ ŽƐ ƌĞƐƵůƚĂͲ
ĚŽƐ͗

0 · 9 · 3+ 1 · (−1) · (−1) + 4 · 2 · (−1) 0+ 1− 8

−7.

áŐŽƌĂ͕ ŵƵůƟƉůŝĐĂŵŽƐ Ž ƋƵĞ ĞƐƚĄ Ğŵ ĂǌƵů͕ ƉŽƌĠŵ͕ ĂůƚĞƌĂŶĚŽ Ž ƐŝŶĂů ĚŽ ƉƌŽĚƵƚŽ͗

36+ 0− 6 30.

áŐŽƌĂ ďĂƐƚĂ ƐŽŵĂƌ ĂŵďŽƐ ŽƐ ƌĞƐƵůƚĂĚŽƐ ĞŶĐŽŶƚƌĂĚŽƐ͗ 30+ (−7) 23͘

���;ESSAͲϮϬϬϵͿ QUESTÃO ϭ

UŵĂŵĂƚƌŝǌB ĚĞ ŽƌĚĞŵ 3͕ Ġ ƚĂů ƋƵĞ͕ Ğŵ ĐĂĚĂ ůŝŶŚĂ͕ ŽƐ ĞůĞŵĞŶƚŽƐ ƐĆŽ ƚĞƌŵŽƐ ĐŽŶƐĞĐƵƟǀŽƐ ĚĞ ƵŵĂ
ƉƌŽŐƌĞƐƐĆŽ ĂƌŝƚŵĠƟĐĂ ĚĞ ƌĂǌĆŽ 2͘ SĞ ĂƐ ƐŽŵĂƐ ĚŽƐ ĞůĞŵĞŶƚŽƐ ĚĂ ƉƌŝŵĞŝƌĂ͕ ƐĞŐƵŶĚĂ Ğ ƚĞƌĐĞŝƌĂ ůŝŶŚĂƐ
ǀĂůĞŵ 6͕ 3 Ğ 0͕ ƌĞƐƉĞĐƟǀĂŵĞŶƚĞ͕ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĞ B Ġ ŝŐƵĂů Ă͗

;ĂͿ 1
;ďͿ 0
;ĐͿ −1

;ĚͿ 3
;ĞͿ 2

R͗ DĞŵŽƐ ƵŵĂ ŽůŚĂĚĂ ŶĂ ŵĂƚƌŝǌ B͗

B









a11 a12 a13

a21 a22 a23

a31 a32 a33
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ă ĂƉůŝĐĂĕĆŽ͘ MĂƐ ĮƋƵĞ ĐĂůŵĂ ƋƵĞ ĐŽŵ ƉĂĐŝġŶĐŝĂ Ğ ĚĞĚŝĐĂĕĆŽ ƚƵĚŽ ĐŽŶƐĞŐƵŝŵŽƐ͕ ŽŬ͍ BŽŵ͕ ǀĂŵŽƐ
ĞŶƚĆŽ ă ƵƟůŝǌĂĕĆŽ͘

PƌŝŵĞŝƌŽ͕ ĞŶƚĞŶĚĂŵŽƐ Ž ƋƵĞ ƐŝŐŶŝĮĐĂ cij͘ CŽŵŽ ĞƵ ĚŝƐƐĞ ŚĄ ƉŽƵĐŽ͕ ĐĂĚĂ ƚĞƌŵŽ ĚĞ ƵŵĂŵĂƚƌŝǌ ƉŽƐͲ
ƐƵŝ ĞƐƐĞ ŶƷŵĞƌŽ ŵĄŐŝĐŽ ĐŚĂŵĂĚŽ ĚĞ ĐŽĨĂƚŽƌ͘ QƵĂŶĚŽ ĞƐĐƌĞǀĞŵŽƐ cij ĞƐƚĂŵŽƐ ĞƐĐƌĞǀĞŶĚŽ Ă ŶŽƚĂĕĆŽ
ƉĂƌĂ Ž ĐĄůĐƵůŽ ĚŽ ĐŽĨĂƚŽƌ ĚŽ ƚĞƌŵŽ aij͘ EŶƚĆŽ ƐĞ ĞƵ ƚĞ ƉĞĕŽ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ƉĂƌĂ ĐĂůĐƵůĂƌ c13͕ ĞƐƐĂ
ŶŽƚĂĕĆŽ ƐŝŐŶŝĮĐĂƌĄ ƋƵĞ ĞƐƚĂŵŽƐ ŝŶƚĞƌĞƐƐĂĚŽƐ Ğŵ ĐĂůĐƵůĂƌ Ž ĐŽĨĂƚŽƌ ĚĞ a13͘ áƚĠ Ăş͕ ĨŽŝ͍

EŶƚĆŽ ƐƵƉŽŶŚĂŵŽƐ ƋƵĞ ƋƵĞŝƌĂŵŽƐ ĐĂůĐƵůĂƌ Ž ĐŽĨĂƚŽƌ ĚĞ a21͕ ĚĞ ƵŵĂ ŵĂƚƌŝǌ ƋƵĂůƋƵĞƌ͘ EƐĐƌĞǀĞͲ
ƌĞŵŽƐ ĞŶƚĆŽ͕ ĚĞ ĂĐŽƌĚŽ ĐŽŵ Ă ŶŽƐƐĂ ŶŽƚĂĕĆŽ͕ c21 ĐŽŵŽ Ž ĐŽĨĂƚŽƌ ƉƌŽĐƵƌĂĚŽ͘ PĞƌĐĞďĂ ƋƵĞ͕ ƉŽƌ ĞŶͲ
ƋƵĂŶƚŽ͕ ŶĆŽ ĞƐƚĂŵŽƐ ŝŶƚĞƌĞƐƐĂĚŽƐ Ğŵ ĐĂůĐƵůĂƌ Ž ĐŽĨĂƚŽƌ͘ EƐƚĂŵŽƐ ŝŶƚĞƌĞƐƐĂĚŽƐ ƐŽŵĞŶƚĞ ŶĂ ŶŽƚĂĕĆŽ͕
ŝƐƚŽ Ġ͕ ŶĂ ĨŽƌŵĂ ĚĞ ƌĞƉƌĞƐĞŶƚĄͲůŽ͘ UƐĂƌĞŵŽƐ ĞƐƐĂ ŶŽƚĂĕĆŽ ŶŽ ĚĞĐŽƌƌĞƌ ĚŽŵĂƚĞƌŝĂů͘ SĞ ĂŝŶĚĂ ŶĆŽ ĐŽŶͲ
ƐĞŐƵŝƵ ĞŶƚĞŶĚġͲůĂ͕ ƌĞůĞŝĂ ĚĞƐĚĞ Ž ŝŶşĐŝŽ ĚĂ ƐĞĕĆŽ ŽƵ ĂĐĞƐƐŽ ŽƐ ŶŽƐƐŽƐ ĨſƌƵŶƐ ƉĂƌĂ ƉŽƐƚĞƌŝŽƌĞƐ ĚƷǀŝĚĂƐ͘
O ŽďũĞƟǀŽ Ġ ƋƵĞ ǀŽĐġ ĐŽŶƐŝŐĂ ĞŶƚĞŶĚĞƌ ƚƵĚŽ͘

VĂŵŽƐ ĂŐŽƌĂ ĂŽ ĐĄůĐƵůŽ ĚŽ ĐŽĨĂƚŽƌ ĚĞ Ƶŵ ĞůĞŵĞŶƚŽ ƋƵĂůƋƵĞƌ ĚĞ ƵŵĂ ŵĂƚƌŝǌ͘ Dġ ƵŵĂ ŽůŚĂĚĂ
ŶŽǀĂŵĞŶƚĞ ŶĂ ĨſƌŵƵůĂ ƉĂƌĂ Ž ĐĄůĐƵůŽ ĚŽƐ ĐŽĨĂƚŽƌĞƐ͘ VŽĐġ Ă ĞŶƚĞŶĚĞƵ ďĞŵ͍ OƵ ĞǆŝƐƚĞ ĂůŐƵŵĂ ƉĂƌƚĞ
ĚĞůĂ ƋƵĞ ĮĐŽƵ ŵĞŝŽ ƋƵĞ ŵŝƐƚĞƌŝŽƐĂ ĂŝŶĚĂ͍

Sſ ƉĂƌĂ ƚƌĂǌġͲůĂ ŵĂƐ ƉĂƌĂ ƉĞƌƚŽ ĚĞ ŶŽƐƐŽƐ ŽůŚŽƐ͕ ŽďƐĞƌǀĞ ŶŽǀĂŵĞŶƚĞ Ă ĨſƌŵƵůĂ͗ cij (−1)i+j ·Dij͘
VĞũĂ ƋƵĞ i Ğ j ƐĆŽ ŽƐ şŶĚŝĐĞƐ ĐĂƌĂĐƚĞƌşƐƟĐŽƐ ĚĂ ůŝŶŚĂ Ğ ĚĂ ĐŽůƵŶĂ ĚŽ ĞůĞŵĞŶƚŽ Ă ƋƵĞ ƐĞ ĚĞƐĞũĂ ĐĂůĐƵůĂƌ
Ž ĐŽĨĂƚŽƌ͘ PŽƌ ĞǆĞŵƉůŽ͕ ƐĞ ƋƵŝƐĠƐƐĞŵŽƐ ĐĂůĐƵůĂƌ Ž ĐŽĨĂƚŽƌ ĚŽ ĞůĞŵĞŶƚŽ a21 ĚĞ ĚĞƚĞƌŵŝŶĂĚĂ ŵĂƚƌŝǌ͕
ŶŽƐƐĂƐ ĐŽŶƚĂƐ ĮĐĂƌŝĂŵ ĚĂ ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

cij (−1)i+j ·Dij

c21 (−1)2+1 ·D21

(−1)3 ·D21

(−1) ·D21

−D21

O ĐĄůĐƵůŽ ĮĐĂƌŝĂ ĂƐƐŝŵ͕ ǀŽĐġ ĐŽŶĐŽƌĚĂ͍ MĂƐ Ž ƋƵĞ ƌĂŝŽƐ ƐĞƌŝĂŵ ĞƐƐĞD21͍ NĆŽ ĞƐƚĂŵŽƐ ĨĂŵŝůŝĂƌŝͲ
ǌĂĚŽƐ ĐŽŵ ĞƐƐĂ ŶŽƚĂĕĆŽ ĂŝŶĚĂ͕ ŵĂƐ ĞƐƐĞDij ŶŽ ĮŶĂů ĚĂ ĨſƌŵƵůĂ ĚŽƐ ĐŽĨĂƚŽƌĞƐ Ġ ĂůŐŽ ƋƵĞ ĐŚĂŵĂŵŽƐ
ĚĞ ŵĞŶŽƌ ĐŽŵƉůĞŵĞŶƚĂƌ͘ NĆŽ ƐĞ ƉƌĞŽĐƵƉĞ ŵƵŝƚŽ ĐŽŵ Ă ŶŽŵĞŶĐůĂƚƵƌĂ ĂƋƵŝ͕ ũŽǀĞŵ͘ NĆŽ Ġ Ă ĐŽŝƐĂ
ŵĂŝƐ ŝŵƉŽƌƚĂŶƚĞ ĚŽ ŵƵŶĚŽ͘ O ŝŵƉŽƌƚĂŶƚĞ Ġ ǀŽĐġ ĞŶƚĞŶĚĞƌ ƋƵĞ ƉĂƌĂ ĐĂůĐƵůĂƌŵŽƐ ĞƐƐĞ ƚĂů ĚĞ ĐŽĨĂƚŽƌ͕
ƉƌĞĐŝƐĂƌĞŵŽƐ ĂƉƌĞŶĚĞƌ Ă ĐĂůĐƵůĂƌ Ž ŵĞŶŽƌ ĐŽŵƉůĞŵĞŶƚĂƌ͘ áŐŽƌĂ͕ ĐŽŵŽ ĨƵŶĐŝŽŶĂ͍

FƵŶĐŝŽŶĂ ĂƐƐŝŵ͘ CŽŶƐŝĚĞƌĞŵŽƐ Ă ŵĂƚƌŝǌ ƋƵĞ ƵƐĂŵŽƐ ĐŽŵŽ ĞǆĞŵƉůŽ ŚĄ ƉŽƵĐŽ͗
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(

−1 3

−1 17

)

.

áŐŽƌĂ͕ ďĂƐƚĂ ĐĂůĐƵůĂƌŵŽƐ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ ŵĂƚƌŝǌ ƋƵĞ ƐŽďƌŽƵ͕ Ğ ĞƐƐĞ ƌĞƐƵůƚĂĚŽ ƐĞƌĄ Ž ŵĞŶŽƌ
ĐŽŵƉůĞŵĞŶƚĂƌ ĚŽ ĞůĞŵĞŶƚŽ a21͗

D21

∣

∣

∣

∣

∣

−1 3

−1 17

∣

∣

∣

∣

∣

(−1) · 17− 3 · (−1)

−17+ 3

−14.

PŽƌƚĂŶƚŽ Ž ŵĞŶŽƌ ĐŽŵƉůĞŵĞŶƚĂƌ ĚŽ ƚĞƌŵŽ a21 Ġ −14͘ PĞƌĐĞďĂ ƋƵĞ ŝƐƐŽ ŶŽƐ Ěŝǌ ĚĞ ŝŵĞĚŝĂƚŽ ƋƵĂů
Ġ Ž ĐŽĨĂƚŽƌ ĚŽ ƚĞƌŵŽ a21͕ ŽďƐĞƌǀĞ͗

cij (−1)i+j ·Dij

c21 (−1)2+1 ·D21

(−1)3 · (−14)

(−1) · (−14)

14.

EŶƚĆŽ Ž ĐŽĨĂƚŽƌ ĚŽ ƚĞƌŵŽ a21 Ġ 14͕ ŝƐƚŽ Ġ͕ c21 14͘ VĞũĂŵŽƐ ŽƵƚƌŽ ĞǆĞŵƉůŽ͕ ƉĂƌĂ ŐĂƌĂŶƟƌŵŽƐ
ŵĄǆŝŵĂ ĮǆĂĕĆŽ͘

���QUESTÃO ϮϬ

CŽŶƐŝĚĞƌĞ Ă ŵĂƚƌŝǌ B













1 3 0 9

−1 2 0 0

−1 0 0 −3

−1 0 1 −2













͘ CĂůĐƵůĞ Ž ĐŽĨĂƚŽƌ ĚŽ ƚĞƌŵŽ a23͕ ŝƐƚŽ Ġ͕ ĐĂůĐƵůĞ c23͘

;ĂͿ −3

;ďͿ 0
;ĐͿ 3
;ĚͿ 6
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EƐĐŽůŚŝĚĂ Ă ůŝŶŚĂ Ϯ͕ ĚĞǀĞŵŽƐ ĂŐŽƌĂ ĞĨĞƚƵĂƌ Ă ƐŽŵĂ ĚŽƐ ƉƌŽĚƵƚŽƐ ĚĞ ĐĂĚĂ ƚĞƌŵŽ ƉĞůŽƐ ƐĞƵƐ ƌĞƐƉĞĐͲ
ƟǀŽƐ ĐŽĨĂƚŽƌĞƐ͕ ŝƐƚŽ Ġ͕ ĚĞǀĞŵŽƐ ĞĨĞƚƵĂƌ Ă ƐĞŐƵŝŶƚĞ ŽƉĞƌĂĕĆŽ͗

ĚĞƚA a21 · c21 + a22 · c22 + a23 · c23 + a24 · c24.

áŐŽƌĂ͕ ĨĂƌĄ ƐĞŶƟĚŽ Ž ƉŽƌƋƵġ ĚĞ ƚĞƌŵŽƐ ĞƐĐŽůŚŝĚŽ Ă ůŝŶŚĂ ĐŽŵ ŵĂŝƐ ǌĞƌŽƐ͘ É ƉŽƌƋƵĞ ĐŽŵŽ a21

a23 a24 0͕ ĮĐĂƌĞŵŽƐ ĐŽŵ͗

ĚĞƚA a21 · c21 + a22 · c22 + a23 · c23 + a24 · c24
0 · c21 + 4 · c22 + 0 · c23 + 0 · c24
4 · c22.

DĂş͕ ŶĆŽ ƉƌĞĐŝƐĂƌĞŵŽƐ ĐĂůĐƵůĂƌ ŽƐ ƋƵĂƚƌŽ ĐŽĨĂƚŽƌĞƐ͕ ĂƉĞŶĂƐ Ƶŵ ĚĞůĞƐ͕ ǀŝƐƚŽ ƋƵĞ ŽƐ ŽƵƚƌŽƐ ƚĞƌŵŽƐ
ƐĞ ĂŶƵůĂƌĂŵ͊ EŶƚĆŽ ǀĂŵŽƐ ĂŽ ĐĄůĐƵůŽ ĚĞůĞ ;ĂƉƌŽǀĞŝƚĂŶĚŽ ƉĂƌĂ ƌĞĨŽƌĕĂƌ ĞƐƐĂ ŝĚĞŝĂ ƉĂƌĂ Ž ĐĄůĐƵůŽ ĚŽ ĐŽͲ
ĨĂƚŽƌͿ͘ PƌŝŵĞŝƌŽ͕ ƉƌĞĐŝƐĂŵŽƐ ĐĂůĐƵůĂƌ Ž ŵĞŶŽƌ ĐŽŵƉůĞŵĞŶƚĂƌ ĚŽ ĞůĞŵĞŶƚŽ a22͘ PĂƌĂ ŝƐƐŽ͕ ƉƌĞĐŝƐĂŵŽƐ
ƉƌŝŵĞŝƌŽ ĞŶǀŽůǀĞƌ Ž ĞůĞŵĞŶƚŽ a22͗

A













1 7 −1 9

0 ϰ 0 0

2 3 4 1

0 1 −1 0













.

áŐŽƌĂ ĞǆĐůƵşŵŽƐ Ă ůŝŶŚĂ Ğ Ă ĐŽůƵŶĂ ĂƐƐŽĐŝĂĚĂƐ Ă ĞƐƐĞ ĞůĞŵĞŶƚŽ͗

A













1 7 −1 9

0 ϰ 0 0

2 3 4 1

0 1 −1 0













.

E ĂŐŽƌĂ ƌĞƵŶŝŵŽƐ ŽƐ ƚĞƌŵŽƐ ƌĞƐƚĂŶƚĞƐ Ğŵ ƵŵĂ ŵĂƚƌŝǌ ă ƉĂƌƚĞ͗









1 −1 9

2 4 1

0 −1 0









.

CĂůĐƵůĂŶĚŽ ĞƐƐĞ ĚĞƚĞƌŵŝŶĂŶƚĞ͗
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���;EEARͲϮϬϬϯͿ QUESTÃO Ϯϭ

CĂůĐƵůĂŶĚŽ Ž ǀĂůŽƌ ĚŽ ĚĞƚĞƌŵŝŶĂŶƚĞ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−1 −1 0 0

2 3 0 −1

−2 −1 0 0

0 0 −1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

͕ ŽďƚĠŵͲƐĞ

;ĂͿ −3

;ďͿ −1

;ĐͿ 1
;ĚͿ 3

R͗ CŽŵŽ ƐĞ ƚƌĂƚĂ ĚĞ ƵŵĂ ŵĂƚƌŝǌ 4× 4͕ ŶĆŽ ƚĞŵŽƐ ĞƐĐŽůŚĂ Ă ŶĆŽ ƐĞƌ ƵƟůŝǌĂƌŵŽƐ Ž TĞŽƌĞŵĂ ĚĞ
LĂƉůĂĐĞ ƉĂƌĂ ƉŽĚĞƌŵŽƐ ĐĂůĐƵůĂƌ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ ŵĂƚƌŝǌ Ğŵ ƋƵĞƐƚĆŽ͘
PĂƌĂ ƵƟůŝǌĂƌŵŽƐ͕ ĚĞǀĞŵŽƐ ĞƐĐŽůŚĞƌ ŽƵ ƵŵĂ ůŝŶŚĂ ŽƵ ƵŵĂ ĐŽůƵŶĂ ĚĂ ƌĞĨĞƌŝĚĂ ŵĂƚƌŝǌ͕ ĚĞ ƉƌĞĨĞƌġŶĐŝĂ
ĂƋƵĞůĂ ƋƵĞ ƟǀĞƌ ŵĂŝƐ ĞůĞŵĞŶƚŽƐ ŝŐƵĂŝƐ Ă ǌĞƌŽ͘ NĞƐƐĞ ŵĂƚƌŝǌ͕ Ġ ĐůĂƌŽ͕ ĞƐĐŽůŚĞƌĞŝ Ă ƚĞƌĐĞŝƌĂ ĐŽůƵŶĂ͘
DĂş͕ ďĂƐƚĂ ŵƵůƟƉůŝĐĂƌŵŽƐ ĐĂĚĂ ĞůĞŵĞŶƚŽ ĚĂ ĐŽůƵŶĂ ƉĞůŽƐ ƐĞƵƐ ƌĞƐƉĞĐƟǀŽƐ ĐŽĨĂƚŽƌĞƐ Ğ͕ ĂƉſƐ͕
ƐŽŵĄͲůŽƐ͗

ĚĞƚA 0 · c13 + 0 · c23 + 0 · c33 + (−1) · c43
−c43.

áŐŽƌĂ͕ ĨĂĕĂŵŽƐ Ž ĐĄůĐƵůŽ ĚĞ c43͗

c43 (−1)4+3 · D43︸︷︷︸
ŵĞŶŽƌ ĐŽŵƉůĞŵĞŶƚĂƌ

c43 −D43.
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���;EFOMMͲϮϬϬϵͿ QUESTÃO ϯϮ

SĞ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ ŵĂƚƌŝǌA









a b c

d e f

g h i









Ġ 5͕ ĞŶƚĆŽ

∣

∣

∣

∣

∣

∣

∣

∣

a a+ b 3c

d d+ e 3f

g g+ h 3i

∣

∣

∣

∣

∣

∣

∣

∣

Ġ ŝŐƵĂů Ă͗

;ĂͿ ǌĞƌŽ͘
;ďͿ ĐŝŶĐŽ͘
;ĐͿ ƋƵŝŶǌĞ͘
;ĚͿ ƚƌŝŶƚĂ͘
;ĞͿ ƋƵĂƌĞŶƚĂ Ğ ĐŝŶĐŽ͘

R͗ UƟůŝǌĂŶĚŽͲŶŽƐ ĚĂƐ ƉƌŽƉƌŝĞĚĂĚĞƐ ĚŽƐ ĚĞƚĞƌŵŝŶĂŶƚĞƐ͕ ƉŽĚĞŵŽƐ ĞƐĐƌĞǀĞƌ ĞƐƐĞ ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ
ƐĞŐƵŝŶƚĞ ĨŽƌŵĂ͗

∣

∣

∣

∣

∣

∣

∣

∣

a a+ b 3c

d d+ e 3f

g g+ h 3i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a a 3c

d d 3f

g g 3i

∣

∣

∣

∣

∣

∣

∣

∣

︸ ︷︷ ︸
DĞƚĞƌŵŝŶĂŶƚĞ ŶƵůŽ͕ ƉŽƌ ĐĂƵƐĂ ĚĂƐ ĚƵĂƐ ĐŽůƵŶĂƐ ŝŐƵĂŝƐ

+

∣

∣

∣

∣

∣

∣

∣

∣

a b 3c

d e 3f

g h 3i

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a b 3c

d e 3f

g h 3i

∣

∣

∣

∣

∣

∣

∣

∣

.

áůĠŵ ĚŝƐƐŽ͕ ƉŽĚĞŵŽƐ ƌĞƟƌĂƌ Ž 3 ĚĂ ƷůƟŵĂ ĐŽůƵŶĂ͕ ĐŽŵŽ ƋƵĞ ĐŽůŽĐĂŶĚŽͲŽ Ğŵ ĞǀŝĚġŶĐŝĂ͗

∣

∣

∣

∣

∣

∣

∣

∣

a b 3c

d e 3f

g h 3i

∣

∣

∣

∣

∣

∣

∣

∣

3

∣

∣

∣

∣

∣

∣

∣

∣

a b c

d e f

g h i

∣

∣

∣

∣

∣

∣

∣

∣

︸ ︷︷ ︸
5

3 · 5

15.
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���;ESSAͲϮϬϭϰͿ QUESTÃO ϯϵ

SĂďĞŶĚŽͲƐĞ ƋƵĞ ƵŵĂ ŵĂƚƌŝǌ ƋƵĂĚƌĂĚĂ Ġ ŝŶǀĞƌơǀĞů ƐĞ͕ Ğ ƐŽŵĞŶƚĞ ƐĞ͕ ƐĞƵ ĚĞƚĞƌŵŝŶĂŶƚĞ Ġ ŶĆŽͲŶƵůŽ
Ğ ƋƵĞ͕ ƐĞA Ğ B ƐĆŽ ĚƵĂƐ ŵĂƚƌŝǌĞƐ ƋƵĂĚƌĂĚĂƐ ĚĞ ŵĞƐŵĂ ŽƌĚĞŵ͕ ĞŶƚĆŽ ĚĞƚ(A ·B) (ĚĞƚA) · (ĚĞƚB)͕
ƉŽĚĞͲƐĞ ĐŽŶĐůƵŝƌ ƋƵĞ͕ ƐŽď ĞƐƐĂƐ ĐŽŶĚŝĕƁĞƐ

;ĂͿ ƐĞA Ġ ŝŶǀĞƌơǀĞů͕ ĞŶƚĆŽA · B Ġ ŝŶǀĞƌơǀĞů͘
;ďͿ ƐĞ B ŶĆŽ Ġ ŝŶǀĞƌơǀĞů͕ ĞŶƚĆŽA Ġ ŝŶǀĞƌơǀĞů͘
;ĐͿ ƐĞA · B Ġ ŝŶǀĞƌơǀĞů͕ ĞŶƚĆŽA Ġ ŝŶǀĞƌơǀĞů Ğ B ŶĆŽ Ġ ŝŶǀĞƌơǀĞů͘
;ĚͿ ƐĞA · B ŶĆŽ Ġ ŝŶǀĞƌơǀĞů͕ ĞŶƚĆŽA ŽƵ B ŶĆŽ Ġ ŝŶǀĞƌơǀĞů͘
;ĞͿ ƐĞA · B Ġ ŝŶǀĞƌơǀĞů͕ ĞŶƚĆŽ B Ġ ŝŶǀĞƌơǀĞů ĞA ŶĆŽ Ġ ŝŶǀĞƌơǀĞů͘

R͗ CŽŵĞŶƚĞŵŽƐ ĐŽŶĐůƵƐĆŽ ƉŽƌ ĐŽŶĐůƵƐĆŽ͗

;ĂͿ FĂůƐŽ͘ VĞũĂ ƋƵĞ͕ B ƉŽĚĞ͕ ƉŽƌ ĞǆĞŵƉůŽ͕ ƐĞƌ Ă ŵĂƚƌŝǌ ŶƵůĂ͕ ƚŽƌŶĂŶĚŽA · B ƵŵĂ ŵĂƚƌŝǌ
ŶĆŽͲŝŶǀĞƌơǀĞů ;ƉŽŝƐ ĚĞƚ(A · B) ƐĞƌŝĂ ŶƵůŽ͕ ũƵƐƚĂŵĞŶƚĞ Ă ĐŽŶĚŝĕĆŽ ƋƵĞ ƚŽƌŶĂ ƵŵĂ ŵĂƚƌŝǌ ŶĆŽ
ŝŶǀĞƌơǀĞů ;ŽƵ ƐĞũĂ͕ ƵŵĂ ŵĂƚƌŝǌ ƐŝŶŐƵůĂƌϭͿͿ͘
;ďͿ FĂůƐŽ͘ A Ğ B ƐĆŽ ŵĂƚƌŝǌĞƐ ƚŽƚĂůŵĞŶƚĞ ŶĆŽ ĐŽƌƌĞůĂĐŝŽŶĂĚĂƐ͕ ƵŵĂ ŶĆŽ ŝŶƚĞƌĨĞƌĞ ŶĂ ŽƵƚƌĂ͘
;ĐͿ FĂůƐŽ͘ O ĨĂƚŽ ĚĞA · B ƐĞƌ ŝŶǀĞƌơǀĞů ŐĂƌĂŶƚĞͲŶŽƐ ƋƵĞ ĚĞƚ(A · B) ̸ 0͘ MĂƐ
ĚĞƚ(A · B) ĚĞƚA · ĚĞƚB͕ ĞŶƚĆŽ͗

ĚĞƚA · ĚĞƚB ̸ 0.

IƐƐŽ ŐĂƌĂŶƚĞ ƋƵĞ ĂŵďŽƐ ŽƐ ĚĞƚĞƌŵŝŶĂŶƚĞƐ ŶĆŽ ƐĞũĂŵ ŶƵůŽƐ Ğ͕ ƉŽƌƚĂŶƚŽ͕ Ġ ŝŵƉŽƐƐşǀĞů ƋƵĞ B ŶĆŽ
ƐĞũĂ ŝŶǀĞƌơǀĞů͘
;ĚͿ VĞƌĚĂĚĞŝƌŽ͘ O ĨĂƚŽ ĚĞA · B ŶĆŽ ƐĞƌ ŝŶǀĞƌơǀĞů ŐĂƌĂŶƚĞͲŶŽƐ ƋƵĞ ĚĞƚ(A · B) 0͘ MĂƐ
ĚĞƚ(A · B) ĚĞƚA · ĚĞƚB͕ ĞŶƚĆŽ͗

ϭTĞƌŵŽ ĂƉƌĞŶĚŝĚŽ ŶĂ ĂƵůĂ ĂŶƚĞƌŝŽƌ
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SĂďĞŵŽƐ ƋƵĞ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ ŝŶǀĞƌƐĂ Ġ Ă ŝŶǀĞƌƐĂ ĚŽ ĚĞƚĞƌŵŝŶĂŶƚĞ Ğ͕ ĂůĠŵ ĚŝƐƐŽ͕ ƉŽĚĞŵŽƐ ƌĞƟƌĂƌ
ĐŽŶƐƚĂŶƚĞƐ ĚŽ ĐĄůĐƵůŽ ĚŽ ĚĞƚĞƌŵŝŶĂŶƚĞ ĞůĞǀĂŶĚŽ ĞƐƐĂ ĐŽŶƐƚĂŶƚĞ ă ŽƌĚĞŵ ĚĞůĞ͕ ĐŽŵŽ ũĄ ǀŝŵŽƐ͗

1

ĚĞƚ(AB)
+

(

1

2

)3

· ĚĞƚ (I) 4

CŽŵŽ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ ŵĂƚƌŝǌ ŝĚĞŶƟĚĂĚĞ ǀĂůĞ 1͕ ƚĞŵŽƐ͗

1

ĚĞƚ(AB)
+

1

8
4

1

ĚĞƚ(AB)
4−

1

8

1

ĚĞƚ(AB)

31

8

ĚĞƚ(AB)
8

31

CŽŵŽ ĚĞƚ(A−1) 3͕ ĞŶƚĆŽ ĚĞƚA 1

3
͘ LŽŐŽ͕ ĂƉůŝĐĂŶĚŽ ŶŽǀĂŵĞŶƚĞ Ž TĞŽƌĞŵĂ ĚĞ BŝŶĞƚ͗

ĚĞƚA · ĚĞƚB 8

31
1

3
· ĚĞƚB 8

31

ĚĞƚB 3 · 8
31

ĚĞƚB 24

31
.

áŐŽƌĂ ǀĂŵŽƐ ĚĞƐĞŶǀŽůǀĞƌ Ă ŽƵƚƌĂ ĞƋƵĂĕĆŽ͗

I −3C−1
(

2B−1 +A
)T

áƉůŝƋƵĞŵŽƐ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ Ğŵ ĂŵďŽƐ ŽƐ ŵĞŵďƌŽƐ͗

ĚĞƚ I ĚĞƚ
[

−3C−1
(

2B−1 +A
)T
]

CŽŵŽ Ž ĚĞƚĞƌŵŝŶĂŶƚĞ ĚĂ ŵĂƚƌŝǌ ŝĚĞŶƟĚĂĚĞ Ġ͕ ĐŽŵŽ ũĄ ǀŝŵŽƐ͕ 1 Ğ͕ ĐŽŵŽ ũĄ ǀŝŵŽƐ͕ ƉŽĚĞŵŽƐ ƌĞƟƌĂƌ
ĐŽŶƐƚĂŶƚĞƐ ĚŽ ĐĄůĐƵůŽ ĚŽ ĚĞƚĞƌŵŝŶĂŶƚĞ͕ ƚĞŵŽƐ͗

1 (−3)3 · ĚĞƚ
[

C−1
(

2B−1 +A
)T
]

PĞůŽ TĞŽƌĞŵĂ ĚĞ BŝŶĞƚ͗

1 −27 · ĚĞƚ
(

C−1
)

· ĚĞƚ
[

(

2B−1 +A
)T
]
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͕ ĐĂůĐƵůĞ͕ Ğŵ ĨƵŶĕĆŽ ĚĞ a͕

ĚĞƚ



















2Ğ 2π
√
8 24

1

3 2

1 2 3 4 5

2 −3 4 −5 6

0 −1 3 5 12

3 0 5 5 16



















.

;ĂͿ 2a
;ďͿ −2a

;ĐͿ a
;ĚͿ −a

;ĞͿ 3a

R͗ CŽŵĞĐĞŵŽƐ Ă ƚĞŶƚĂƌ ƚƌĂŶƐĨŽƌŵĂƌ Ă ŵĂƚƌŝǌ ŝŶŝĐŝĂů ŶĂ ŵĂƚƌŝǌ ŝŶĨŽƌŵĂĚĂ͗

ĚĞƚ



















Ğ π
√
2 3

1

3 1

2 −3 4 −5 6

1 2 3 4 5

0 −1 3 5 12

3 1 2 0 4



















a

SŽŵĂŶĚŽ Ă ƷůƟŵĂ ůŝŶŚĂ ĐŽŵ Ă ƉĞŶƷůƟŵĂ ŶĆŽ ƐĞ ĂůƚĞƌĂ Ž ǀĂůŽƌ ĚŽ ĚĞƚĞƌŵŝŶĂŶƚĞ͕ ůŽŐŽ͗

ĚĞƚ



















Ğ π
√
2 3

1

3 1

2 −3 4 −5 6

1 2 3 4 5

0 −1 3 5 12

3+ 0 1+ (−1) 2+ 3 0+ 5 4+ 12



















a

ĚĞƚ



















Ğ π
√
2 3

1

3 1

2 −3 4 −5 6

1 2 3 4 5

0 −1 3 5 12

3 0 5 5 16
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Ϯ͘ϭ ÍÄ�®�� R�Ã®ÝÝ®6Ê

CŽĨĂƚŽƌ͕ Ϯϲ

DĞƚĞƌŵŝŶĂŶƚĞ͕ ϰ
DĞƚĞƌŵŝŶĂŶƚĞ 1× 1͕ ϱ
DĞƚĞƌŵŝŶĂŶƚĞ 2× 2͕ ϱ
DĞƚĞƌŵŝŶĂŶƚĞ 3× 3͕ ϲ

MĞŶŽƌ ĐŽŵƉůĞŵĞŶƚĂƌ͕ Ϯϳ

RĞŐƌĂ ĚĞ SĂƌƌƵƐ͕ ϲ
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